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November  lAsth,  1895. 

The  Second  Annual  Genkkal  Meeting  op  The  London  Mathe- 
matical Society,  as  incorporated  under  the  Companies  Act, 
1867,  on  October  23rd,  1894,  held  at  22  Albemarle  Street,  W. 

Major  MACMAHON,  R.A.,  F.R.S.,  President,  in  the  Chair. 

The  Treasurer  read  his  report.  Its  reception  was  moved  by 
Mr.  Basset,  seconded  by  Mr.  S.  Roberts,  and  supported  by  Mr. 
Kempe,  who  also  moved  a  vote  of  thanks  to  Dr.  Larmor  for  the 
trouble  he  had  taken  in  connexion  with  the  duties  of  his  office. 
Both  votes  were  carried  unanimously. 

The  Rev.  T.  R.  Terry,  having  signified  his  willingness  to  act 
again  as  Auditor  of  the  report,  was,  on  the  nomination  of  the  Presi- 
dent, appointed  to  that  office. 

The  President  announced  the  death  of  Mr.  E.  H.  Rhodes,  elected  a 
member  June  10th,  1875,  which  took  place  on  the  1st  instant. 

Mr.  Tucker  stated  that  the  number  of  names  on  the  roll  of  mem- 
bei*s  was  220,  of  whom  107  wei*e  life  compounders. 

The  Society's  losses  by  deaths  duHng  the  past  session  had  been 
exceptionally  severe,  as  will  be  seen  by  the  names  which  follow : — 
Prof.  Cay  ley,  elected  June  19th,  1865 ;    Sir  James  Cockle,  F.R.S..^ 
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elected  June  9th,  1870 ;  Prof.  A.  M.  Nash,  M.A.,  elected  November 
10th,  1887 ;  Mr.  E.  H.  Rhodes,  B.A.,  June  10th,  1875,  and  Mr.  A. 
Cowper  Ra,nyard,  M.A.,  who  was  an  original  member  and  joint 
founder  of  the  old  Society. 

The  following  communications  had  been  made  or  received : — 

Mathematics  (the  Presidential  Address) :  Mr.  A.  B.  Kempe. 

Third  Memoir  on  the  Expansion  of  certain  Infinite  Products :  Prof.  L.  J. 
Rogers. 

On  the  Kinematics  of  non-Euclidian  Spac0 :  Prof.  W.  Bumside. 

On  a  Class  of  Groups  defined  by  Cong^ruences :  Prof.  W.  Bumside. 

On  Fundamental  Systems  for  Algebraic  Functions :  Mr.  H.  F.  Baker. 

Electric  Vibrations  in  Condensing  Systems  :  Br.  J.  Larmor. 

On  certain  Definite  <^-Function  Integrals  :  Prof.  L.  J.  Rog^ers. 

The  Electrical  Distribution  on  a  Conductor  bounded  by  Two  Spherical  Sur- 
faces cutting  at  any  angle  :  Mr.  H.  M.  Maodonald. 

Note  on  some  Properties  of  a  G^eralized  Brocard  Circle  :  Mr.  J.  Griffiths. 

On  certain  Differential  Operators,  and  their  use  to  form  a  Complete  System 
of  Seminvariants  of  any  Degree  or  any  Weight :  Prof.  Elliott. 

Notes  on  the  Theory  of  Groups  of  Finite  Order :  Prof.  W.  Bumside. 

The  Dynamics  of  a  Top :  Prof.  Greenhill. 

The  Electrical  Distribution  induced  on  a  Circular  Disc  placed  in  any  Field  of 
Force  :  Mr.  H.  M.  Maodonald. 

The  Perpetuant  Invariants  of  Binary  Quantics  :  the  President. 

An  Extension  of  Vandermonde^s  Theorem  :  Mr.  F.  H.  Jackson. 

A  new  Theorem  in  Probability :  Rey.  T.  C.  Simmons. 

Notes  on  the  Theory  of  Groups  of  Finite  Order  (continued) :  Prof.  W. 
Bumside. 

On  the  Geometrical  meaning  of  a  Form  of  the  Orthogonal  Transformation  : 
Prof.  M.  J.  M.  Hill. 

A  Property  of  Skew  Determinants  :  Prof.  M.  J.  M.  Hill. 

Researches  in  the  Calculus  of  Variations,  Part  vi.  :  Mr.  E.  P.  Culverwell. 

On  those  Orthogonal  Substitutions  that  can  be  generated  by  the  Repetition  of 
an  Infinitesimal  Orthogponal  Substitution :  Dr.  H.  Taber. 

On  Elliptic  and  Hyper- Elliptic  Systems  of  Differential  Equations  and  their 
Rational  and  Integral  Algebraic  Integrals,  with  a  Discussion  of  the 
Periodicity  of  Elliptic  and  Hyper- Elliptic  Functions :  Rev.  W.  R.  W, 
Roberts. 

An  Extension  of  Boltzmann's  Minimum  Theorem :  Mr.  S.  H.  Burbury. 

Applications  of  Trigraphy :  Mr.  J.  W.  Russell. 

The  Reciprocators  of  Two  Conies  discussed  Geometrically :  Mr.  J.  W.  Russell. 

The    Reciprocators    of   Two    Conies  discussed     Analytically :      Mr.   A.   E. 

JoUiffe. 
On  the  Form  of  the  Energy  Integral  in  the  Varying  Motion  of  a  Viscous  In- 
compressible Fluid  :  Mr.  J.  Brill. 

On  an  Expansion  of  the  Exponential  Function  IjE*-^  inLegendre^s  Functions  : 
Dr.  Routh. 
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On  the  moMt  General  Solution  of  given  degree  of  Laplace's  Equation :  Dr. 
E.  W.  Hobson. 

Point- Groups  in  relation  to  Curves  :  Mr.  F.  S.  Macaulay. 

On  Maxwell's  Law  of  Partition  of  Energy  :  Mr.  G.  H.  Bryan. 

Proof  that  2W-1  is  Divisible  by  7487  :  Lt.-Col.  Cunningham. 

On  the  Integration  of  Allcgret's  Integn:al :  Mr.  A.  E.  Daniels. 

On  the  Expansion  of  Functions :  Mr.  E.  T.  Dixon. 

The  Spherical  Catenary :  Prof.  Greenhill  and  Mr.  I.  Dewar. 

The  Transformation  of  Elliptic  Functions  :  Prof.  Greenhill. 

A  Generalized  Form  of  the  Hypergeometric  Series,  and  the  DifPerential  Equa- 
tion which  is  satisfied  by  the  Series  :  Mr.  F.  H.  Jackson. 

The  Linear  Equations  that  present  themselves  in  the  Method  of  Least  Squares  : 
the  President. 

On  the  Complex  Number  formed  by  Two  Quaternary  Matrices :  Dr.  G.  G. 
Morrice.  * 

The  same  journals  had  been  sabseribed  for  and  the  same  exchanges 
of  Proceedings  made  as  in  the  preceding  Session. 

The  Rev.  T.  R.  Terry  and  Mr.  W.  W.  Taylor  having  been 
appointed  Scrutators,  the  ballot  was  taken,  with  the  result  that  the 
following  gentlemen,  nominated  by  the  Council,  were  elected  to  serve 
as  the  Council  for  the  ensuing  Session : — Major  MacMahon,  R.A., 
F.R.S.,  President;  Prof.  M.  J.  M.  Hill,  F.R.S.,  Mr.  M.  Jenkins,  and 
Mr.  A.  B.  Kempe,  F.R.S.,  Vice-Presidents ;  Dr.  J.  Larmor,  F.R.S., 
Treasurer ;  Mr.  R.  Tucker  and  Mr.  A.  E.  H.  Love,  F.R.S.,  Hon.  Sees. 
Other  Members  of  the  Council : — Mr.  H.  F.  Baker,  Dr.  G.  H.  Bryan, 
F.R.S.,  Lt.-Col.  Cunningham,  R.E.,  Prof.  Elliott,  F.R.S.,  Dr.  Glaisher, 
F.R.S.,  Prof.  Greenhill,  F.R.S.,  Dr.  Hobson,  F.R.S.,  Prof.  W.  H.  H. 
Hudson,  and  Mr.  F.  S.  Macaulay. 

The  President  then  made  a  statement  of  the  reasons  which  had  led 
Mr.  Jenkins,  after  thirty  yeai-s*  tenure  of  the  ofl&ce,  to  resign  his 
position  of  Secretary,  and  proposed  a  vote  of  thanks  to  that  gentle- 
man for  his  devoted  services  of  thirty  years  to  the  Society,  coupling 
with  it  the  hope  that  his  health  might  be  restored  by  his  i*etirement 
to  the  countiy.  This  vote,  which  was  seconded  by  Mr.  Kempe  and 
suppoi'ted  by  Mr.  S.  Roberts,  who  had  been  connected  with  the  old 
Society  almost  from  its  inception,  was  unanimously  carried,  and 
Mr.  Jenkins  suitably  acknowledged  the  compliment. 

The  following  paper's  were  read,  or  communicated  as  read : — 

On  the  Stability  and  Instability  of  certain  Fluid  Motions  (iii.), 

and  on  the  Pixjpagation   of  Waves  upon  the  Plane  Surface 

separating  Two  Portions  of   Fluid  of  Different  Vorticities : 

hovd  Rayleigh. 
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Note  on  Matrices :  Mr.  J.  Brill. 

Determination  of  the  Volumes  of  certain  Species  of  Tetrahedra 

without  Employment  of  the  Method  of  Limits :  Pi*of .  M.  J.  M. 

Hill. 
Some    Algebraical    Theorems   connected    with    the  Theory  of 

Partitions :  Prof.  Fors}'th. 
Certain  General  Series :  Mr.  F.  H.  Jackson. 
An  Extension  of  Sylvester's  Constructive  Theory  of  Partitions  : 

the  President. 
Note  on  the  Representation  of  a  Conic  by  a  Linear  Equation : 

Mr.  J.  Griffiths. 
On  the  Representation  of  a  Number  as  a  Sum  of  Squares :  Prof. 

G.  B.  Mathews. 
Researches  in  the  Calculus  of  Variations :    Part  vii.,  Limiting 

Conditions  in  Multiple  Integrals  ;   Part  viii.,  Reduction  of  the 

Problem  of  the  Discrimination  of  Maxima  and  Minima  Values 

in  Double  Integrals  with  Variable  Limits  to  a  new  Problem 

in  Single  Integrals  :  Mr.  E.  P.  Culverwell. 
A  Note  on  certain  Forms  of  the  Equation  of  Normals  to  Conic 

Sections  :  Mr.  J.  S.  L.  Hatton. 
On    the    Evaluation  of   a   certain  Dialytic  Determinant :    Mr. 

W.  W.  Taylor. 
Criterion  of  2  as  a  16-ic  Residue,  with  Remarks  upon  some  of 

Mersenne's  Numbers  :  Lt.-Col.  Cunningham. 

The  following  presents  were  made  to  the  Library  : — 

Elliott,  E.  B.— "  Introduction  to  the  Algebra  of  Quantic«,"  8vo  ;  Oxford,  1895. 

"Beiblatter  zu  den  Annalen  der  Physik  und  Chemie,"  Bd.  xix.,  St.  10; 
Leipzig,  1895. 

*  *  Memoirs  and  Proceedings  of  the  Manchester  Literary  and  Philosophical  Society," 
Vol.  IX.,  No.  6  ;  1894-95. 

**  Proceedings  of  the  Physical  Society  of  London,'*  Vol.  xm.,  Pts.  11,  12  ;  1895. 

"Berichte  iiber  die  Verhandlungen  der  Konigl.  Sachsischen  GreseUschaft  der 
Wissenschaften  zu  Leipzig,**  iv.  ;  1895. 

"  Bulletin  de  la  Socictc  Math^atique  de  France,**  Tome  xxin..  No.  8  ;  Paris, 
1895. 

**  Bulletin  of  the  American  Mathematical  Society,"  2nd  Series,  Vol.  n.,  No.  1  ; 
New  York,  1895. 

**  Bulletin  des  Sciences  Math6matiques,**  Tome  xix.,  Sep.,  Oct.,  1895  ;  Paris. 

"Nyt  Tidsskrift  for  Matematik,"  Aargang  7,  Nr.  4,  A.,  and  Nr.  3,  B.  ; 
Copenhagen,  1895. 

**  Atti  della  Reale  Aocademia  dei  Lincei,"  Sem.  2,  Vol.  r7.,  Fasc.  7,  8  ;  Roma» 
1895. 

"  Annali  di  Matematica,"  Serie  2,  Tome  xxrrr.,  Fasc.  4  ;  Milano,  1895. 
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''Journal  fur  die  reine  und  angewandte  Hathematik,"  Bd.  czv.,  Heft  3; 
Berlin,  1895. 

"  Annales  de  la  Faculty  dee  Sciences  de  Toiiloufie,"  Tome  ix.,  Faso.  3 ;  1895. 

"  Educational  Times,"  November,  1895. 

"  Atti  della  Beale  Accademia  delle  Scienze  Fisiche  e  Hatematiche,"  Vol.  vn.  ; 
Naples,  1895. 

''Hemorie  della  "Regia  Accademia  di  Scienze,  Lettere  ed  Arte  in  Hodena," 
Vol.  X. ;  1894. 

**  Indian  Engineering,"  Vol.  xvm.,  Nos.  12-16. 

Cayley,  A. — *•  CJollected  Mathematical  Papers,"  Vol.  vm.,  4to  ;  Cambridge,  1895. 

**  Bulletins  de  T Academic  Royale  de  Belgique,"  65'n«  Ann6e,  3™*  S6rie,  Tomes 
xxn.-xxix. ;  Bruxelles,  1893-95. 

''  Annuaire  de  T Academic  Royale  de  Belgique,"  Annies  60  and  61 ;  Bruxelles, 
1894-5. 


On  the  Stability  or  Instability  of  certain  Fluid  Motions  (III.).* 
By  LoED  Raylbigh,  Sec.  R.  S.  Received  October  4th,  1895. 
Read  November  14th,  1895. 

The  steady  motions  in  question  are  those  in  which  the  velocity  is 
parallel  to  a  fixed  line  (ar),  and  such  that  [7  is  a  function  of  y  only. 
In  the  disturbed  motion  U-\-  ?*,  v,  the  infinitely  small  quantities  w,  v 
are  supposed  to  be  periodic  functions  of  x,  proportional  to  e***,  and, 
as  dependent  upon  the  time,  to  be  proportional  to  e"**,  where  »  is  a 
constant,  real  or  imaginary.  Under  these  circumstances  the  equation 
determining  v  is 

(T^'')i3?-'")-J?-' m- 

The  vorticity  (Z)  of  the  steady  motion  is  ^dU/dy,  If  throughout 
any  layer  Z  be  constant,  J^U/dy^  vanishes,  and,  whenever  n+kU 
does  not  also  vanish, 

d^vldy'-hh  =  0  (2), 

or  V  =  Ae^'^^Bc^^ (8). 

•  The  two  earlier  papers  upon  this  subject  are  to  be  found  in  Proc.  Lond.  Math. 
8oe.,  Vol.  XI.,  p.  57,  1880 ;    Vol.  xix.,  p.  67,  1887.    The  fluid  ia  auignpowo^  \«  >» 
destitute  of  viscosity. 
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If  there  are  several  layers  in  each  of  which  Z  is  constant,  the  various 
solutions  of  the  form  (3)  are  to  be  fitted  together,  the  arbitrary  con- 
stants being  so  chosen  as  to  satisfy  certain  boundary  conditions. 
The  first  of  these  conditions  is  evidently 

At;  =  0 (4). 

The  second  may  be  obtained  by  integrating  (1)  across  the  boundary. 
Thus 

(f+^)-Ml)-^(f)-=» <'>■ 

At  a  fixed  wall  v  =  0. 

Equation  (2)  secures  that  the  vorticity  shall  remain  constant  in  each 
layer,  and  equation  (3)  that  thei*e  shall  be  no  slipping  at  the  surface 
of  transition.  Equations  (2)  and  (3)  together  may  be  regarded  as 
expressing  the  continuity  of  the  motion  at  the  surface  between  the 
layers. 

In  the  first  of  the  papers  above  refeiTed  to,  I  have  applied  equa- 
tion (1)  to  prove  that,  if  d^U/dy^  be  of  one  sign  thit)ughout  the  whole 
interval  between  two  fixed  walls,  n  can  have  no  imaginary  part.  It 
is  true  that,  if  nH-  A:  [7  vanishes  anywhere,  the  expression  for  d^v/dj^—Vv 
in  (I)  becomes  infinite,  unless  indeed  t;  =  0  at  the  place  in  question ; 
and  Lord  Kelvin*  considers  that  the  "  disturbing  infinity  "  thus  in- 
troduced vitiates  the  proof  of  stability.  To  this  criticism  it  may  be 
repliedt  that,  "  if  n  be  complex,  there  is  no  disturbing  infinity,  and 
that,  therefore,  the  argument  does  not  fail,  regarded  as  one  for 
excluding  complex  values  of  n.  What  happens  when  n  has  a  real 
value,  such  that  n-^kU  vanishes  at  an  interior  point,  is  a  subject  for 
further  consideration.^' 

In  embarking  upon  this  it  will  be  convenient  to  take  first  the  case 
of  (2),  (3),  (4),  (6),  where  the  vorticity  of  the  steady  motion  is 
uniform  throagh  layers  of  finite  thickness.  Any  general  conclusions 
arrived  at  in  this  way  should  at  least  throw  light  upon  the  extreme 
case  where  the  number  of  the  layers  is  infinitely  great,  and  their 
thickness  is  infinitely  small. 

Starting  from  the  first  wall  at  y  =  0,  let  the  surfaces  between  the 
layers  occur  at  y  =  yi,   y  =  y„  <fcc.,  and  let  the  values  of  U  at  these 


♦  FAiL  Mag.,  Vol.  xxiv.,  p.  275,  1887.  t  Phil  Mag.,  Vol.  xxxiv.,  p.  66,  1892. 


1895.] 


Instability  of  certain  Fluid  Motions, 


places  be  IT,,  17,,  <fec.     In  conformity  with  (4)  and  with  the  condition 
that  t;  =  0,  when  y  =  0,  we  may  take  in  the  first  layer 


in  the  second  layer 


in  the  third  layer 


and  so  on.* 


V 


t?  =  t'j  =  Jf,  sinh  ky    (6)  ; 


=  r,  =  r,-f-M,8ii^t^(y-yi) (7); 


v  =  rj  =  r,-f--l/8sinh  k  (y-y^) 


(8); 


If  the  second  fixed  wall  be  in  the  r^^  layer  at  y  =  y,  then 
M^  sinh  ky-^-M^  sinh  k  (y'—  yO  -f- ...  +Mr  sinh  k  (y'— yr-i)  =  0... (9). 

We  have  still  to  express  the  conditions  (5)  at  the  various  surfaces  of 
transition.     At  the  first  surface 


t7  =  3/i  sinh  A'Vi,       A  (  -  -  )  =  kM^ ; 

\dyl 

at  the  second  surface 

v  =  ifi sinh  ky^-\-M^  sinh  k  (yi—yO,      ^  \t)  "^  ^^^  ' 

and  so  on.     If  we  denote  the  values  of  A  (dUJdy)  at  the  various  sur- 
faces by  A„  Aj,  (fee.,  the  conditions  may  be  written 

{n-^kU^)  if,— A, .  3fi  sinh  %i  =  0  ^ 

(n+^ir,)Jlf3-A,.{3fiSinh^y3+if,8inhA;(y3-y,)}  =o[    -O^)- 


The  r— 1  equations  (10)  together  with  (9)  suffice  to  determine  n,  and 
the  r— 1  ratios  M^:  M^  :  M^  :  ...  :  Mr^  The  determinantal  equation 
in  n  is  of  degree  r— 1,  the  numjjer  of  the  surfaces  of  transition  ;  and 
corresponding  to  each  I'oot  there  is  an  expression  for  v,  definite 
except  as  regards  a  constant  multiplier. 

It  is  important  to  note  that  the  disturbances  thus  expressed  are 
such  as  leave  the  vorticity  unaltered  in  the  interior  of  every  layer ; 
that  they  relate,  in  fact,  merely  to  waves  upon  the  surfaces  of  trans- 
ition. The  additional  vorticity  due  to  the  disturbance  is  proportional 
to  c^v/di^—J^i^,  and  is  equated  to  zero  in  (2).     If  we  wish  to  consider 

*  This  is  the  process  followed  in  the  second  of  the  papers  cited,  with  «.  %\\\^\v\. 
difference  of  notation. 
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the  most  general  disturbance  possible,  we  mnst  provide  for  an  arbi- 
trary vorticity  at  every  point. 

The  natui^e  of  the  normal  modes  of  disturbance  not  yet  considered 
will  be  apparent  from  a  comparison  between  (1)  and  (2).  Even 
though  (PU/dy^  =zO,  the  latter  does  not  follow  from  the  foiiner, 
unless  it  be  assumed  that  n-\-kUis  finite.  Wherever  n-^kU  vanishes, 
that  is,  at  the  places  where  the  wave  velocity  is  equal  to  the  stream 
velocity,  (1)  is  satisfied,  even  though  (2)  be  violated.  Thus  any 
value  of  —kU  to  be  found  anywhere  in  the  fluid  is  an  admissible 
value  of  7*,  and  the  corresponding  normal  function  (r)  is  obtained  by 
allowing  the  arbitrary  constants  in  (3)  to  be  discontinuous  at  this 
place  as  well  as  at  the  surfaces  of  transition,  subject  of  course  to  the 
condition  that  v  itself  shall  be  continuous.  The  new  arbitrary  con- 
stant thus  disposable  allows  all  the  conditions  to  be  satisfied  with  the 
value  of  n  already  prescribed. 

The  equations  (9),  (10)  ali*eady  found  suffice  for  the  present  pur- 
pose if  we  intix)duce  a  fictitious  sui'face  of  transition  at  the  place  in 
question.  Suppose,  for  example,  that  A,  =  0  in  the  thiixi  of  equations 
(10).  It  will  follow  either  that  M^  =  0,  or  that  n  +  kU^  =  0.  In  the 
first  alternative  the  constants  A  and  B  are  continuous,  and  all  local 
peculiarity  disappears.  The  second  alternative  is  the  one  with  which 
we  are  now  concerned.  The  equations  suffice,  as  usual,  to  deteiinine 
n  (equal  to  —kUi),  as  well  as  the  i^atios  of  the  M'b  which  give  the 
form  of  the  normal  function.  The  mode  of  disturbance  is  such  that 
a  new  vorticity  is  introduced  at  the  place,  or  rather  at  the  plane  in 
question.  In  one  sense  this  is  the  only  new  vorticity ;  but  the  waves 
upon  the  surfaces  of  transition  involve  changes  of  vorticity  as  regards 
given  positions  in  space,  though  not  as  regards  given  portions  of 
fluid. 

We  have  now  to  consider  what  occurs  at  a  second  place  in  the 
fluid  where  the  velocity  happens  to  be  the  same  as  at  the  first  place. 
The  second  place  may  be  either  within  a  layer  of  originally  uniform 
vorticity  or  upon  a  surface  of  transition.  In  the  first  case  nothing 
very  special  presents  itself.  If  there  be  no  new  vorticity  at  the 
second  place,  the  value  of  v  is  definite  as  usual,  save  as  to  an  arbitral^' 
multiplier.  But,  consistently  with  the  given  value  of  n,  there  may  be 
new  vorticity  at  the  second  as  well  as  at  the  first  place,  and  then  the 
complete  value  of  v  for  the  given  n  may  be  regarded  as  composed  of 
two  parts,  each  proportional  to  one  of  the  new  voHicities,  and  each 
affected  by  an  arbitrary  multiplier. 

If  the  second  place  lie  upon  a  sui*face  of  transition,  we  have  a  state 
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of  things  corresponding  to  the  "  disturbing  infinity  "  in  (1).  In  the 
above  example,  where  A,  =0,  n+A;l7j  =  0,  we  have  now  further  to 
suppose  that  ITj,  the  velocity  at  the  first  surface  of  transition,  coin- 
cides with  Uy  From  the  first  of  equations  (10),  since  w  +  AflTi  =  0, 
while  Ai  and  sinh  kiji  are  finite,  we  see  that  Mi  must  vanish.  Hence 
r  =  0  throughout  the  entire  layer  from  the  wall  y  =  0  to  y  :=  yj. 
The  i-emainder  of  the  motion  from  y  =  yj  to  y  =  y'  is  to  be  determined 
us  usual. 

From  the  fact  that  v  =  0,  we  might  be  tempted  to  infer  that  the 
surface  in  question  behaves  like  a  fixed  wall.  But  a  closer  examina- 
tion shows  that  the  inference  would  be  unwarranted.  In  order  to 
understand  this  it  may  be  well  to  investigate  the  relation  between  v 
and  the  displacement  of  the  surface,  supposed  also  to  be  proportional 
to  e'"' .  e***.     Thus,  if  the  equation  of  the  surface  be 

F  =  2/-7ie'»'^**'  =  0    (11), 

the  condition  to  be  satisfied  is* 

dF  ,jj  dF  ,     dF      f.  ,,oN 

"dt^^'^l^^'Ty^'' (^^)' 

so  that  '-ih{n-\-kTJi)-\-v  =  0 (13) 

is  the  required  relation.  Using  this,  we  see  from  the  first  of  equa- 
tions (10)  that  h  does  not  vanish,  but  is  given  by 

^''i{n^ku,)'i\ :-^    ^* 

The  pi*opagation  of  a  wave  at  the  same  velocity  as  that  at  which  the 
fluid  moves  does  not  entail  the  existence  of  a  finite  velocity  v. 

That  V  vanishes  at  a  surface  of  transition  whei^e  w-h  A-U"  =  0  follows 
in  general  ivom  (5),  seeing  that  the  value  of  A  (dUjdy)  is  finite. 
That  region  of  the  fluid,  bounded  by  this  surface  and  one  of  the  fixed 
walls,  which  does  not  include  the  added  vorticity,  will  in  general 
remain  undisturbed,  but  there  may  be  exceptions  when  one  of  the 
values  of  n  proper  to  this  region  (regarded  as  bounded  by  fixed 
walls)  happens  to  coincide  with  that  prescribed.  It  does  not  appear 
that  the  infinity  which  entens  when  n  +  kU=  0  disturbs  any  general 
conclusions  as  to  the  conditions  of  stability,  or  even  seriously 
modifies  the  character  of  the  solntions  themselves. 

When  d^U/dy^  is  finite,  we  must  fall  back  upon  equation  (1).     The 

♦  Lamb's  ffydrodynamiesj  §  10. 
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character  of  the  disturbing  infinity  at  a  place  (say,  y  =  0)  where 
w-h  A:  IT  vanishes  would  be  most  satisfactorily  investigated  by  means 
of  the  complete  solution  of  some  particular  case.  It  is,  however, 
sufficient  to  examine  the  form  of  solution  in  the  neighbourhood  of 
y  =  0,  and  for  this  purpose  the  differential  equation  may  be  simplified. 
Thus,  when  y  is  small,  n-\-1cU  may  be  regarded  as  proportional  to  y, 
and  d^Uldif  as  approximately  constant.  In  compai'ifeon  with  the 
large  term,  Wv  may  be  neglected,  and  it  suffices  to  consider 

d'f/dy'+y-'t;  =  0..; (15), 

a  known  constant,  multiplying  y  being  omitted  for  brevity.  This 
falls  under  the  head  of  Riccati's  equation 

d^v/dy^+y^v  =  0  (16), 

of  which  the  solution*  is  in  general  (m  fractional) 

v=^^y{AJ^(l)-^BJ.^,($)}    (17), 

where  m=  l/(ft-f-2),     S=2wy'^'" (18). 

When,  as  in  the  present  case,  m  is  integral,  /_,„  (£)  is  to  be  replaced 
by  the  function  of  the  second  kind  Y^  (i).  The  general  solution  of 
(15)  is  accordingly 

v=^y  {^j;(2yy)+Br,(2v/y)}    (19). 

In  passing  through  zero  y  changes  sign,  and  with  it  the  character  of 
the  functions.  If  we  regard  (19)  as  applicable  on  the  positive  side, 
then  on  the  negative  side  we  may  write 

t;  =  v/y{CJ,(2v/y)+X>r,(2yy)}     (20), 

the  argument  of  the  functions  in  (20)  being  pure  imaginaries. 

The  functions  /,  («),  Y,  (z)  are  given  by 

-log^^l-g/^  +  gT-frg— •} 

+  f^'~2^4^'+2^4^6^»~ ^^^^' 


*  Lommel,   Studien  uber  die  BeaseVaehen  Funetionen^  §31,  Leipzig,  1868;   Gray 
and  Mathews'  BetseVa  Funetuma^  p.  233,  1895. 
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where  Sf^  =  l  +  J+i+...+    - (23). 

When  y  is  small,  (19)  gives 

v=zA  [y-iy*] 

+-B{|(l-y+iy')-log(2y2/)(y-l2/')+t/S,-i2/'fir,}...(24); 

so  that  ultimately 

v  =  iB,    ^  =  A-iBlogy,    ^  =  -A-^By-' (25), 

V  i*emainiiig  finite  in  any  case. 

We  will  now  show  that  any  value  of  —kU  is  an  admissible  value 
of  n  in  (1).  The  place  where  »+^C^  =  0  is  taken  as  origin  of  y ;  and 
in  the  first  instance  we  will  suppose  that  n  4- ^-U*  vanishes  nowhere 
else.  In  the  immediate  neighbourhood  of  y  =  0,  the  solutions 
applicable  on  the  two  sides  are  (19),  (20),  and  they  are  subject  to 
the  condition  that  t;  shall  be  continuous.  Hence,  by  (25),  B  =z  D, 
leaving  three  constants  arbitrary.  The  manner  in  which  the  func- 
tions start  from  y  =  0  being  thus  ascertained,  their  further  progress 
is  subject  to  the  original  equation  (1),  which  completely  defines  them 
when  the  three  arbitraries  are  known.  In  the  present  case  two  rela- 
tions are  given  by  the  conditions  to  be  satisfied  at  the  fixed  walls  or 
other  boundaries  of  the  fluid,  and  thus  is  determined  the  entire  form 
of  1%  save  as  to  a  constant  multiplier.  If,  as  must  usually  be  the 
case,  B  and  D  are  finite,  there  is  infinite  vorticity  at  the  origin,  but 
this  is  no  more  than  occurs  even  when  cPU/dy*  is  zero  throughout  the 
region  surrounding  the  origin. 

Any  other  places  at  which  »-f  A;Z7  =  0  may  be  treated  in  a  similar 
manner,  and  the  most  general  solution  will  contain  as  many  arbitrary 
constants  as  there  are  places  of  infinite  vorticity.  But  the  vorticity 
need  not  be  infinite  merely  because  w  +  A;Z7=0;  and,  in  fact,  a 
particular  solution  may  be  obtained  with  only  one  infinite  vorticity. 
At  any  other  of  the  critical  places,  such,  for  example,  as  we  may  now 
suppose  the  origin  to  be,  B  and  D  may  vanish,  so  that 

V  =  0,     (Pv/dy*  =  -4,  or  C. 

From  this  discussion  it  would  seem  that  the  infinities  which  pre- 
sent themselves  when  n'\-kU=0  do  not  seriously  interfere  with  the 
application  of  the  general  theory,  so  long  aa  the  square  oi  \Xie  ^Aa- 
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turbance  from  steady  motion  is  neglected.     The  value  of  conclusions 
relating  only  to  mfinitely  small  disturbances  is  another  question. 

When  regard  is  paid  to  viscosity,  the  difficulties  are  of  course 
much  increased.  In  the  particular  case  where  the  original  vorticity 
is  uniform,  the  problem  of  small  disturbances  has  been  solved  by 
Lord  Kelvin,*  who  shows  that  the  motion  is  stable  by  the  aid  of  a 
special  solution  not  proportional  to  a  simple  exponential  function  of 
the  time.  If  we  retain  the  supposition  of  the  present  paper  that  the 
disturbance  as  a  function  of  the  time  is  proportional  to  e*"*,  we  obtain 
an  equation  [(62)  in  Lord  Kelvin's  paper]  which  has  been  discussed 
by  Stokes.f  From  his  results  it  appears  that  it  is  not  possible  to 
find  a  solution  applicable  to  an  unlimited  fluid  which  shall  be  periodic 
with  I'espect  to  a*,  and  remain  fitiite  when  t/  =  ±  oo  ,  and  this  whether 
n  be  real  or  complex.  The  cause  of  the  failure  would  appear  to  lie 
in  the  fact,  indicated  by  Lord  Kelvin's  solution,  that  the  stability  is 
ultimately  of  a  higher  order  than  can  be  expressed  by  any  simple 
exponential  function  of  the  time. 

yAdihndum,  January,  1896. — It  may  be  well  to  emphasise  more 
fully  that  the  solutions  of  this  paper  only  pi'ofess  to  apply  in  the 
limit,  when  the  disturbances  are  infinitely  small.  The  constant 
factor  which  represents  the  scale  of  the  disturbance  must  be  imagined 
to  be  so  small  that  the  actual  disturbance  nowliere  rises  to  such  a 
magnitude  as  to  interfere  with  the  approximations  upon  which  (1)  is 
founded.  For  example,  in  (25),  although  dvjdy  is  infinite  at  y  =  0 
relatively  to  its  value  at  other  places,  it  must  still  be  regarded  as 
infinitely  small  throughout  in  comparison  with  the  quantities  which 
define  the  steady  motion.] 


♦  Phil,  Mag.,  Vol.xxiv.,  p.  191,  1887. 

t  Camb.  Phil,  Trans.,  Vol.  x.,  p.  105,  1857. 
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On  the  Propagation  of  Waves  upon  the  Plane  Surface  separating 

Two  Portions  of  Fluid  of  Different  Vorticities,     By  Lord 

Raylbiqh,  Sec.  R.  S.     Received  October  4th,  1895.     Read 

November  14th,  1895. 

•  •       ..•     •• 

In  foiTiier  papei*s*  I  have  considered  the  problem  of  the  motion  in 

two  dimensions  of  inviscid  incompressible  flnid  between  two  pai*allel 

walls.     In  the  case  where  the  steady  motion  is  such  that  in  each 

half  of  the  layer  included  between  the  walls  the  vorticity  is  constant, 

it  appeared  that  the  motion  is  stable,  small   displacements  of  the 

surface  separating  the  two  voHicities  being  propagated  as  waves  of 

constant  amplitude.     More  particularly,  if  the  velocity  of  the  steady 

motion  increase  uniformly  irom.  zero  at  the  walls  to  the  value  TJ  in 

the  middle  stratum,   a  disturbance  propoi-tional  to  e'^"'**'^  requires 

that 

n-\-kU=^  U/b.tsinhkb (1)^ 

where  26  is  the  distance  between  the  walls.  The  wave-length  is 
2t/A;,  and  the  fact  that  n  is  real  indicates  that  the  disturbance  is 
stable. 

Discussions  upon  the  difficult  question  of  the  nature  of  the  in- 
stability manifested  by  fluids  in  their  flow  through  pipes  of  moderate 
bore  seemed  to  make  it  desirable  to  push  the  investigation  of  the 
disturbance  from  some  simple  case  of  steady  motion  so  far  at  least 
lis  to  include  the  squai^es  of  the  small  quantities. 

In  the  present  paper  the  pi'oblem  chosen  for  the  purpose  is  that 
above  referred  to,  simplified  by  excluding  the  fixed  Avails,  or,  what 
comes  to  the  same  thing,  by  supposing  them  removed  to  a  distance 
very  gi'eat  in  comparison  with  the  wave-length  of  the  disturbance. 
We  suppose,  then,  that  in  the  steady  motion  the  surface  of  separation 
coincides  with  y  =  0,  that  Avhen  y  is  positive  the  vorticity  is  -H  w,  and 
that  when  y  is  negative  the  vorticity  is  — w.  In  the  disturbed 
motion  the  surface  sepai-ating  the  two  vorticities  is  displaced,  so  that 
its  equation  becomes  y  =  /i  cos  .r,  k  being  put  equal  to  unity  for  the 
sake  of  brevity. 


•  **  On  the  Stability  or  Instability  of  certain  Fluid  MotionB,'*  Froc,  Zond.  Math. 
Soc.f  Vol.  XI.,  p.  67,  1880  ;  Vol.  xix.,  p.  67,  1887. 
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In  virtue  of  the  incompressibility,  the  component  velocities,  denoted 

as  usual  by  ti  and  r,  are  connected  with  a  stream-function  if/  by  the 

relations 

n  =  dilf/dy,     v  =  —dil/jdx (2). 

The  voi-ticity  is  I'epresented  by  ^V^vf/,  whicli  is  accordingly  equal  to 
±w.     During  the  steady  motion  of  the  upper  fluid,  we  have 

^/r  =  a+/3y  +  a;y» (3). 

In  consequence  of  the  disturbance  j/r  deviates  from  the  value  given 
by  (3)  ;  but,  since,  by  a  known  theorem,  the  vorticity  remains  through- 
out equal  to  w,  the  addition  to  i/^  must  satisfy  V'«/r  =  0.  The  addi- 
tional terms  must  also  satisfy  the  condition  of  being  periodic  in 
period  2ir ;  and  thus  we  obtain  altogether  as  the  expression  for  i/r 
during  the  disturbed  motion 

^  =  a  +  /8y+«y'  +  e~*'  {A^  cosaj+J^iSina;) 

H-e-=^^(J,cos2a?  +  i?,sin2a-)H- (4), 

positive  exponents  being  excluded  by  the  condition  to  be  satisfied 
when  y  =  -f  00  .     Similarly  in  the  lower  fluid 

^'  =z  a-\-  ii'y—ufy^  -h  e"  (-4i  cos  x  +  B[  sin  a*) 

-\-e'"^(Aicosi2x-hB'^sm2y)-\' (5). 

From  these  values  of  ij/,  {f/'  the  velocities  ?<,  v  at  any  point  are 
deducible  by  (2). 

We  have  still  to  satisfy  the  conditions  at  the  sui-face  of  separation 

y  =  ^cosa^ (6). 

It  is  necessary  that  u  and  r,  as  given  by  \{/  and  i/r',  should  there  be 
continuous,  any  sliding  of  the  one  body  of  fluid  upon  the  other  being 
equivalent  to  a  vortex-sheet,  and  therefore  excluded  by  the  conditions 
of  the  problem.     Thus  at  the  surface  we  must  have 

d(,/r-f)/d.x  =  o,    (U«A-f)/^y  =  o    (7). 

For  the  purposes  of  the  first  approximation,  where  only  the  fii*st 
power  of  h  is  retained,  y  may  be  put  equal  to  zero  in  the  exponential 
tenns  so  soon  as  the  differentiations  have  been  performed.  Equa- 
tions (7)  give  accordingly 

— sin  a;  (Ai—A^) -{- cos  x  (B^—B'i) 

-2sm2x  (A^^Ai) -{-2  cos2x  (B^^B-i)" =0 
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(3—^  +  AnjJi  cos  a;—  cos  x(Ai  +  A{)  —sin  x  (Bi+B{) 

-2cos2a'(^,+^2)-2sin2a?(5j-fJ50-- =0; 

from  whicli  it  appears  that  to  this  approximation  all  the  coefficients 
with  suffixes  higher  than  unity  must  vanish.     Also 

Bi  =  0,     B{  =  0;     (i'  =  (i,     A{  =  A,=2ioh. 

Thus  yp  =  a-^fty'\'Wif'\'2u)he'^cosx (8), 

;f;'=a'+/3y— w?/H2Wie>'cosa?    (9), 

are  the  values  of  \f/  determined  in  accordance  with  (6)  and  the  other 
prescribed  conditions.  From  (8)  or  (9),  we  find  as  the  values  of  u 
and  V  at  the  surface 

u  =  (i,     v  =  2tohsin.x   (10), 

applicable  when  the  form  of  the  surface  is  that  given  by  (6),  at  the 
moment,  we  may  suppose,  when  i  =  0. 

By  means  of  (10)  it  is  possible  to  determine  the  form  and  position 
of  the  surface  of  separation  at  time  dt,  and  thus  to  trace  out  its 
transformation.  In  the  present  case  it  will  be  simplest  merely  to 
verify  that  the  propagation  of  the  foi-m  (6)  with  a  certain  velocity 
(F)  satisfies  all  the  conditions.     If 

F(x,  y,  t)  =  y-h  cos  (x-Vt)  =  0    (11) 

be  the  equation  of  the  surface,  the  condition  to  be  satisfied*  is 

DF/Dt  =  0, 

(IF  ,     dF  ,     dF      ^  ,,.. 

at  dx         ay 

Here,  when  f  =  0, 

dF  ^„    .  dF      ,    .  dF      . 

-—  =  —  K  At  sm  a*,       _-  =  A  sin  a;,     -— -  =  1 ; 

dt  dx  dy 

so  that  (12)  becomes,  with  use  of  (10), 

(- FH- /3 +  2w)  ;i  sin  aj  =  0, 

showing  that  (11)  continues  to  represent  the  surface  of  separation  at 
time  dt"^  provided  that 

F=i8  +  2c.i (13). 


Lamb*8  Hydrodynamia,  §  10. 
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Accordingly,  if  (13)  be  satisfied,  equation  (11)  suffices  to  represent 
the  changes  in  the  sui'face  of  sepai*ation  for  any  length  of  time,  or,  in 
other  words,  the  disturbance  is  pix)pagated  as  a  simple  wave. 

From  (8)  it  appears  that  /3  represents  the  velocity  in  the  steady 
motion  when  y  =  0,  and  the  result  is  in  accordance  with  (1),  whei*e 
tanh  kb  =  1.  The  disturbance  may  be  supposed  to  be  got  rid  of  by 
the  introduction  of  a  flexible  lamina  at  the  surface  of  separation.  If, 
by  forces  applied  to  it,  the  lamina  be  straightened  out  so  as  to  coin- 
cide with  y  =  0,  and  be  held  there  at  rest,  the  steady  motion  is 
recovered. 

In  proceeding  to  further  approximations,  in  which  higher  powers 
of  h  are  retained,  it  appears  either  from  the  equations,  or  imme- 
diately from  the  symmetnes  involved,  that  all  the  B*a  vanish,  so  that 
cosines  only  occur  in  (4)  and  (5),  that 

A[  =  ^1,     A3  =  ^3,     Ai  =  Jj,  &c.  ; 

.^2  =  —  A^,     Al^  —  A^,  Jbc. ; 

and  further  that  j3'  =  /3.     Equations  (4)  and  (5)  may  thus  be  written 


1^  =  a'\- fiy+ (if y^+A^e'*  cos  x  +  A^e"^' cos  2x-\-A^e~^' cosSx-}- ,,. 


if/  =:  a  -\-  fly —(»>^ -\-  Ai€^  coH  X  —  A^e^  cos  2x-\-  A^e^^  cos  3a;—... 


(14), 


(15) 


.^1  is  of  order  h,  A^  of  order  h},  A^  of  order  h^,  and  so  on.  If  we  are 
content  to  neglect  A',  wo  may  stop  at  ^5 ;  and  Ave  find  as  the  equa- 
tions necessary  in  order  to  secure  the  continuity  of  u  and  v  at  the 
surface  (6) 

3A,  (2+  ^')  =  _  ^,  (-^  +  ^\  +2A,(2h+h')+iA, .  47*. 


44«. 2  =  ^, '*'  -2 At .  h*+3At . 3h, 
24 

bA,.2=:-A,  j|-2  +  2^.  f-  -3^,  -^1'  +  4.4«  •  47». 
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From  these  equations  the  values  of  the  constants  may  be  deter- 
mined by  successive  approximations.  Thus,  if  we  retain  terms  of  the 
order  A*,  A^,  A^,  Ac.,  vanish,  and 

A,  =  2«A,     2A^  =  ufh\ 

This  is  the  second  approximation.     The  fifth  appi'oximation  gives 

^,  =  2«.(l+|-^)     (16). 

2^,=  «A'(l+|-)  (17), 

3J.  =  M(l  +  ?g) (18), 

4^  =  ^ (19), 

•^^»  =  ^-l92~ ^^'^' 

which  values  are  to  be  substituted  in  (14),  (15). 

The  next  step  is  the  investigation  of  the  values  of  u,  v  at  the 
surface  (6).     They  are  most  conveniently  expressed  as 

We  get,  correct  as  far  as  h^, 

tt  =  )3+«A'— |«A*-|-iV<«^*cos2a;  .^. (21), 

v  =  2u,h\^l ^--._J8ina;+— ^^smar  (22), 

the  terms  containing  cos4z;  in  (21),  and  sin  5a;  in  (22),  vanishing  to 
this  order.     If  we  substitute  these  values  in  (12),  we  obtain 

Asinaj{— F+/3  +  2itf+i«^'-iiwA*}+W^^*8i^3a;  =  0 (23). 

So  far,  then,  as  terms  in  h\  the  surface  of  separation   (6)  is  pro- 
pagated as  a  simple  wave  with  velocity  given  by 

V=fi'^2u,+^u,h* (24)  ; 

but,  if  terms  in  h^  are  retained,  a  change  of  form  manifests  itselF, 
corresponding  to  the  teinn  in  w^'^sin  Sx  outstanding  in  (23). 
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Hitherto  the  wave-length  has  been  supposed  to  be  27r,  but,  if  we 
now  take  it  to  be  2ir/ifc,  (24)  becomes 

F  =  /3  +  2«/Aj.(1+H-'^') (26), 

« 

as  is  evident  by  *'  dimensions."     The  velocity  of  propagation  is  that 
of  the  flow  of  the  fluid  in  the  steady  motion  at  the  place  where 


ky=l  +  iJc'V 


(26). 


So  far  as  the  present  investigation  can  reach,  there  is  no  sign  of 
the  amplitude  of  a  wave  tending  spontaneously  to  increase. 


Seme  Algebraical  Theorems  connected  with  the  TJtsory  of 
Partitions.  By  A.  R.  Forsyth.  Received  October  28tb, 
1895.     Read  November  14th,  1895. 

1.  In   a  letter  written   to    me   last  month    (September),  Major 
MacMahon  suggested  the  consideration  of  the  following  pi*oblem : — 

"  Let  the  fraction,  obtained  by  taking  the  reciprocal  of 


X=  (l-a.T)(l-  -^\ 

(l-a6.')(l-fj 

(l-ahcj^)(l-  f-) 
\        ahcf 


Avhere  X  contains  n  product-pairs,  be  expanded  in  ascending  powers 
of  X.  In  the  expansion  thus  obtained,  suppress  every  term  containing 
a  negative  index  for  any  one  of  the  symbols  a,  6,  c,  ...  ;  and  in  the 
surviving  terms  let  each  of  these  symbols  be  made  unity.  The  sum 
of  the  resulting  series  is  requii*ed.'* 


1895.]  connected  with  the  Theory  of  Partitions. 
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The  result  of  the  selective  and  suminative  operations,  which  are  to 
be  effected  on  X~^  for  the  present  purpose,  maybe  denoted  by  5ZX'*, 
and  the  like  for  more  general  fractions. 

Special  simple  forms  can  easily  be  evaluated.  Thus,  when  n  =  1, 
it  is  necessary  to  consider  the  fraction 


(l-a.)(l-f) 
Using  a  well-known  theorem  in  trigonometry,  we  write 


(1 


1^ =l+x(a+^)+;^(a*+^)+...i 

-aa)(l-  J 


whence 


SI 


1-a? 


(l-a.)(l-^) 


=  l+aJ+a'+... 


l-oj' 


and  therefore     81 


(l_a;„)(l_^)       (l-^Xl-**)" 


Similarly,  by  expanding  the  two  parts  of  the  fraction 

1 . 

{(l-a.)(l-f)}{(l-a6,)(l-f^)}' 

taking  the  product,  and  effecting  the   same   operations,  it  can  be 
proved  that 

1 


'\l.a.)(l-^)(l-aly)(l-^) 


l-Jy 


(l-x)(l-x-')(l-^)(l-y)(l-y') 


so  that,  by  taking  y  =  sr,  we  have 


81 


c  2 
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This  method  becomes  almost  insuperably  laborious  as  the  number  of 
product-pairs  is  increased,  and  seems  to  be  ineffective  for  the  general 
case  ;  but  it  suggests  the  form  of  the  result,  viz., 


(l-aj)(l-aj»)»(l-aj»)*  ...  (1  -«-)«  (1 -ir-») 

a  form  which  Maior  MacMahon  had  inferred   also  from  other  con- 
siderations. 

2.  The  following  method  leads  to  the  general  result. 
The  expansion  of  the  fraction 

[{(l-a...)(l-^)}{(l-«.x,a,«,)(l-^^)}...]-\ 

where  there  are  s  product-pairs,  is  the  product  of  the  series 

l  +  a,a^+...+(aiaJi)'"»-h..., 

Oj  \ai  J 


where  the  integers  m,  n  have  all  values  from  0  to  oo  .     Writing 

•l/|   ^—   iTj  —    • « •     -^   iC, 

the  general  term  in  the  expansion  of 

[[(i-„.)(i-i)j{(i-^«,^(i-^)}...]- 


has 


Uf  t*'_  tw  •  •  •  t 


for  the  coefficient  of  the  power  of  x  represented  by 

This  general  term  will  survive  if  no  one  of  the  indices  of  the 
quantities  a|,  a,,  ...  be  negative  ;  hence,  keeping  the  indices  of 
a^^a^,  ...  not  negative,  the  term  survives  for  values  of  n^  from  0  to 
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m^ + (w4 — n,)  +  («H—  w,)  + . . .  .  In  each  sncli  term  we  may  now  make 
Oi  unity ;  and  then,  taking  their  sum,  we  have 

81X'^  =  SZap— *"^-"-*-  ap-"«*" ... 

*"l— a?^ 

The  integer  mj  now  occnrs  only  in  the  indices  of  the  two  powers  of 
X ;  and  thus  these  two  typical  terms  survive  for  all  values  of  tw^  from 
0  to  00 .     Summing  for  these,  we  have 

(l-xy  (l-aj)(l-a^)''  J' 

This  concludes  the  first  stage  in  the  summation ;  its  effect  is  to 
make  Oj,  mj,  n^  disappear  from  the  typical  terms.  And  it  is  found 
that  the  summation  can  be  effected  by  similar  stages  in  succession, 
each  consisting  of  two  processes :  the  first  is  a  summation  of  a  limited 
number  of  terms,  say  for  values  of  n^ ;  the  second  is  a  summation  of 
an  unlimited  number  of  terms,  for  values  of  nii ;  and  the  effect  is  to 
make  a,,  m„  n,-  disappear  from  the  typical  terms. 

The  limits  of  n,  are  0  to  m,-|-  (m,--nj)  + ...  for  terms  that  survive. 
Proceeding  to  take  their  sum  when  o^  is  made  unity,  we  have 

•  L(l— aj)    1— ar  ^  -> 

(l-.a.)(l«ar»)  1-a;^  ij 

Now  summing  for  m,  for  values  0  to  oo ,  we  have 

being  the  result  at  the  end  of  the  second  stage. 

Proceeding  similarly  through  the  third  stage,  by  summing  first 
for  n,  from  0  to  wi^-t-  (m^—n^)  -|- ...,  after  making  a,  unity,  and  thfto. 
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for  m,  from  0  to  oo ,  we  find  the  result  at  the  end  of  the  stage  in  the 
form 


It  is  now  clear  that  the  result  at  the  end  of  i^  1  stages  is 


(.imf^iHi)*. 


[(•>l)m<+(<-l;im+. 


the  index  of  the  power  of  a;  in  the  first  term  in  the  bracket  being 

{im<+m,}  +  {(»  +  !)  wi,^i  +  (*  +  l)  n,>i} 

+  {(^  +  2)m,^2  +  (^>2)n,^2}+..., 

and  the  index  in  the  second  term  being 

[(i+l)  m,+  (i-l)  n,}  +  {(*  +  2)  ni,^,+tn.>i} 

+  {(*+3)m,>,+  (*  +  l)  w<+2}  +  ...  . 

The  inductive  establishment  of  the  result  is  so  simple  after  the 
preceding  explanations  that  it  need  not  be  reproduced  here. 

At  the  end  of  s  stages,  there  being  s  product-pairs,  all  the  necessary 
summations  have  been  effected,  the  symbolical  coefficient  involving 
the  symbols  a  is  now  unity,  and  all  the  indices  m,^i,  n«^i,  ...  are  zero. 
The  end  of  the  ^  stage  gives  the  final  result,  so  that  we  have 

-1-  1 


six-*  = 


(l-a;y(l-.a^)«...  (l-a;')* 


X 


(I'-xy  (1-a^y ,..  (i-af-'y  (i-^Ki-sf*') 
1 


(l-a:)(l-a:^)*(l-a^)* ...  (l-x'y  {l-af'-')  ' 


which  is  the  result  required. 


1895.]  eonneeted  with  the  Theory  of  Partitiong. 
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3.  It  may  be  added  that,  of  course,  the  Bnmmation  need  not  be 
taken  in  the  order  implied.  Thns,  dealing  with  a  simple  case  for 
illustration — that  of  two  product-pairs — we  have 

I  J  ' 

and  we  may  sum,  first  with  regard  to  mj,  and  then  with  regard  to  n^. 
Taking  m,— n,  =  ©,  the  typical  term  will  survive  when  tn,  ranges 
from  0  to  cx>  if  n^  <  0,  and,  when  mj  ranges  from  n|— fl  to  oo,  if 
nj  ^  tf+1.     Hence,  summing  for  mj,  we  have 

SIX'^  =  SI a'% for  n,  =  0  to  tf 

+  8lai^ for  Wi  =  6-hl  to  oo 


«    l^x 


,4«,*» ^l*int*i9 


1— a?  V 


1-aJ*  / 


agreeing  with  the  preceding  form  at  the  end  of  the  first  stage  for  the 
case  9=2. 

In  the  present  case,  we  may  now  sum  for  d  from  0  to  oo ,  and  for 
n,  from  0  to  oo ,  obtaining  the  result 

1 


SIX''  = 


(l-aj)(l-aj»)'(l~a;»)' 


But  had  there  been  more  than  two  product-pairs,  so  that  at  the  end 
of  the  first  stage  there  would  have  been  more  than  one  symbol  a^,  the 
summation  would  have  had  to  be  separated  as  above ;  viz.,  taking 

then  m,  ranges  from  0  to  oo  if  7*3  <  ^,  and  wi,  ranges  from  71,  —  0  to 
00  if  n,  ^  0H-1.  And  so  on  for  other  cases.  A  slight  consideration 
will  show  that  the  previous  sequence  in  summation  is  the  more  con- 
venient, save  at  the  last  stage  ;  an  example  of  the  latter  is  fumished 
in  §  10  (poet). 


4.  In  another  letter  written  a  few  days  after  the  first.  Major 
MacMahon  propounded  the  similar  problem  for  a  more  general  case 
when  there  are  s  sets  of  products  as  above,  but  each  product  cQntAisA 


24 


Prof.  A.  R.  Forsyth  on  Algebraical  Theorems     [Nov.  14, 


(l+O  factors  (instead  of  two,  as  above).  External  considerations 
liad  led  him  to  infer  the  form  of  the  result  in  the  limit  when  both  * 
and  r  are  infinite. 

The  pi^ceding  method  can  be  applied :  and  some  cases  are  solved  in 
what  follows.  The  genei*al  result  is  inferred,  but  it  is  not  com- 
pletely established,  partly  owing  to  the  very  laborious  character  of 
the  algebra ;  and  the  limiting  form,  when  both  r  and  s  are  infinite, 
agrees  with  that  which  was  inferred  by  Major  MacMahon. 

Let  X  denote  the  product 

(i-,.^M.)(i--.„'^^) (>-I;-.^>.)0-2!;) 

(l-o,i,i^V.)  fl-^^) 


where  there  are  s  sets  of  symbols  a,  6,  c,  ...,  so  that  there  are  s  lines  ; 
and  each  line  contains  r+1  factors.  Then  X"*  is  to  be  expanded  in 
positive  powers  of  ai,  a*,,  ...  ;  when  all  the  variables  ar„  a^,  ...  are 
made  equal  to  x,  the  general  term  has 

r  r— 1  1 


r 


7*'*r  - 1  ~ '"r— 2  "*■  *r  - 1  ~  *r  -  2 ''"  •  •  • 

r-1 

r-1 


rmi— Wo+I*!  -*to+... 


•l  ~  "©"f"*** 


as  the  coefficient  of  the  power  of  x  represented  by 

In  this  expansion,  all  terms  containing  a  negative  exponent  for  any 
one  (or  for  more  than  one)  of  the  symbols  a,  b,  c^  ...  are  to  be 
suppressed;  in  those  which  survive,  each  of  the  symbols  a,  6,  c,  ... 
is  to  be  made  unity ;  and  the  sum  of  the  latter  is  required.  The 
result,  as  before,  is  denoted  by  SIX'^, 

The  summation  is  carried  out  in  as  many  stages  as  there  are  sets 
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of  symbols  a,  b,  c,  ...,  viz.,  in  s  stages.  In  eacli  stage,  there  are 
r  -h  1  summations  ;  in  the  first  stage,  they  are  taken  with  regard  to 
^o»  ^»  •••»  ^r  i^  respective  snccession  ;  in  the  second  stage,  with  regard 
to  m^,  Wj,  ...,  7n^  in  respective  succession;  and  so  with  the  others. 

Owing  to  the  length  of  the  expressions  for  the  indices,  and  the 
coefficients  in  the  general  case,  we  shall  fii-st  take  a  particular  case, 
say  r  =  3  ;  then  state  the  result  for  the  case  r  =  4,  which  can  easily 
be  established ;  it  will  then  appear  that  the  form  of  the  result  for 
the  general  case  can  be  inferred,  and  can  be  inductively  established, 
all  these  remarks  applying  to  the  first  stage.  Moreover,  for  the 
sake  of  brevity,  we  shall  denote  the  quantity 

+  (X  +  l)no+(/i  +  l)«,  +  (v+l)n,-|-(p  +  l)w,+  ... 

+  (X+2)  2^0+0^  +  2)  i>i  +  (v  +  2)i>,+  (|t>  +  2)p,+  ... 

+  ... 

by  the  symbol  (X,  /i,  r,  p,  . . . )  ;  it  Avill  appear  that  the  part  of  the 
index  of  x  depending  upon  the  integers  m,  n,  p,  ...  always  takes  this 
form  with  different  values  of  X,  ft,  v,  p,  ...  from  term  to  term,  subject 
to  the  condition  that  the  integer 

X4-At+v+p+... 

(=2r+2  in  general)  =  8  in  the  first  special  form  considered. 
Further,  also  for  the  sake  of  brevity,  it  will  be  convenient  to  write 

1— ic*=  (a): 

so  that,  for  instance,  (1)*  (2)  means  (1— a;)'  (1— aj'),  and  so  on. 

5.  Let  9  denote  the  part  of  the  coefficient  depending  on  the 
symbols  6,  c,  ... ;  it  is  the  same  for  all  the  possible  values  of  Zq,  Zi,  ..., 
and  is  therefore  unaffected  by  summation  with  regard  to  them. 

Summing  first  for  Z^,  the  limits  are  0 — because  of  the  origin  of  the 
term — to  ,      ,  .  .  ,  .  . 

higher  values  of  Zq  give  rise  to  terms  that  are  to  be  suppressed.  In 
the  terms  thus  selected,  we  make  Oj  equal  to  unity,  and  the  result  of 
summation  gives 

9  m 


1—x  ^  ** 
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The  smnmatioii  with  regard  to  Zj  extends  over  terms  given  by 
values  of  li  from  0  to 

in  these  terms  we    make  Oj  equal  to   unity,  and  find  that,  after 
summing,  we  have 

1      ric'i+'«+c«.s.«.«)«.a.i  ♦«■+'.♦  (2.  i.s.») 


— r- 


1-x 


Vr)'  I 


The  limits  for  Z,  that  leave  surviving  terms  are  0  to 

Zj-f  (7M,— 771,)  +  ...  . 

Taking  these  terms,  making  a,  =  1,  and  summing,  we  have 

(I)'  (  (2)  5 

a;  r  a/.+(1.8.J.2)_^l+2/.  +  (l,3,l,S)  -^ 

"  (1)72)  1  (1)  ) 

■^  (iK^  1  (3)  3  J- 

In  the  particular  case  under  consideration,  there  remains  only  a 
single  operation  in  the  first  stage — summation  with  regard  to  Z,  &om 
0  to  00 .  Effecting  this,  we  have  as  the  result  of  the  first  stage,  in 
the  case  of  r  =  3, 

(ly 


81X- 


L  av 


(1)'(2)«  ^  ^  ^ 


+ 


(1)'  (2) 


a.(».8.1.«) 


+  (l)»(2)(3)i 

1)(2)(3)(4)^  J- 
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6.  To  see  what  this  becomes  when  there  is  onlj  a  single  set  of 
symbols  a,  it  is  sufficient  to  take  all  the  indices  m,  n,  ...  zero.  Each 
index  of  the  form  (X,  /i,  y,  p)  is  then  zero  ;  and  we  have 


SI 


_  >1    _      3a!        ,         g*        ,  _  _a*_ JB* 

(ly      (ly  (2)  "^  (1)'  (2)'  "^  (1)«  (2) (3)      (l)(2) (3) (4) 


(1)(2)(3)(4) 


after  reductions, 


A\  • 


(l-aj)(l-«>)(l-a!»)(l-aj*) 


7.  In  the  case  of  r  =  4,  the  summation  with  regard  to  Z,  is  from  0 
to  ^^-{-(wi— 7>i^)-|-...  ;  and  the  final  operation  is  a  summation  with 
regard  to  l^  from  0  to  c» .     The  result  is 


SIX' 


' = BiQ  n 


^(2,2,2,2,2) 


^    ^  _  fjjCi.lAl.S)  ^^(1,8,2,1,8)  ^^(IA1»*2)| 

J-  ^  (^(2,2,1,1,4)   ,       (2,1.1.4,2)    ,  ^1.1.4,1,2) > 

^(1/(2)  (3)^''  ^"^  ^"^  ^ 

—  ^  fj.dAl.l.*)  4.-0.1,4,1,8)7 

(l)'(2)'(3)i  ^*  J 

* ,  (a;C2,l,l,l,«)i  ^(1,1,1,5,2)) 

(1)H2)(3)(4)  i  ^"^  -f 


+  : 


« 


,10 


(1)(2)(3)(4)(5) 


^0,1,1,1,6)1 
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8.  The  result  of  the  first  stage  of  operations  in  the  general  case  of 
an  unrestricted  value  of  r  can  now  be  inferred.     We  remark : 

(i.)  The  number  of  terms  associated  with  810 f,  each  in  the  form 
of  a  fraction,  is  2^ 

(ii.)  Each  term  is  composed  of  two  parts — a  coefficient,  such  as 

.-^  '       above,  and  a  power,  such  as  aj^'-^.^.i.')  above. 

(iii.)   The  first  fraction  is  of  the  form 

__1_     (2.2,2,2,...) 

where  2  occurs  r+l  times  in  the  index  of  x. 

(iv.)  As  regards  the  (fractional)  coefficient  of  anj  term,  its 
denominator  is  of  the  form 

(l)''(2)-(3)-(4)-..., 

where  PiH-pjH-P8+P4+.-  =r  +  l; 

and  its  numerator  is 

where  6  is  the  sum  of  the  integers  pj, pj,  Pi,  ...,  and  thus  6  is  r  +  l— Pj. 
Hence  the  (fractional)  coefficient  of  a  term  is  of  the  form 

"(i)''»(2)'^(3)''(4)'*...' 
subject  to  the  condition 

Pi+Ps+pj+fiH-...  =r+l. 

(v.)  As  regards  the  index  of  the  power  of  ar,  wherever  3  occurs  it 
follows  1 ;  wherever  4  occurs  it  follows  1,  1 ;  wherever  5  occurs  it 
follows  1,  1,  1,  and  so  on. 

When  13  occurs  in  the  index  there  is  a  factor  (2)  in  the 
denominator  of  the  coefficient ;  when  114  occurs  in  the  index  there 
is  a  factor  (3)  in  that  denominator ;  when  1115,  then  a  factor  (4), 
and  so  on. 

Two  terms  have  the  same  coefficient,  if  the  indices  of  the  powers 
of  X  in  them  differ  only  by  pennutation  of  the  symbols  2,  13,  114, 
1115,  ....  Hence  the  total  number  of  terms  having  the  same  co- 
efficient is  the  same  as  the  number  of  permutations  of  tlie  symbols 
2,  13,  114,  1115,  ,..,  which  occur  in  the  index-symbol  of  any  one; 
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and  any  one  index-symbol  can  be  written  down  from  an  inspection 
of  the  denominator.  For  example,  an  index-symbol  to  be  associated 
with  the  coefficient  in  (iv.)  is 


2.2...     13.13...     114.114...     1115.1115... 


..., 


where  the  numbers  of  the  symbols  2,  13,  114,  1115,  ...  are  pi,  p„  p„ 
P4,  ...  respectively. 

Every  symbol  is  a  partition  of  2r-h2  into  r+1  of  the  integers 
1,  2,  3,  ...,  r-|-2,  each  repeated  any  proper  number  of  times.  Each 
such  partition,  in  which  the  symbol  1  is  properly  associated  with  the 
symbols  3,  4,  5,  ... — it  is  easy  to  see  that  the  appropriate  number  of 
symbols  1  will  be  found  in  the  partition — gives  rise  to  an  index- 
symbol  ;  and  the  possible  permutations  are  then  to  be  formed  as  in 
the  preceding  paragraph.  ^ 

The  expression  at  the  end  of  the  last  summation  is  now  com- 
pletely deducible  in  the  general  case. 

Similar  explanations  apply  as  regards  the  expression  before  the 
end  of  the  last  summation ;  for  the  complete  establishment,  an  in- 
ductive proof  would  be  necessary  in  statement.  It  is  not  difficult — 
only  lengthy — after  what  precedes. 

9.  There  is  interest  in  a  special  case,  viz.,  5=1,  when  there  is 
only  a  single  set  of  symbols  a ;  the  first  stage,  as  above,  is  the  only 
one  necessary,  and  the  result — with  all  the  symbols  (X,  fi,  y,  p,  ..,) 
made  zero — is  the  value  of 


!r=«[(i-„,«,(.-«^«)...(i-^.)(i-^-)] 

It  can  be  expressed  in  a  simpler  form,  as  follows  : — 
Let  a   denote 


-1 


(1)' 


n    „ 


X 


y 


(1)(2)  ' 
(1)(2)(3) ' 
(1)(2)(3)(4) ' 
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and  so  on;     Form  the  prodnct  of  the  expressions 


ad  inf., 


After  multiplying  up,  change  :^  into  t)i ! ;  it  is  easy  to  see  that  the 
numerical  coefficient  of  any  particular  term  in  the.  product  is  the 
number  of  permutations  of  the  index-symbol  in  a  corresponding  term 
of  the  preceding  investigation,  and  thus  is  the  proper  numerical 
coefficient  to  be  associated  with 

in  the  present  case  when  the  index-symbols  are  zero.  It  therefore 
follows*  from  all  the  preceding  considei*ations  that  Z7  is  the  coefficient 
of  t*''**  in  this  product.     But  the  product  is 

^  » 

or,  taking  r  to  denote  «a  -|-w*/J4-ti'y4- ...,  the  product  is 


■?* 


2!'    '3! 
whatever  z  may  be.     Now  realizing,  the  product  is 

_     1 


1  — tta — w*/3  —  w'y  — . . . ' 

so  that  Z7  is  the  coefficient  of  t*'"'^*  in 

1 


, U      .         Hj*X 


0\  /l\/'0\/'«>\     ' 


wV 


(1)      (1)(2)      (1)(2)(3)      (1)(2)(3K4) 


— ...  ad  inf. 


♦  This  waa  suggested  by  JefPery*B  method  of  finding  the  number  of  permuta- 
tions of  a  numbCT  of  things  when  they  are  the  same  in  sets ;  see  TodhimterV 
^IgebrOj  p.  637. 
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that  is,  in 
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•  ^  » 


(1— tt)(l— a?tt)(l— ic'tt)(l— 05*1*)  ...  ad  inf. 


that  is,  in 


1+^,+,^+,,^,^  + 


vr 


(1)      (1)(2)      (1)(2)(3)      (1)(2)(3)(4) 


I     •  •  •  J 


that  is,  it  is 


(l)(2)...(r+l) 


Hence 

«[('-°-)('-"t")-('-S')('-i)] 


(l-aj)(l-«^)(l-a^)  ...  (1 -«"**) 


10.  This  particnlar  result  can  also  be  established  as  follows : — In 
the  expansion  of  the  fraction,  the  general  term  is  of  the  form 

■ 

n^r'Pf-l  ^Pr-1-Pr-f  ^Pr-2-Pr-S  n^'^  n^'^^  ^I>'+Pr-l+l»r-2+"+Pl+Po 

a^  «r-l  ^r-2  •••^2  ^1  * 

Summing  first  with  regard  to  pr,  the  limits  are  pr^i  to  c»  for  terms 
that  survive ;  the  result  is 


1        ^Pr.l-Pr-2^Pr-2-P'""^ 


1-aj    '•-^ 


a 


r-2 


_l>f-Pl  -Pl-Po      2p^-l+Pr.2+Pr-S+"+Pl+P0 
...    (»o  ^1  *^  • 


Summing  next   for  pr.],   the  limits  are  p^.i  to  c»    for  terms  that 
survive  ;  the  result  is 

1  Pr^i    Pr-8  ^P2-Pl    _Pl-Po      8p^.2+Pr-3+-    +P1+P0 

(l-a:)(l-aj')    "^^  *  ^ 

Proceeding  in  this  way,  the  result  of  r  summations — the  last  being 
from  ^0  to  00  — is 

1 


(l-ic)(l-a;0...(l-af) 


a.(r*llj»o^ 


And  Pq  can  now  have  any  value  irom  0  to  00  ;  hence  a  last  summation 
leads  to  the  result  as  stated  above. 


11.  Proceeding  to  the  second  stage,  the  summation  can  be  carried 
out  in  a  similar  manner,  either  for  the  aggregate  of  terms  together, 
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or  for  each  term  separately.     The  latter  was  the  mode  adopted  with 
the  following  result. 

Denoting  by  *  the  part  of  the  symbolical  coefficient  0  which  is 
independent *of  c,  d,  ...,  and  by   |  X,  /lc,  k,  p  |   the  expression 

Xtio+fini  +  ytij+pn, 
+  (^  +  l)Po'^(f^  +  ^)Pi  +  (r  +  ^)Pt'^(p  +  ^)Pz 

it  can  be  proved  that 


[«.IS.  8,8,8! 


(1)*(2)'(3)  ^  ^ 


+ 


x» 


(1)'(2)'(3)» 
a? 


jjj,«.»,«i 


^(1)'(2)»(3)'^  ^  ^ 


o; 


(1)'(2)'(3)(4) 


(•jj,l>,I,«,»!^jpll,»,»,Sl> 


(1)»(2)'(3)'(4)  ^"^  "^  ^ 


a:* 


^U.S.S.6| 


(1)«(2)(3)(4K5) 

J ^^ r^Ji,Mij.flji,8,2,«:) 

^  (l)'(2)'-(3)(4)(5)  i  ^  ^ 


(1)'(2)'(3)'(4)* 


j^i.i.'.ti 


a? 


i.i.«.«n 


(1)(2)'(3)'(4)(5) 
which  is  the  result  at  the  end  of  the  second  stage. 

12.  In  particular,  if  only  two  sets  of  symbols  occur  in  the  original 
expression  for  X"\  we  have  <>  =  1  ;  and  all  the  symbolic  indices 
I X,  |i,  V,  p  I  are  zero.     Then 
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SIX-'^    -^t.r.- 


4 L.  *** 


(1)*(2)*      (1)*(2)»(3)      (l)*(2)«(3)«^(l)*(2j'(3)« 

2a'*  2^ 


4-  ^    __  ^ 

•^  /^^*/•^^«/'Q^/'>i^ 


(1)«(2)'(3)(4)      (1)'(2)»(3)(4)      (1)'(2)'(3)'(4) 

2x1 


+ 


(1)(2)'(3)'(4)'(5) 


(1>("2)(3)(4)(5)  "^  (1)'(2)'(3)(4)(5) 
(1)'(2)'(3)'(4)'  ~  (1)' (2y(3n4J(S) 


,  multiplied  by 


^ 

1 

i 

X* 

x^ 

X* 

1 

1 

:  3 

8 

14 

1     22 

( 

-3 

1 

-9 

-21 

1 

-36 

1 

: 

1 

1 

1 
3 

0 

■J          1 

i 

2 

1 

1 

4 

1 

1 

1 

2 

6 

1 

-   2 

, 

' 

1 

1 
1     ' 

1 

'          '          1 

x-r 


M 


«"         «w 


27     .     30     .     27 


-51      -6D      -60       -51 


22  14 


8:3-1 


-36     !-21 


10  13 


12 


14  13 


10 


6 


-9        -3 


14  14 


12 


8 


12     I     18 


22  22  18     '     12 


6 


-   8      -10     1-12 


-10      -    8 


-   4        -2 


-2      -41-6-8      -8,-61-4 


1         :t3        ±9      3b21 


-  1 

-    3 

1 

-   5 

-  6 

2 

1 

4 

6 

1 

1       1 

1 

1 

1 

'- 1 

1                                                • 

1 

1 

■ 

-1.-1 


±57      ±73     ;±79      ±76      ±61      ±41     '±21        ±9 


(1)  (2)^3)' (4)' (5)' 
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and  therefore 


SI 


{ 


i(i-^.)(i-j.)(i-2..)(i-x) 


(i-„.^^,(i-5^^)(.-"^^)(i-^5j 


(l-.c)(l-a:-)'(l-^)'(l-^y(l-^'*)" 


13.  From  the  i^esnlts  obtained,  the  genei'al  expression  at  the  end  of 
the  second  stage  in  the  ease  of  *•  sets  of  symbols  and  r  + 1  factors 
involving  any  one  set  does  not  present  itself  as  an  obvious 
generalizable  result  from  the  particular  case.  But  the  last  ex- 
pression, and  corresponding  expressions  which  I  have  obtained  in 
simpler  cases,  suggest  (but,  of  course,  do  not  pi'ove)  that  in  the 
general  case  the  required  sum  is  the  recipix)cal  of  the  product  of  the 
expressions 


(1)(2)(3)(4)   ...   0+1). 
(2) (3) (4)  ... 


(3) (4)  ... 


0+2), 

(r  +  2)(,-+3). 


»(l+)t)(2+«)...  (r+#). 


14.  Further,  we  have  at  once 


HI  --     -  -T 


1 


(1— a,x)(l— OiOjO^)  ...  (1— aja,  ...  a„a-")      (1— a')(l— a^)...  (1— «"), 
and  we  have  proved  that 


SI 


('--')(i-S') -('-:,;')  ('-i) 


(l-a'Xl-^")  ...  (l-Jt^) 
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We  have  also  proved  that 


SI 


(l—aix)ll j(l--a,a,a^)f  1 J  ...  w  product-pairs 


(l-«)(l-a;*)»(l-a:»)*(l-a•*)^..  (l-aj")*(l-af*')  * 
and  we  have  infeiTed  that  the  latter  expression  is  also  the  value  of 


SI 


!1 


I 


''(l-a,-A-.a-';(l-?^:r')    ...    (  1- ?l|.  a:')  (l_  4)  j 

Comparing  these  results  with  the  diagi'am  of  the  general  expression 
g^ven  in  §  13,  it  can  be  inferred  that  there  is  a  symmetry  of  value 
between  two  expressions,  one  having  m  rows  and  n  factors  in  each 
row,  the  other  having  n  ix)W8  and  m  faetors  in  each  row.  The 
establishment  of  this  symmetry  can  be  effected  with  the  aid  of  the 
theory  of  partitions,  by  which  subject,  indeed,  all  these  fractions 
were  primarily  suggested. 

2nd  October,  1895. 


Note  on  Matnces.      By  J,  Brill^  M.A.      Received  October  14th, 
1895.     Communicated  November  14th,  1895. 


My  object  in  the  following  short  communication  is  to  obtain  the 
most  general  form  of  the  differential  of  a  matrix  which  admits  of  its 
being  commutative  with  the  matrix  itself. 

If  m  be  the  matrix,  and  Xj,  A,,  .„,  X„  its  latent  roots,  which  we 
shall  suppose  to  be  all  different,  then  m  satisfies  the  equation 


(m— \,)(m  — A,)  ...  (m— X„)  =  0 

d2 


W^ 
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DifEerentiating  this,  we  have 

(dm--cZA,)(m — A,)  (m  — X„) 

-|-(m-— XJ(cim  — dXj)  (m — X^) 

+  &C.  =  0. 

If  we  now  introduce  the  condition  that  dm  shall  be  com  mutative 
with  m,  we  may  write  this  equation  in  the  form 

(dm— dXi)(m— X,)   (w-— X„) 

+  (dm  — dX,)(m— X,)(m— X3) (m— X„) 

4-&C. 

4-(d?n — dX^)(m— X,)   (m — X„_,)  =  0. 

Multiplying    this  equation    by   (m— X,),    and    taking  account  of 
equation  (1),  we  have 

(d?»— dX,)(m— Xj)*  (m— Xj)   (?/i— X„) 

+  &C. 

+  (dm-dX,)(m-X,)«(m-X,)   (m-X,.0  =  0 (2). 

Now  m— X,  =  m^ — Xj-j-X, — Xj 

=  m— X,4-X,— A, 
=  &c. 

Taking  account  of  these  relations,  and   also  of  equation  (1),  we 
easily  reduce  equation  (2)  to  the  form 

(dm-d\,)(m--X,)(m--X,)   (^^i— \.)(^— ^1) 

-|-(Jw-dA8)(m— Xi)(m— X,)(m— XJ  (|,t— XJ(X,— Xj) 

-h&c. 

-|-(dm-<iX^)(m— X|)(m-X,)   (wi— X«.,)(X^— Xj)  =  0. 

Multiplying  this  by  (m— X,),  it  becomes 

(dm— dAj)(m  — A,)(m— A,)*  (m— AJ  (m— A„)(A,— Xi)4"&c.  =  0; 

and,  treating  this  equation  in  a  manner  similar  to  that  in  which  we 
ti*eated  equation  (2),  we  find  that  it  reduces  to 

(dm— dA,)(m— A,)(m— A,)(m— AJ  (w^— X«)(X,— Xi)(X,— X,) 

+  &C. 

•^{dm''dK){m-X,)(m-X,)    (^,n-K-iKK-K)(K-K) 

=  0. 
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This  process  may  evidently  be  continned  until  we  arrive  at  the 
result 

(«2wi- JX^)(m— X,)(m— X.)  ...  (m— X^_i)(X„— A,)  ...  (X«— X«_,)  =  0. 

Now  the  product        (Xm— Xj) (X„— X«_i) 

is  scalar,  and  does  not  vanish.     We  may  therefore  divide  out  by  it, 
and  we  obtain 

(dm — ciX^)(m— XJ(m--Xj)  0"^— X^.i)  =0. 

By   proceeding  in   a    similar  manner,    we    may  also   obtain  the 
following : — 

(dm  — rfXi)(m— X,)(m— X,)  (w'-A^)  =0, 

(cim--ciXj)(m— Ai)(m— Xj)  (m— Xj  =  0, 

<&c.,  Ac. 

Thus  we  readily  obtain 

dm^  (^— M^"^— ^t)  ...  (m-\„)     (m—XQfm— X,)  ...  (m—XJ),  .     > 

l(x,-x,)(A,-x,) ...  (x^-xj'^cXj-x.xx^-x,) ...  (x,-x,)"^    •) 

^(X,-X,)(X.-X,)...  (X,-X,)"^      ' 

Now,  by  means  of  Sylvester's  Interpolation  Theorem,  we  have  that, 
iif{m)  be  a  function  framed  on  the  model  of  a  scalar  function,  then 

and  therefore 

1  «.  ^0  »-  -c  (^i--X^)(m— Xg)  ...  (vi^K) 
(Ai-X>)(X,-X5)  ...  (Xj-Xj 

Thus  we  obtain,  for  the  most  general  form  of  dm  that  shall  be 
commutative  with  m,  the  expression 

dX,  (~"^«V^ -  -»)- •  - (WlZ^A   ifi\  (fn'—K^(rti—\)  ...  (m— X,.) 

(Xj-x,KX^^x,) ...  (x,-x„)  "^  '  *(x,-Xi)(x,-x,) .:.  (X,-XJ 

+  (fee.  +  (ZX^  ^^"  —  ^1  )(^-X^^   •.  (m-X,.,0 
(Xrt — Xi)(X„— Aj)  ...  (X„  — X„_i) 

If  there  be  equalities  existing  among  the  latent  roots  of  the  matrix, 
this  formula  will  requii-e  modifying  in  a  similar  manner  to  Sylvester's 
Interpolation  Theoi^m. 
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[As  some  points  connected  with  the  above  paper  have  been  mis- 
understood, I  have  thought  it  advisable  to  add  a  few  words  by  way 
of  further  explanation.  The  question  arose  from  an  attempt  of  mine 
to  apply  the  theory  of  matrices  to  obtain  solutions  of  linear  difEerential 
equations  with  constant  coefficients.*  I  came  across  the  theorem  as 
applicable  to  the  binary  matrix.  Strack  with  the  resemblance  to 
Sylvester's  Intei'polation  Theorem,  I  first  of  all  verified  the  theorem 
for  the  case  of  the  ternary  matrix,  and  then  sought  a  method  of 
establishing  it  for  the  general  case,  with  the  result  given  above. 

If  a  matrix  be  capable  of  continuous  variation,  this  is  only  possible 
through  the  continuous  variation  of  certain  scalar  elements  involved 
in  its  expression.  The  matrix  m  satisfies  an  identical  equation, 
viz.  (1).  The  matrix  m+dm  will  also  satisfy  an  identical  equation  of 
similar  form,  and  the  main  assumption  intix)duced  in  the  above  paper 
is  that  the  latent  roots  involved  in  this  equation  differ  infinitesimally 
from  those  involved  in  equation  (1).  The  work  will  therefore  hold 
only  where  this  is  the  case.  I  cannot  at  present  conceive  of  any 
case  in  which  the  infinitesimal  variation  of  any  scalar  quantity 
involved  in  the  expression  of  a  matrix  would  give  rise  to  a  finite 
change  in  any  of  its  latent  roots.  If  any  such  cases  should  arise,  they 
would  need  special  investigation. 

The  above  work  thus  furnishes  us  with  a  test  as  to  whether,  when 
a  matrix  is  varied  by  means  of  the  infinitesimal  variation  of  certain 
scalar  elements  involved  in  its  expi^ession,  the  differential  of  the 
matrix  be  commutative  with  the  matrix  itself. — December  14th,  1895.] 


*  **  On  the  Application  of  the  Theory  of  Matrices  to  the  Dificussion  of  Linear 
Differential  Equations  with  Constant  Coefficients,**  Proe.  Camb.  Phil,  Soe,,  vra., 
201-210.  See  also  <*0n  Quaternion  Functions,  with  especial  reference  to  the 
Discussion  of  Laplace*s  Equation,**  Proe,  Camb,  Phil.  Soc,,  vn.,  151-156. 
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Determination  of  the  Voluvies  of  certain  Species  of  Tetrahedra 
without  employment  of  the  Method  of  Limits.  By  M.  J.  M. 
HiLL^  M.A.,  D.Sc,  F.R.S.,  Professor  of  Mathematics  at 
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The  object  of  this  communication  is  to  prove  the  existence  of 
certain  species  of  tetrahedra  whose  volumes  are  determinable  with- 
out employment  of  the  method  of  limits. 

• 

Abstract, 
Art.  1.  It  is  shown  that  symmetncal  teti"aliedi*a  have  equal  volumes. 

Art.  2.  It  is  shown  that  tetrahedra  which  are  images  of  one  another 
with  regard  to  a  common  face  have  equal  volumes. 

Art.  3.  It  is  shown  that  a  tetrahedi*on  in  which  the  sti*aight  line 
bisecting  a  pair  of  opposite  edges  is  perpendicular  to  those  edges  can 
be  bisected  into  two  superposable  tetrahedra,  by  drawing  a  plane 
through  either  of  these  edges  and  the  middle  point  of  the  other. 

Art.  4.  If  now  (see  the  figure  of  Ai-t.  4)  ABGB  be  a  tetrahedi'on,  and 
BE,  CF  bo  drawn  equal  and  parallel  to  BA,  and  if  EA,  AF,  FE,  EO 
be  joined,  then  it  follows  by  Ai-t.  2,  if  BE  be  perpendicular  to  the 
plane  AGB,  that  the  teti'ahedra  ABCB,  AOBE  are  equal. 

In  like  manner,  if  BF  be  pei'pendicular  to  the  plane  AOE,  the 
tetrahedra  ABGE,  AECF  are  equal. 

Hence  the  tetrahedron  ABGB  is  a  thii-d  of  the  prism  BBCFEA, 

The  two  conditions  (each  of  which  amounts  to  two  restiictions) 
(1)  that  BE  is  perpendicular  to  the  plane  ACB  and  (2)  that  BF  is 
perpendicular  to  the  plane  AGE  result  in  the  expression  of  the 
lengths  of  the  six  edges  of  the  tetrahedron  in  terms  of  two  positive 
quantities  a,  r  as  follows  :  — 

^(7=av/9^37, 
AB  =  BG  =  2a, 
AB  =  BBz=iBG=^  av/r+?. 
Tetrahedra  of  this  kind  will  be  called  tetrahedra  of  the  first  type. 
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Art.  5.  It  is  shown  that  the  tetrahedron  ABOD  of  the  first  tjpe  can 
be  bisected  into  two  snperposable  tetrahedra  by  a  plane  di*awn  through 
BD  and  the  middle  point  J  oi  AO ;  or  by  a  plane  through  AO  and 
the  middle  point  K  of  BD. 

Arts.  6,  7.  The  last  ai-ticle  leads  to  the  second  and  third  t3rpes  of 
tetrahedra. 

The  tetrahedron  BDJA  of  the  second  type  has  its  edges 

AD  =  2a, 

^J'  =  iav/9-"37, 


B-4  =  52}  =  av/l4-r*. 


JB=  JD  =iav/l  +  5j-». 
The  tetrahedron  ACKB  of  the  third  type  has  its  edges 


BA  =  2BK=:ay/U'?, 

BO  =  2a, 
KA=   KG  =  iav/9+?. 

Art.  8.  It  is  shown  that  the  three  types  of  teti*ahedra  are  distinct. 

Art.  9.  In  the  special  case  r*  =  2,  it  is  possible  by  Art.  2  to  bisect 
the  tetrahedron  ABOD  of  the  first  type  into  two  superposable  tetra- 
hedra by  a  plane  through  AD  and  the  middle  point  0  of  BC. 

The  tetrahedron  ABOD  is  therefore  one  whose  volume  is  known. 


The  edges  are 


A0=:  0D  =  a>/2, 
AB:=BD  =  a^/S, 
AD  =2  (OB)  =  2a. 


It  is  not  included  in  any  of  the  three  preceding  types,  but  by 
di'awing  a  plane  through  BO  and  the  middle  point  of  AD  it  can  be 
divided  into  two  equal  tetrahedra  of  the  first  type  for  which  r*  =  1. 

Again,  all  the  faces  of  the  tetrahedi'on  of  the  first  type  for  which 
r*  =  2  are  equal,  and  all  the  tetrahedra  which  have  a  common  vertex 
at  the  centre  M  of  the  sphere  circumscribing  that  tetrahedron  and 
which  stand  on  the  faces  of  the  tetrahedix)n  are  equal.  Hence  the 
tetrahedron  MABD  is  one  whose  volume  is  known. 
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In  this  case 


MA  =  MB  =  MB  =  iav5, 


AB  =  2a. 

This  does  not  belong  to  any  of  the  pi*evious  types.  But  a  plane 
through  MB  and  the  middle  point  of  AB  divides  it  into  two  equal 
tetrahedra  of  the  third  type  for  which  r*  =  1. 

Art.  1.  To  prove  that  syTtimetHcal  tetrahedra  have  equal  volumes. 

Let  ABCB  be  a  tetrahedron,  and  let    the    edges  BAy   GA,  BA 
meeting  at  the   vertex  A  be  produced   through  A  respectively  to- 

j^,  F,  0,  so  that 

* 

BA  =  AE,     GA  =  AF,     BA^AO; 

and  let  J^^,  FO,  OE  be  joined ;  then  the  teti-ahedi-a  ABGB,  AEFG 
will  be  shown  to  be  equal. 


Fig.  1. 


Draw  CHy  BK  equal  and  parallel  to  BA  ;  and  BL  equal  and  parallel 
to  GA, 

Join  AH,  HK,  KA,  AL,  LK. 

Then  BCBHKA  is  a  prism  on  base  BGB,  and  its  altitude  is  the- 
perpendicular  from  A  on  BGB, 

Also  BLKHGA  is  a  prism  on  base  AGBl,  and  its  altitude  is  the 
perpendicular  from  B  on  AGH,  It  is  therefore  equal  to  a  prism  on 
base  ABGy  with  altitude  equal  to  the  perpendicular  from  B  on  ABG^ 
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Now  the  base  BCD  :  the  base  BGA 

=  the  perpendicular  from  D  on  BO  :  the  perpendicular  from  A  on  BG 
=  the  perpendicular  from  D  on  ABG  :  the  pei-pendicularfromil  onBGD, 

Hence  the  prism  on  base  BGD  whose  altitude  is  the  perpendicular 
from  A  on  BGD  is  equal  to  the  prism  on  base  ABG  whose  altitude  is 
the  perpendicular  from  D  on  ABG. 

Hence  the  pnsms  BCDHKA,  DLKHGA  are  equal. 

The  prisms  have  common  the  pyramid  whose  vertex  is  A,  and 
whose  base  is  the  parallelogram  DCKH. 

Taking  this  away  ivom.  each  prism,  it  follows  that  the  tetrahedi'a 
ABGD,  ABKL  ai-e  equal. 

Now  DA^  DL,  DK  are  equal  and  parallel  to  AG,  AF,  AE,  respec- 
tively, and  are  drawn  in  the  same  directions. 

Hence  the  tetrahedron  ABKL  can  be  superposed  on  the  tetra- 
hedron AEFQ. 

Thei^efore  the  tetrahedi-a  ABGD,  AEFO  ai'e  equal  in  volume. 
They  are  not  superposable,  but  ai*e  said  to  be  symmetrically  equal. 

Ai't.  2.  To  prove  that  tetrahedra  which  are  images  of  otie  another  icith 
regard  to  a  common  face  have  eqtial  volumes. 

Let  ABGD  be  a  tetrahedron,  and  let  the  edge  DA  be  perpen- 
<dicular  to  the  edges  BA,  GA,  and  let  DA  be  produced  to  E,  so  that 

DA  =  AE, 
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and  let  EB,  EG  be  joined ;  then  the  tetrahedra  ABGD,  ABGE  will 
be  shown  to  be  equal. 

Produce  BAy  GA  to  F  and  (?,  respectively,  so  that 

BA  =  AF,     GA  =  AG, 

Then,  by  the  last  article,  the  tetrahedra  ABGD,  AEFO  are  equal. 
But  the  tetrahedron  AEFO  can  be  superposed  on  the  tetrahedron 
ABGE. 

Hence  the  tetrahedra  ABGD,  ABGE  are  equal. 

If,  now,  ABG  be  any  plane  triangle,  and  P,  Q  two  points  on  oppo- 
site sides  of  its  plane  such  that  PQ  is  bisected  by  the  plane  of  ABG 
at  B,  then,  by  the  above,  the  tetrahedra  PBBG^  PBGA,  PBAB  are 
respectively  equal  to  QBBG,  QBGA,  QBAB. 

Hence  the  tetrahedra  PABG,  QABG  are  equal,  and  these  two 
tetrahedra  are  images  of  one  another  with  regard  to  the  common 
face  ABG. 

Art.  3.  To  prove  that  a  tetrahedroH  in  which  the  straight  line  bisecting  a 
pair  of  opposite  edges  is  perpendicular  to  those  edges  can  he  bisected  into 
two  superposable  tetrahedra  by  drawing  a  plane  through  either  of  these 
edges  and  the  middle  point  of  the  other. 

Let  AB  bisect  at  i*ight  angles  CD,  EF,  a  pair  of  opposite  edges  of 
the  tetrahedron  GBEF ;  then  the  tetrahedra  GDBF,  ODBE  are  super- 
posable ;  as  also  ai'e  the  tetrahedra  EFAG,  EFAD. 

Let  the  figure  revolve  through  two  right  angles  about  the  straight 
line  AB,  which  is  supposed  fixed. 

Then  the  final  positions  of  the  points  A,  B,  G,  D,  E,  F  are  A,  J?,  D, 
(7,  F,  E,  respectively. 

Hence  the  tetrahedron  GDBF  can  be  superposed  on  the  tetra* 
hedron  DGBE. 

Hence  each  of  them  is  equal  to  half  the  tetrahedron  GBEF. 

Also  the  tetrahedron  EFAG  can  be  superposed  on  the  tetra- 
hedron FEAB. 

Hence  each  of  them  is  equal  to  half  the  tetrahedron  GBEF. 

Art.  4.  To  construct  a  tetrahedron  whose  volume  can  be  determined  with- 
out using  the  proposition  that  tetrahedra  on  equal  basses  and  having  equal 
altitudes  are  equal,  except  in  the  special  form  demonstrated  in  Art.  2. 

(The  demonstration  of  the  general  case  of  the  proposition  just 
mentioned  has  not  been  effected  hitherto  without  employing  the 
method  of  limits.) 
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Fia.  S. 

Let  ABGD  be  a  tetrahedron. 

Draw  CF,  DE  equal  and  parallel  to  BA. 

Join  AE,  AF,  FE,  EC. 

Let  BE  and  AD  meet  at  0,  DF  and  CE  at  G. 

Then  ^£,  .>li)  bieect  each  other  at  0 ;  DF  and  CE  bisect  each 
ol.her  at  Q. 

The  tetrahedra  .dC7DJ5,  /lOD-B  are  on  the  base  AOD  and  have 
equal  altitudes. 

The  tetrahedra  AECD,  AEOF  are  on  the  base  AEC  and  have 
equal  altitudes. 

Kow,  if  BE  be  perpendicular  to  the  plane  ACD,  then  the  tetra- 
hedra ADGE,  ADOB  are  images  of  one  another  with  regard  to  their 
common  face  ADO.     Hence  they  are  equal. 

Again,  if  DF  he  perpendicular  to  the  plane  AEC,  it  can  be  shown 
in  the  same  way  that  the  tetrahedra  ADGE,  AEGF  are  equal. 

Hence,  if  BE  be  perpendicular  to  the  plane  A  GD,  and  if  also  DF  bo 
perpendicular  to  the  plane  ACE,  then  the  tetrahedra  ASCD,  AECD, 
.^ffCP  are  all  equal. 

Hence  the  tetrahedron  ABGD  is  equal  to  one-third  of  the  prism 
BCDEFA. 

It  remains  to  find  the  possible  forms  of  the  tetrahedron  ABGD' 
which  satisfy  the  conditions  that  ££,  DF  are  perpendicular  to  the 
planes  AGD,  ACE,  respectively. 

The  length  of  OB  will  first  be  found, 

OF?+G&  =  2GO'->r20I? ; 
therefore    CB'+OB'+.iO' =  2  (00'+00')+2  (OB'+OC) 
=  AC+GI^-\-Aff+BTf; 
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therefore     GE*  =  (^JB»+  CD')  +  UO'+-BD«)-(B(7«+-4D»)  (I.). 

Next,  if  BE  be  perpendicular  to  the  plane  ACD,  BE  is  perpendicular 
to  AD  and  OC. 

If  BE,  i.e.,  BOj  be  perpendicular  to  AD,  then 

^B  =  BD (IL). 

If  BE  be  perpendicular  to  OC,  then 

BG=CE (III.). 

Hence,  by  (I.), 

AD'-h2B(P=(AB'+CD')-^(A(?^BD')    (IV.). 

In  like  manner  DF  will  be  perpendicular  to  the  plane  AEG,  if 

DG  =  DE (V.), 

and  CE''{-2AD'  =  AE'-^-AG'-^DE'-^DC    (VI.). 

But  DE  =  AB, 

CE  ==  GB, 
AE  =  DB. 
Hence  (V.)  and  (VI.)  become 

DG=AB  (VIL), 

BG*'^2AD'  =  (D5*  +  ^C*)  +  (^B«+I>C*) (VIII.). 

From  (II,)  and  (VII.), 

AB^BD^DG  (IX.). 

From  (IV.)  and  (VIII.), 

BG  =  AD    (X.). 

From  (VIII.),  (IX.)  and  (X.), 

SBG"  =  SAB'-^AC (XI.). 

Now  put  BG=AD  =  2a, 

and  since  BDi-DG  >  BG, 

therefore  2DG  >  2a ; 

therefore  DG  >  a. 

Hence  it  is  possible  to  put 

therefore  AB  =  BD  =  DG  =  a  v^l+r-. 
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Then,  by  (XI.),  AC^ay/d-Sr^, 

Hence  the  edges  of  the  tetrahedron  ABGD  are  given  by 


AB  :=  BD  =  DO  =  ay/l-i-r", 
BC-AD  =  2a, 


It  is  obvious  that  0  <  r*  <  3,  and  that  BO  =  ar. 

Ajiy  tetrahedron  of  this  kind  may  be  called  a  tetrahedron  of  the 
first  type. 

It  may  be  shown  that  the  dihedral  angles  whose  edges  are  BOy 
AD  are  nght  angles.* 

The  dihedral  angle  whose  edge  is  OA  is  60°. 

The  cosines  of  the  dihedi^l  angles  whose  edges  are  AB,  OD  are 
each  ^\/3— r*. 

The  cosine  of  the  dihedml  angle  whose  edge  is  BD  is  \  (r*— 1), 

The  volume  of  the  teti-ahedron  will  now  be  found. 

It  is  one-third  of  the  base  multiplied  by  the  height,  and  any  side 
may  be  taken  as  base. 

Take  ABD  as  base.  This  face  is  perpendicular  to  the  face  AOD 
by  construction. 

Hence  volume  of  ABOD 

=  \  (ai*ea  of  ABD)  x  (perpendicular  from  0  on  AD). 


Now  cos  GAD  =  9-3>-+lz£+-^)  =  ^^' 

4>/9-3r*  a/3 

therefore  sin  OAD  =   -■  ~ ; 


therefore  perpendiculai*  from  0  on  AD  =  ar  v^3—  r. 

Since  ABD  is  an  isosceles  tnangle, 
the  perpendicular  from  B  on  AD  =:  ar  ; 
therefore  area  of  ABD  =  a^r. 


*  In  any  tetrahedron  A  BCD  the  cosine  of  the  dihedral  angle  between  the  planes 
BCA  and  BCD  is 

{AC»-'AB^(DB'~DC^-¥(BC)*[AC^  +  AB'+BD^-¥DC*~BC*~2AD^ 

16  (area  of  ABC)(BTe&  of  DBC) 
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Hence  the  volume  of  A  BCD 


=  irtVV3-r'. 


It  may  be  noticed  that  the  three  tetrahedra  ABCD,  ACDE,  ACEF 
have  their  edges  all  equal  in  this  particular  case.  It  is  possible  to 
superpose  ABCB  on  ACEF  by  rotation  round  AC  through  120°. 
But  AGDE  is  symmetrically  equal  to  either  of  the  other  two  tetra- 
hedi'a. 

It  will  now  be  shown  that  the  teti'ahedron  ABGD  of  the  first  type 
can  be  dissected  into  eight  equal  tetrahedra  of  which  six  are  super- 
posable ;  the  other  two  are  also  superposable,  but  they  are  sym- 
metiically  equal  with  regard  to  any  one  of  the  six. 

As  in  the  third  pi-oposition  of  Euclid's  Twelfth  Book  (see  Fig.  4), 


take  E,  F,  G,  H,  I  K  the  middle  points  of  AB,  BD,  DA,  AG,  BG,  DC, 
respectively.     Then  the  tetrahedron  ABGD  breaks  up  into  the  two 
tetrahedra  GIHK,  AHEG,  and  the  two  pnsms  FDGHIK,  BFIHGE. 
The  tetrahedra  CIHK,  AHEG  aro  supei-posable  to  one  another 
and  similar  to  ABGD. 
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On  examining  Fig.  3  it  will  be  seen  that  the  prism  BDOFEA  of 
that  figure  is  drawn  on  the  isosceles  base  BDG  with  its  edges  parallel 
to  BAy  the  side  of  the  teti^ahedron  equal  to  either  of  the  equal  sides 
of  the  isosceles  base. 

Now,  taking  in  Fig.  4 

AB=BD=:DC  =  ay/lT?, 
AD^BG=^  2a, 


AG  =  av/9-3r«, 

it  is  at  once  seen  that  the  prism  FDOHIK  stands  on  the  isosceles 
triangle  FOD  as  base,  and  has  its  edges  parallel  to  DK,  which  is  equal 
to  the  equal  sides  of  the  isosceles  base  FGD.  Hence  this  prism 
.breaks  up  into  the  tetrahedron  FDOK,  one  superposable  to  it,  and 
one  symmetrically  equal  to  it. 

In  like  manner,  the  tetrahedi'on  BFIHOE  stands  on  the  isosceles 
triangle  BFI  as  base,  and  has  its  edges  parallel  to  BE,  which  is 
equal  to  the  equal  sides  of  the  isosceles  base  BFI.  Hence  this  prism 
is  decomposable  into  the  tetrahedron  BIEF,  one  superposable  to  it, 
and  one  symmetrically  equal  to  it. 

The  tetrahedi-a  FIIPK,  BIEF,  GIEK,  AHEG  are  superposable  to 
one  another,  and  similar  to  the  whole  tetrahedron. 

Hence  the  whole  tetrahedron  ABGD  is  decomposable  into  six 
tetrahedra  equal  and  superposable  to  AHEG,  and  two  tetrahedra 
symmetrically  equal  to  AHEG.  All  these  tetrahedra  are  equal. 
Their  linear  dimensions  are  half  of  those  of  ABGD. 

Art.  5.  To  derive  other  types  of  tetrahedra  from  the  first  type. 
The  tetrahedron  ABGD  is  symmetrical  with   regard  to  the  line 
joining  the  middle  points  of  AG,  BD. 

Hence  this  joining  line  is  perpendicular  to  AG,  BD. 

It  will  be  useful  to  prove  this  in  another  way. 

Let  J,  K  be  the  middle  points  of  AG,  BD,  respectively. 

Then  2/D" + 2AP  =  AD^ + DG", 

2JB'-{'2AJ^  =  AB*+BG'. 

Now  AD-BG^  2a, 


^/=iav/9-.3r*, 


therefore 


AB  =  DG  =  a^/lW  \ 

JB  =  JD^^  y  r+57. 

2 
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Also  KB  =  KD, 

JK^JK; 

therefore  JK  is  perpendicular  to  BD. 
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Again 

2KA^^2KS'  =  AB'+AD', 

2KC+2KB'  =  BO'-^-CB', 

AD  =  BO=  2a, 

KB^zlay/l  +  r", 

AB=:CD=za>/l4-7^; 

erefore 

KA  =  KC=^^^9'{^1^, 

Also 

J  A  =  /a 

KJ=KJ; 
therefore  KJ  is  pei'pendicular  to  AC, 

Hence  KJ  is  perpendicular  to  the  opposite  edges  AC  and  BD  and 
bisects  them  both. 

Hence,  applying  the  proposition  of  Art.  3,  it  follows  that  the 
tetrahedra  ACKB,  ACKD,  BDJA,  BDJC  are  each  half  the  tetra- 
hedron ABCD. 

Hence  the  tetrahedra  BDJA^  AC  KB  (which  are  respectively 
superposable  on  the  other  two)  will  give  the  two  new  types. 

Art.  6.  The  seamd  type  of  tetrahedron. 

Consider  first  the  teti'ahedron  BDJA^  which  will  be  referred  to  as 
the  tetrahedron  of  the  second  type. 


The  sides  are 


AD  =  2a, 


^/=iav/9-3r. 


B.1  =  I?2>=  av/l  +  r*, 


JB=JD  =^ayi+5r>. 

The  dihedral  angle  whose  edge  is  i^D  is  a  right  angle. 
The  dihedi-al.  angle  whose  edge  is  AJ  is  60°. 

The  cosine  of  the  dihedral  angle  whose  edge  is  AB  is  ^\/3  — r*. 

The  cosine  of  the  dihediul  angle  whose  edge  is  DB  is  J-v^l  -hr*. 


The  cosine  of  the  diheditil  angle  whose  edge  is  JD  is 


v/3-r« 
2v/i+/ 


\/3--r* 
The  cosine  of  the  dihedral  angle  whose  edge  is  JB  is =. 

2v"l-\  -<* 

YOL.  XXVII. — KO.  638.  E 
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[The  tetrabedron  of  the  second  tjpe  may  be  derived  fix>m  that  of 
the  first  type  in  other  ways,  for  example : — 

If  0  be  the  middle  point  of  AD,  and  GO  be  produced  to  £*,  so  that 
CO  =  OH,  then  BCDH  is  a  tetrahedron  of  the  second  type. 


Its  sides  are 


HO=2as/4i-7^, 


BO=^Bn=  2a, 


Putting 


42P 


r*  = 


l  +  ii^' 
HC  =  2A, 


fl2)  =  ii4^/9-3i^» 


BO  =  BH=^Ay/i+B^, 
BD  =  DC  =  f^%/iT5i^, 
showing  that  the  tetrahedron  belongs  to  the  second  type.  ] 

Art.  7.  TJie  third  type  of  tetrahedron. 

Consider  next  the  tetrahedron  AOKB,  which  will  be  referred  to  as 
the  tetrahedron  of  the  third  type. 


Its  sides  are 


ilO  =  av/9-3r«, 


BK^ifiis/\W, 


BO  =  2a, 


X.4=^0  =  Jav/9+r». 


2' 


The  dihedral  angle  whose  edge  is  BO  is  a  right  angle. 
The  dihedral  angle  whose  edge  is  ilC  is  30°. 

The  cosine  of  the  dihedral  angle  whose  edge  is  AB  is  J^/3— r*. 
The  cosine  of  the  dihedral  angle  whose  edge  is  BK is  |(r*— 1). 

The  cosine  of  the  dihedral  angle  whose  edge  is  KG  is    <,-  7^— • 

^3^ 
2>/3  • 


The  cosine  of  the  dihedral  angle  whose  edge  is  KA  is  — 


1895.] 


Volumes  of  certain  Species  of  Tetrahedra. 


51 


Art.  8.  Comparison  of  the  three  types  of  tetrahedra. 

The  tetrahedron  of  the  first  type  has  three  equal  sides,  a  character 
not  possessed  in  general  hy  either  of  the  tetrahedra  of  the  second  and 
third  types. 

Hence  the  tetrahedron  of  the  first  type  is  distinct  from  the  tetra- 
hedra of  the  second  and  third  types. 

The  tetrahedron  of  the  second  type  has  two  isosceles  faces,  whilst 
that  of  the  third  type  has  only  one  isosceles  face. 

Hence  the  three  types  are  all  distinct. 


Art.  9.  Special  tetrahedra  not  included  in  any  of  the  previously  men' 
turned  types. 

(A)  A  very  simple  case  of  the  tetrahedron  of  the  first  type  is 
when  r*  =  2. 


Then 


AD  =  BC==  2a. 


Let  0  he  the  middle  point  of  EC- 

Then  BO  is  perpendicular  to  the  plane  DOA,  and  0  is  the  middle 
point  of  BO. 

Hence  the  tetrahediu  ABDO,  AODO  are  equal  by  Art.  2. 

Hence  the  tetrahedron  ABDO  is  one  whose  volume  can  be  found 
without  using  the  method  of  limits. 


Its  sides  are 


AO 
AB 
AD 
OB 


=  0D 
^BD 

=  2a, 
=  a. 


a^2, 

ays. 


This  tetrahedron  does  not  belong  to  any  of  the  preceding  types. 
But,  if  it  be  bisected  by  drawing  a  plane  through  BO  and  the 
middle  point  E  of  AD,  then  the  tetrahedron  ABEO  has  the  sides 

BO=OE=:EA  =  a, 

A0=BE^a^2, 

AB  =  a  v/3, 

and  this  belongs  to  the  first  type,  r*  being  equal  to  1. 

e2 


i 
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(B)  All  the  faces  of  the  teti^ahedron  of  the  first  type  when  r*  =  2 
are  equal.  Hence  from  the  symmetry  of  the  figure  it  follows  that 
the  four  tetrahedra  which  have  a  common  vertex  at  the  centre  M  of 
the  circumscribing  sphere  are  all  equal,  i.e.,  superposable  or  sym- 
metricaUy  equal. 

The  radius  of  the  circle  circumscribing  ABD  is 


AB.BD.DA 
4  area  of  ABD 


=  fa  V2. 


Hence  the  distance  of  this  centre  from  the  middle  point  P  of  AD 
is  ^a  \/2. 

Hence  the  distance  of  the  centre  of  the  circumscnbing  sphere 
from  P  is  Ja. 

Hence  the  radius  of  the  circumscribing  sphere  is  ^a  v^o. 

The  tetrahedra  whose  bases  are  ABD,  AOD,  and  which  have  a 
common  vertex  at  the  centre  of  the  cii*cumscribing  sphere,  though 
not  superposable,  are  symmetrically  equal. 

Hence  the  tetrahedi-on  MABD  is  one  whose  volume  is  known,  where 

MA=MB=zMD=  iav/5, 

AB=  BD  =  aVS, 

AD  =  2a. 

But,  if  a  plane  be  drawn  through  MB  and  P  the  middle  point  of 

AD,  then  MABD  is  divided  into  two   equal  tetrahedra.     Consider 

MPDB. 

MP  =  la, 

PD  =  a, 

MB=zMD^^a^6, 
PB-a  v/2, 

BD^ay/S. 
Putting  A  y/d-^SB^  =  a  x/3. 


A^/l-hP*    =a, 

2^1  =  a  y2, 


A^^9'{^E^    =av^5, 
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all  which  are  satisfied  by  putting 

and  R*  =  1, 

showing  that  it  is  a  tetrahedron  of  the  thii'd  type. 

Supplementary  Bemark. — liABCD  be  a  tetrahedron  of  the  first  type, 
and  if  P  be  the  middle  point  of  BG  and  0  the  middle  point  of  ADy 
then  the  tetrahedron  APOC  belongs  to  the  first  type. 

In  this  case  PD  =  OB  =  ar, 


whence 


00  =  P^  =  aV^4-r*, 

ro  =  a. 


The  sides  of  APOG  are  therefore 


AO=zOP=PO=  a, 


AP=  OG  ^ay/i-r". 


or,  putting 


AG  =  ay/9 -St'', 


r»  = 


4E« 


and 


av/4--r*  becomes  2Af 
ay/9^S?  becomes  Ay/9-SR\ 


showing  that  it  belongs  to  the  first  type. 


Note  by  Lieut.-Col.  Allan  Cokninoham,  K.E. 

Lt.-Col.  Allan  Cunningham,  R.E.,  announced  the  discovery  of  a  new 
criterion  to  determine  when  2  is  a  16-ic  residue  of  a  prime  (p),  viz. : 

p  must  be  of  the  two  quadratic  forms 

P  =  (8a  ±  !)«  +  (16/3')*  =  (8y  =fc  1)'+ 2  (4^)*, 
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in  order  that^  may  be  of  the  required  form  p  =  16w  +  l,   and   also 
have  2  for  an  8-ic  residue. 

The  new  criterion  is 

2^,^.,  s  (-1/+*     (mod;,), 

so  that  2A'-^>  =  — 1    or    +1, 

according  as  (^3'+^)  is  odd  or  even.     Proof  was  promised  on  a  future 
occasion. 

2.  He  also  drew  attention  to  two  statements  in  the  works  of  the 
late  M.  Ed.  Lucas  relative  to  two  of  Mersenne's  numbers  (2^—1)  and 
(2**^—1).  In  §  14  of  his  Recherehes  siir  phmeurs  oiivrages  de  Leonard 
de  Ptscy  Rome,  1877,  he  says,  "  J'ai  ainsi  verifie,  mais  une  seule  fois, 
je  Tavoue,  que  le  nombre  A  =  2'*^— 1  est  un  nombre  premier."  Now 
Lucas's  process  for  the  verification  of  a  prime  has  the  rare  advantage 
of  being  a  direct  process,  the  prime  character  being  proved  by  the 
success  of  the  procedure ;  such  a  process  is  far  less  likely  to  be 
vitiated  by  arithmetical  mistakes  than  an  indirect  process  (wherein 
the  prime  character  is  proved  by  the  failure  of  a  long  procedure). 
It  is  therefore  highly  probable  that  (2**^—1)  is  really  a  prime. 

Again,  on  p.  11  of  his  pamphlet  Sur  la  TJieorie  des  Nombre^ 
premiers,  Turin,  1876,  he  states  "...  suivant  une  assertion  du  P. 
Mersenne,  les  nombres  2^—  1,  2**'— 1,  2"' — 1  seraient  premiers.  Je  ne 
pense  pas  qu'il  en  soit  ainsi  du  premier  de  ces  nombres,  que  j*ai 
d6j^  essaye  par  ma  methode." 

This  must  throw  great  doubt  upon  Mersenne's  assertion  that  2^—1 
is  a  prime.  As  regards  proof  of  a  number  being  a  composite,  Lucas's 
process  is  indirect  (the  composite  character  being  proved  by  the 
failure  of  the  procedure),  and  is  more  liable  to  be  vitiated  by  arith- 
metical error  than  a  direct  process  would  be. 

This  note  may  be  looked  on  as  an  addendum  to  Mr.  W.  W.  House 
Ball's  article  on  "  Mersenne's  Numbers  "  in  the  Messenger  of  Maihe- 
matics,  Vol.  xxi.  (1891-92),  p.  35,  wherein  these  two  numbers  are 
marked  as  still  unverified. 


1895.] 


On  a  Number  as  a  Sum  of  Squares. 


55 


Ch^  the  Representation  of  a  Number  as  a  Sum  of  Squares,  By 
G.  B.  Mathews.  Received  November  4th^  1895.  Read 
November  14th,  1895. 

Let  us  adopt  the  convention  that  two  integral  solutions  ({j,  £s,  ...  fik), 
(^9  &j  •••  £k)  of  the  diophantine  equation 

are  to  be  considered  distinct,  unless 

I  =  f;  [,•  =  1,  2,  ...  kl 

Then  the  number  of  solutions  is  equal  to  the  coefficient  of  q^  in 
the  expansion  of 

K = ( s  ^y 


-• 


in  ascending  powers  of  q. 
It  is  known  that 

tf, = ;-+5  i-z;  i±^ ... 

l-a  l  +  flf*  1-a' 


q   i  +  gf-  1-5" 

(Jacobi,  TFerA^  i.,  p.  238) ;    therefore,  taking  logarithms   and   dif- 
ferentiating, 

1     d$, 
ft 


I    ^__2 42_    .     6g«   _ 

>;    dg      1-9*      1-5*  "^i-g*     ••• 


=  2(l+9«+3*-h...) 
-4g(l  +  5*+g»+...) 

+6g(l-h5*+5"+...) 
+  ... 

\~8  s=  L,  ^,  <5,  ...J 
(2r+l)«  =  n, 

n  assumes  all  the  values  1,  2,  3,  ... ;  and 

/*  =  2r-f  1 
will  denote  any  odd  divisor  of  n. 


If  we  put 
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Therefore,  arranging  the  expansion  according  to  powers  of  9,  we 

1  f =-S*«r', 


where 


,/r(n)  =  22  (-r>-^, 


the  summation  with  regard  to  /*  relating  to  all  odd  divisors  of  n. 

The  arithmetical  function  xj/  (n)  may  be  expressed  in  a  more  con- 
venient form.     Thus,  if  n  is  odd,  we  may  put 

n  =  fin\ 

and  then  if^  (n)  =  —  2  V  =  —  2f  (n), 

where  C  (n)  denotes  the  sum  of  the  divisors  of  n. 

If  n  is  even,  let  n  =  2*m, 

where  m  is  odd ;  then 

i/r(ii)  =  2-*»S— =  2-*»f(m). 

Both  results  are  included  in  the  formula 

^  («)=_(-)•'- {i(„)+C(m)}, 

where  m  is  the  largest  odd  divisor  of  n. 

It  is  easy  to  calculate  the  values  of  ^  (n)  from  a  table  of  divisor- 
sums  ;  thus  the  first  twenty  values  are  as  follows  : — 


n 

*(») 

n 

♦  (") 

1 

-  2 

11 

-24 

2 

+  4 

12 

+32 

3 

-  8 

13 

-28 

4 

+  8 

14 

+32 

5 

-12 

15 

-48 

6 

+  16 

16 

+32 

7 

-16 

17 

-36 

8 

+  16 

18 

+52 

9 

-26 

19 

-40 

10 

+24 

20 

+48 
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Now,  if  we  aHsnine 


it  follows  by  logarithmic  differentiation  that 


hence,  mnltiplying  np  and  equating  coefficients, 

3c,+  A^>//  (1)  +  A»,^(2)  +  A;;//  (3)  =  0, 


^»  +  A»»-i>/'  (1)+A;c,.2;//  (2)  +  ...+A:i/.  (n)  =  0. 

These  equations  enable  us  to  find  c^,  (^  <&c.,  successively,  or  again 
to  write  down  c«  in  the  form  of  a  determinant. 

Thus    Ci  =— A;^(l), 


Cm   =—7 


«a  =  ^ 


r^  = 


_i 

A^(2), 

mi) 

i 

¥(1). 

1 

) 

1 

3! 

fe^(3), 

fc^(2), 

fc^(i) 

*^(2), 

fc^a), 

2 

» 

tf(l), 

1, 

0 

fc*(4), 

fc^(3), 

*1^(2). 

fc^(l) 

1 

fc^(3), 

*^  (2), 

mx). 

3 

4! 

fc^a). 

2, 

0 

i^(l). 

1, 

0, 

0 
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and  80  on ;  the  general  formula  being 


c«  = 


M>{n),           hp(n 

hl>(n-l),     hi>(n 

r )j»(«-ii 

hi,(n-2),    H(n 

n! 

•••                  •••                  ••• 

H  (2),          i.^  (1 

HW,          1, 

.1),  ...  ^(2),    ^(1) 
2),  ...  M  (1),     n-1 
3),  ...    n-2,  0 


0, 
0, 


0 
0 


This  expression  is  thei'efoi'e,  in  a  sense,  an  explicit  arithmetical 
formula  for  the  number  of  i*epresentations  of  a  given  positive  integer 
n  as  the  sum  of  k  integi-al  squares.  It  is  not  suggested,  of  course, 
that  this  is  the  best  pi*actical  way  of  calculating  the  number  of 
representations;  but  it  is  noticeable  that  such  a  simple  analysis 
should  lead  to  a  definite  arithmetical  formula  which  applies  uniformly 
to  all  possible  cases. 

Very  curious  theOl:^ms  liiay  be  obtained  by  comparing  this  formula 
with  those  which  have  already  been  discovered  for  small  values  of  A:. 
The  concordance  of  the  results  in  particular  cases  may  be  tested  by 
means  of  the  table  of  yj/  (71)  given  above. 

Thus  let  A;  =  2,  and,  for  greater  clearness,  write  F  (n,  2)  for  the 
number  of  integral  solutions  of  .r*-|-y'  =  n. 

Then,  if  m  is  not  a  multiple  of  4,  one  way  of  expressing  F  (n,  2)  is 

F  («,  2)  =  4  (d,-d,), 

where  r/„  rf,  denote  the  number  of  divisoi-s  of  n  which  are  of  the  form 
4m -fl,  4»»-f  3  respectively,  and  this  must  agree  with  the  value  of 
c„  when  A;  =  2. 


Thus,  to  take  the  simplest  case, 


C|  =  -t 


=  4 


2-^(2),     2^(1) 
2^  (1),        1 


4,     -4 
-2,         11 


which  is  right,  the  solutioiLS   being   obtained  fi'om   (±1,  ±1)   by 
variations  of  sign. 
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Similarly,    F(3,2)  =  -i 


24,(3),    24,(2),    2,^(1) 


1 

3 


2.^(2),    2.^(1), 

2 

2*  (1),         1, 

0 

-8,        8,     -4 

4,     -4,        2 

=  0 

-2,        1,        0 

and  m  general  F  (n,  2)  =  0  if  n  is  divisible  by  an  odd  power  of  a 
prime  p  =  4wi+3,  the  quotient  being  prime  to  p. 

Other  results  of  the  same  kind  may  be  obtained  by  comparison 
with  Jacobi's  formula  for  A;  =  4,  and  those  of  Eisenstein,  Smith,  and 
Hermite  for  k  =  5.  The  first  of  these  is  particularly  interesting 
because  F(n^  4)  can  be  very  simply  expressed  as  a  divisor-sum,  and 
therefore  as  a  ^-function.  The  other  case  gives  a  very  curious 
instance  of  the  identity  of  two  arithmetical  expressions  constructed 
by  entirely  different  algorithms ;  indeed,  it  seems  very  difficult  to 
prove  their  identity  by  the  direct  transformation  of  one  into  the 
other. 

One  property  of  iff  (n)  seems  to  deserve  attention.     Since 


^1 
dq 


=  2S»V'"S 


and,  on  the  other  hand, 


^=-o,iHn)r- 


♦  flO 


=  -  Sg*'x5j^(n)g-* 


it  follows  that 


1  ±k 


S  \p(n^Jc^)  =  0    or  — 2n, 
±k 


[**<»»•], 


according  as  n  is  not  or  is  a  square. 
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It  is  easily  seen  that  this  property  defines  t^  (n)  in  much  the  same 
way  as  the  class-number  for  a  given  negative  determinant  is  defined 
by  Kronecker's  well-known  formulae. 


Evaluation  of  a  certain  Dialytic  Determinant.     By  W.  W.  Taylor. 
Received  and  Read  November  14th,  1895. 

1.  In  a  paper  ''  On  the  Existence  of  a  Root  of  a  Rational  Integral 
Equation,"  read  before  this  Society  on  March  8th,  1894,*  by  Professor 
E.  B.  Elliott,  taking 


r«U 


he  remarks  with  regaixi  to  the  dialytic  determinant  A  of  the  two 
expressions  F(p3c,  y),  F(,v,  py),  i.e., 


A  = 


aoP"» 


^N-l 


«lP  >      ••.      «»l-lPl  ««» 


flop 


Oh,  a»-lP, 


a 


«» 


Oh-sPi     ^«-iP»       a 


nj 


«oP". 

«lP"-', 

<h9'''\ 

"IP"-', 

flop", 

■   *   • 

«lp""\ 

•  •  • 

•  •  • 

ff«, 

^H      \P, 

a«-2p*. 

a. 


«oP* 


•  i¥w.  Lmd.  Math,  Sor.,  Vol.  xxv.,  p.  176. 
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"  It  is  unforttmate  for  the  simplicity  of  the  argument  of  this  paper 
that  the  property  of  such  a  determinant  as  A  that,  after  division  by 
its  obvious  factors  F  (p,  1)  and  F(  — p,  1),  it  leaves  a  perfect  square 
as  quotient,  is  one  which  direct  algebraical  methods  have,  as  far  as  I 
know,  not  yet  supplied  "  (p.  184). 

It  is  the  object  of  the  present  paper  to  supply  such  a  proof. 

For  the  sake  of  bi^evity  I  shall  wi-ite  a,  6,  c,  ...  for  o^p",  aiP""*, 
a^P^^'^y  ... ;  and  for  the  sake  of  clearness,  while  desciibing  my  method 
in  general  terms,  I  shall  illustrate  it  by  the  case  where  n^^  6. 


Then 


F(p,  1)  =  a-^b-\-c-\-d-^e+f+y, 
F{p,  -1)  =  a-6  +  c-(i+e-/-|-sr, 


A  = 


a    b    c     d    e    f  g  ,  ... 

a    b    c     d    e  f  g  .  .  . 

a    b     c     d  e  f  g  . 

.    a     b     c  d  e  f  y  . 

.     a     be  d  e  f  g 

.     .     .     ,     a  b  c  d  e  f    g 

g    f    e    d     c     b  a  .  .  .  . 

c  b  a  .  .  . 

d  c  b  a  .  . 

,    g    f    e  d  c  b  a  . 

.     .     g    f  e  d  c  b  a 

.     .     .     g  f  e  d  c  b    a 


.     g    f    e     d 


2.  In  the  determinant  A  add  all  columns  together  for  a  new  n^^' 
column,  and  to  the  (rt-Hl)*^  column  add  if  it  is  an  odd  column  all  the 
other  odd  columns,  and  if  it  is  an  even  column  all  the  other  even 
columns ;  double  it  as  so  increased  and  subtract  from  it  the  new  nP^ 
column. 

The  n^  column  thus  becomes  F{p,  1)  throughout,  and  the  (w-fl)^^ 
column  consists  of  alternate  terms  -\-F  (p,  —1)  and  —F(p,  —1),  the 
first  being  (  — l)"jP(p,  — 1),  and  by  these  operations  we  have 
doubled  the  determinant.      Divide  by  jP(p,  1),  F(p,  —  1),  and  we 
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obtain  the  result 


2&./iF(p,l)F(p,-l)] 


a  h  c  d 
a  h  c 
.     a    h 


m  • 


•  • 


a 


e 

d 

c 

h 

a 


g    f  e  d 

9  f  e 

.  9  f 

•  •  9 


c 
d 

e 

f 
9 


1 

1 

1 

1- 

1 

1- 

1 

1 

1 

1 

1 

1 


1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 


9    •     • 

/    9    • 

^    f   9 
d    e   f 

ode 


9 
f 


a  .  .  . 

b  a  »  , 

c  h  a  . 

d  c  b  a 

e  d  c  h    a 


3.  Add  the  u^  column  to  the  (w+l)^  for  anew  (n  +  1)^^'  oolmnn, 
and  divide  it  by  2,  subtract  the  new  (n-f  1)^  column  fnom  the  n\ 
and  we  see  that 


A/F(p,  1)  F(p, 

-1) 

= 

a 

h 

c 

d 

e 

0 

• 

• 

• 

•      • 

• 

m 

a 

b 

c 

d 

0 

9 

9 

• 

•       • 

• 

• 

a 

b 

c 

0 

f 

9 

« 

•          •     i 

1 

• 
i 

• 

• 

a 

b 

0 

e 

f 

9 

•           • 

9 

• 

• 

9 

a 

0 

d 

e 

f 

1 

9    • 

I 

• 

• 

• 

.9 

• 

0 

c 

d 

e 

/  9 

9 

/ 

e 

d 

c 

0 

• 

9 

» 

9                  9 

9 

/ 

e 

d 

0 

a 

9 

• 

•                   ■ 

9 

9 

f 

e 

0 

b 

a 

» 

1 

•                  • 

• 

• 

9 

f 

0 

c 

b 

a 

*                  *         1 

• 

• 

9 

0 

d 

c 

b 

a    . 

, 

• 

• 

9 

0 

e 

d 

6 

b    a 
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4.*  From  the  first  row  subtract  the  last  but  one  for  a  new  first 
row,  and  from  the  last  row  subtract  the  second  for  a  new  last  row. 

From  the  second  row  subtract  the  last  but  two  for  a  new  second 
row,  and  from  the  last  but  one  subtract  the  third  for  a  new  last  but  one. 


From  the  r^  row  subtract  the  (2n— r)^**  for  a  new  r^  row,  and  from 
the  (2n—r +!)**»  row  subtract  the  (r-Hl)'^for  a  new  (2n— r-Hl)**'  ix)w. 
Leave  the  n^  and  (n+1)*^  rows  unchanged. 


Thus 


A/F(p,l)JP(p,  -1) 


a 

b    c        d 

^-9 

0 

0 

— d    —c 

-b 

—a 

• 

• 

a  b        c^g 

d-f 

0 

0 

g—c     -h 

—a 

• 

• 

.   a—g  b—f 

c— e 

0 

0 

f—b  g—a 

• 

• 

• 

— ^     — /  «— « 

6-d 

0 

0 

e  —  a  f 

9 

• 

:  "^ 

-/     -e     ^d 

a — c 

0 

0 

d         e 

f 

9 

• 

•         •          • 

• 

1 

0 

e         d 

e 

f 

9 

1 

9 

f  e         d 

c 

0 

1 

1      • 

'  9  f        ^ 

d 

0 

0 

a—c     —d 

•  •  ■ 

—  e 

-f 

-9 

• 

•   9       f 

e— a 

0 

0 

b — d  a — e 

-/ 

-9 

• 

• 

.    g-a 

f-b 

0 

0 

c— e    6—/ 

a—g 

• 

• 

• 

—a     —6 

g-C 

0 

0 

d—f   c—g 

b 

a 

• 

1 

• 

—a     —6    — c 

-d 

0 

0 

e—g  d 

c 

b 

a 

In  each  of  the  fii*st  (n— 1)  rows  the  sum  of  the  constituents  in  the 
r^  and  (2»»— r)*^  columns  is  zero  for  all  values  of  r  from  1  to  (n— 2) ; 
and  in  each  of  the  last  n^l  rows  the  sum  of  the  constituents  in  the 
(r  +  1)**  and  (2n— r-f  1)^  columns  is  zero  for  all  values  of  r  from  1 
ton-2. 

5.  As  there  are  single  terms  in  the  rfi^  and  (m +  !)**»  columns, 
and  each  of  these  unity,  the  determinant  can  now  be  reduced  to  one 
with  2n— 2  columns. 

*  The  same*  final  restilt  is  obtained  by  performing  upon  i^  in  its  original  form 
the  prooeesee  of  §§  4  and  6,  with  some  slight  modifications  due  to  the  fact  that  the 
nth  and  (n  -f  l)th  columns  do  not  in  that  case  degenerate  (as  in  §  5),  but  give  finally 
in  the  iitb  and  (ft  -i-  l)th  rows  the  terms 

«  +  c  +  ^...,    b  +  d+f...y 

b  +  d-¥f...i     a  +  c  +  tf..., 

which  on  the  expansion  of  A  give  the  factors  F  (p,  1),  F{py  —  1). 
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Mr.  W.  W.  Taylor  on 


[Nov.  14, 


a 


-u  - 


^/F(p,  1)  F{p,  -1) 
he         d         e—g     —d     — c     —h 
a  b         c-^g  d^f  g  —  c     —6     —a 
.    a  —  g  b—f  c—e  f—b    </  — « 
g     -^j  a—e    b-d  e—a  f  g 

f     —e     —  rf  a—c  d         e         f 
g  f         e         d         a—c      —d     — e 
,    g        f         e—a  b—d  a — e     — / 
.    g — a  f — b    c — e    b—f  a  —  g 
— a     — b  g—c   d—f  c—g  b 
a     —6     — c      —d  e  —  g  d         c 


—  a 


9 

-f 

9 


-/   -9 


a 
b 


a 


6.  Now  add  the  first  column  to  the  last  but  one  for  a  new  last  but 

one  ;  and  add  the  last  column  to  the  second  for  a  new  second. 

Add  the  new  second  thus  formed  to  the  last  but  two  for  a  new  last 

but  two ;  and  add  the  new  last  but  one  to  the  third  for  a  new  third. 
««•         •••         •••         •••         •••         •••  •••         •••         •••         ••• 

Add  the  new  r^  column  to  the  (2?*— 2— r)***  for  a  new 
(2n— 2— r)th;  and  add  the  new  (2n— l-r)«»  to  the  (r-|-l)t»»  for 
anew  (r+l)^. 

Continue  this  process  for  all  values  of  r  up  to  7j— 2. 

This  process  has  not  altered  the  constituents  of  the  determinant 
lying  in  the  first  n— 1  columns  and  the  first  n— 1  rows,  or  those 
lying  in  the  last  n— 1  columns  and  the  last  n— 1  rows,  but  it  has 
cancelled  all  the  rest. 

Moreover,  the  constituent  that  lies  in  the  r^  column  and  the  t^ 
row  is  the  same  as  the  constituent  that  lies  in  the  (2n— 1— r)''* 
column  and  the  (2w— «— 1)***  row. 

Therefore  the  determinant  is  the  square  of  the  detei'minant  whose 
constituents  sve  the  terms  lying  in  the  fii-st  (w—  I)  columns  and  first 
(n— 1)  i*ow8  ;  I.e., 

A/^(p,  l)^(p, -1)  =        a       be         d         e-g 

a  b         c—g  d—f 

.    a^g  b-^f  e — e 

— jr     — /  a — e   b — d 

— g  — f     —e     — d  a — c 


«  =  3* 
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7.  In  the  general  case  this  deteinninant  can  be  wntten  thus  : 


0 


%9**. 


^ir\ 


OdP"i 


—  a 


M? 


—  tt 


«> 


—  «/«-lPl 


—«*»      — a«_,o,    —a^.'iP, 


«.P''-''«P'-',    a^p-^-Osp-*,  a,^-^-a,p« 


n-4 


.»-l. 


-^sP"  %     floP"— «4P"  %      ttiP""  — -as^ 


i-S 


-«4P""*, 


-ajp"-',      rtoP"    —  «,P"'* 


where  the  constituent  that  lies  in  the  r^^  column  and  the  s^^  row  is 

a       «"■*'**  —  «  o'***"'* 

^r-$P  "-iM-r-iiP  » 

provided  that  0  be  substituted  for  a^.,  if  r—s  is  negative,  and  als^ 
for  a5„_^.,  if  7*  is  greater  than  r-|-.v. 

8.  The  function  B  is  of  the  degi'ee  w  (?*—!)  in  p,  and  moreover  ^  is  a 
function  of  /»*,  for  the  effect  of  changing  p  into  —p  in  it  is  to  alter  the 
signs  of  alternate  columns  and  then  the  signs  of  alteimate  rows,  i.e., 
is  to  multiply  it  by  (  — 1)^'*^  i.e.,  not  to  alter  it. 

This  also  comes  at  once  from  the  general  form  given  for  a  con- 
stituent of  the  determinant,  for  this  can  be  written 

P  \"'r-$  —  f^in-r-»P  Jy 

and  the  order  of  any  term  in  the  expansion  of  ^  differa  from 

r-M-l       «>N— 1 

n(n— 1)—   2r  -h   S»  , 


r-l 


a-1 


i.e.,  fi-om  u  (w  — 1)  by  an  even  number  ;  therefore  S  is  an  equation  of 
the  order  ^w  (w— 1)  in  p*. 

9.  The  equations  whose  injots  a,ve  the  pix^ducts  of  pairs  of  the  roots  of 

rtj^+6j:'-fca-  +  r^  =  0     and     (w*+[>a^+ca^  +  daj+e  =  0 
are  found  by  evaluating  B  when  m  =  3  and  when  n  =  4. 

They  ai-e  a V — acp* + hdp*  -  <i*  =  0, 

and  (af>*+e)'— c(ap*-f e)'  +  (fe^— 4a^)(ap*  +  e)  +  4ace-a^— 6*6  =  0. 

10.  The  paper  of  Professor  Elliott  referi*ed  to  above  proves   that 
every  equation  of  the  «***  degree  has  u  i-oots  of  the  form  p-hqy/{  —  l). 

If  the  coefficients  in  F{p,  1)  be  all  i*eal,  to  each  root  i?+9v^(  — 1) 
there  corresponds  a  root  p— gv'(  —  I),  unless  q  vanishes. 
VOL.  XXVII. — NO.  539.  p 
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11        fi  ~~  1 
Therefore  there  are  always  at  least  —  or  -—    -  I'eal  products  of 

the  roots  taken  in  paii*s,  according  as  «  is  even  or  -odd. 

Therefore  there  are  at  least    -  or     -    -  real  values  of  p*  which 

2  2 

satisfy  the  equation  o  =  0. 

11.  It  is  perhaps  well  to  add  that  c^  may  be  readily  written  down 
by  writing  the  positive  and  negative  sets  of  terms  in  the  constituents 
of  ^  separately,  and  then  adding  corresponding  t-einns  together.  Thus 
in  the  case  of  6^  we  wiite  down 


abode 
a     h     r.     d 
a     h     c 
n     h 
d 


f 

e 
d 
c 
b 
a 


and 


—  h   —g 

^h  -sr  -/ 
•    -''  -g  —f  -c 

—  7i  — gf   — /    —e   — d 
—  h  — ^   -/    -e    ^d  — c  : 


and  obtain  the  result 


bed         e  /~^  I  • 

a       b        c  d'^h  <*  — J7  , 

a        b  —  h   c—g  d^f 

—ha—g   b — / c — e 

\  .        —h    — gr     — /  a—e  b-^d 

—  h  —g    — /     —  e      --  J  « —  c 


Thursday,  December  I2ih,  1898. 

Major  MACMAHON,  R.A.,  F.R.S.,  President,  in  the  Chair. 

The  following  gentlemen  were  elected  members  of  the  Society : — 
Cuthbert  Edmund  Cullis,  M.A.,  Fellow  of  Caius  College,  Cambridge ; 
Andi*ew  Mumx),  B.A.,  Fellow  and  Junior  Bui»sar  of  Queens'  College, 
Cambridge ;    Laurence  Ci*awford,  M.A.,  Fellow   of  King's  College, 
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Cambridge,  Lecturer  in  Mathematics,  Mason  College,  Birmingham  ; 
and  Sidney  Samuel  Hough,  B.A.,  Fellow  of  St.  John's  College, 
Cambridge! 

The  Auditor  (the  Rev.  T.  R.  TeiTy)  presented  his  I'eport,  and  at 
the  same  time  complimented  the  Treasurer  for  the  admirable  manner 
in  which  he  had  performed  the  duties  of  his  office.  Mr.  Kempe 
proposed,  and  Mr.  Bickmoi*e  seconded,  a  motion  for  the  acceptance 
of  the  Treasurer's  report,  coupling  with  the  motion  a  vote  of  thanks 
to  the  Auditor  for  the  careful  way  in  which  he  had  discharged  his 
office.     Both  motions  were  carried  unanimously. 

Prof.  Hill  gave  a  sketch  of  a  "  Note  on  the  Convergency  of  Senes," 
by  Dr.  R.  Bryant. 

Lt.-Col.  Cunningham,  R.E.,  dealt  at  some  length  upon  the 
"  Criteria  of  2  as  a  16-ic  Residue."  Messrs.  Bickmore,  Kempe,  and 
the  President  joined  in  a  discussion  of  the  paper. 

Dr.  Hobson  i*ead  a  short  note  "  On  the  Distribution  of  Electricity 
induced  on  an  Infinite  Disc  with  a  Circular  Hole  in  it,"  by  Mr.  H.  M. 
Macdonald. 

A  paper  by  Dr.  R.  Lachlan,  entitled  "  On  the  Doable  Foci  of  a 
Bicircular  Quart ic  and  the  Nodal  Focal  Curves  of  a  Cyclide,"  was 
taken  as  read. 


The  following  presents  wei'e  received  : — 

*^  Imperial  University  of  Japan  Calendar  1894-5.'* 

**Atti  del  R.  Istituto  Veneto  di  Scienze,  Lettere  ed  Arti,*'  Tomo  uz.,  Serie 
Settima,  Tomo  Quinto,  Disp.  4-9,  1893-4  ;  Tomo  jjn.y  Serie  Settima,  Tomo 
Sesto,  Disp.  1,  2,  3,  1894-5. 

"Proceedings  of  the  Royal  Society,'*  Vol.  LVin.,  No.  352. 

•*  Proceedings  of  the  Cambridge  Philosophical  Society,"  Vol.  vm.,  Pt.  5  ;  1895. 

**Reale  Istituto  Lombardo^Rendiconti/'  Serie  2,  Vol.  xzrv.  ;   Milano,  1891. 

**  Bulletin  of  the  American  Mathematical  Society,"  Series  2,  Vol.  n.,  No.  2  ; 
November,  1895. 

**  Jomal  de  Seiencias  Mathematicas  e  Astronomicas,"  Vol.  xu.,  No.  3  ;  Coimbrs, 
1895. 

**Rendiconto  dell'  Accademia  delle  Scienze  Fisiche  e  Matematiche  di  Napoli," 
Serie  3,  Vol.  i.,  Fasc.  8-10  ;  1895. 

**  Rendiconti  del  Ciroolo  Matematico  di  Palermo,"  Tomo  ix.,  Fasc.  5,  6  ;  1895. 

*'  Tokyo  Siigaku-ButHurigaku  Kwai  Kiji,"  Maki  vn.,  Dai  2. 

**  Educational  Times,*'  December,  1895. 

**  Journal  fiir  die  reine  und  ang^wandte  Mathematik,"  Bd.  oxv.,  Heft  4; 
Berlin,  1895. 

'*  Atti  della  Reale  Accademia  dei  Lincei — Rendiconti,'*  Serie  5,  Vol.  iv.,  Fasc. 
9,  Sem.  2  ;  Boma,  1895. 
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Fischer,  O. — **  Beitrag«  zii  einer  Miwkel-dynamik,"  Abth.  1,  *'  Uber  die  Wirk- 
ungHweise  eingelenkigrer  Munkeln/'  Roy.  8to  ;  Leipzig,  1895. 

**  Memorie  del  reale  Istituto  Lombardo  di  Scienze  e  Lettere  rClasse  di  Scienze 
Matematiche  e  Naturali),''  Vol.  xvi.,  1891,  vm.  dclla  Serie  3,  Fasc.  3  ;  Vol.  xvn., 
1892,  vm.  della  Serie  3,  Fane.  1 ;  Milano. 

**  Indian  Engineering,**  Vol.  xvni.,  No«.  17-20. 


The  Electrical  Distribution  induced  on  an  Infinite  Plane  Disc 
with  a  Circular  Hole  in  it.  By  H.  M.  Macdonald.  Received 
and  read  December  12th,  1895. 


The  function 


W,  =  ^*  j%-  if»/„  (kt)  ik  r  /.,4  (k/)  .7,,^  (^/)  /d/ 

Jo  J" 

is  such  that  for  poiut.s  in  the  plane  ::  =  0,  r>a, 


4 
and  r<a, 


^^H  =  Jh  {fir), 
dW 


dz 


=  0. 


The  inducing  system  may  be  taken  to  be  ou  the  positive  side  of  the 
plane ;  then  in  the  neighboui'hood  of  the  plane  the  potential  F^  due 
to  it  may  be  I'epi'esented  by 

V,  =  22^„,e-V,  (fit-)  cos  0<^  +  aJ  ; 

then  F,  the  potential  due  to  the  induced  charge,  is  given  by 

F  =  -  22^.^  W^  cos  (w^  +  aj, 

whence  the  distribution  may  be  obtained  as  in  Vol.  xxvi.,  pr^^^60. 


1896.] 


On  the  Convergency  of  Series, 


09 


Note  on  the  Convergency  of  Series,     By  Robert  Bryant. 
Received  November  2(ith,  1895.       Read  December  12th,  1895, 

In  what  follows  the  n^  term  of  a  seiies  is  used  to  denote  the  series 
itself. 

By  Cauchy's  condensation  test  the  convergency  of  the  series  /  (m) 
is  the  same  as  that  of  the  series 

Continue  this  series  backwanls ;  then  the  series  preceding  /  (n)  is 

/  (log^i) 
n 

Hence  we  have  the  following  rule  :- 

Change  n  info  1og„  n  and  divide  hy  w. 
Putting  log«  =  /,     log„  log„  =  P,  ifec, 

then  /(n)  and  ^^ — ^  are  both  convergent  or  both  divergent. 

n 

The    following    series    are    therefore    convergent    or    divergent 

according  as    /•  <  or  «f:  1, 


n      n  In '    n  hi  Ihi '  n  In  l^n  .../*"*?* 

Comparing /(??)  with -^—  ,  we   see   that  it   is  convergent 

nlnl'n.,.  I  ^^n 

if 


/00< 


^*« 


and     r  <  1. 


nhiPn...  V^'^n 
Assuming  n  so  large  that  fn  >  0,  this  gives 

nlnPn„.l'''nf(n)     < /" ; 

thei'ef ore  l\_ulnPn ...  V'^uf  (n)'\  <  /.* n  \og„ r ; 


therefore 


-L   -       .  _^  A^U  <  log„  r  ; 

I  71 


therefore  ^I^^^!^/*"!^!/. Wj  <  0. 

I'n 


It  is  divergent  if  this  expi'ession  >  0. 
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In  the  case  where  it  is  =  0,  we  cannot  assert  anything. 

This  is  Chrystal,  Algebra,  Vol.  ii.,  p.  112. 

1 
It  is  well  known  that  the  seines  -^  is  convergent  if  a  be  positive, 

and  divergent  if  a  be  negative.  Hence,  by  the  above  rule,  the  follow- 
ing series  are  convergent  or  divergent  aceoixiing  as  a  is  positive  or 
negative, 


This  is  Chrystal,  p.  113. 

Compare  /  (w)  with        -^  ,;  therefore  compai'e 


\-¥i 


n 


InPn  ...  Z*"^n 


^./*ii«+i- 


/(«_+l)with       - 
/(«)  (M  +  l)/(«  +  l)/'(ni-l)...J'-'(n  +  l)     ./(»»   ' 

or,  denoting  nhiPn  ...  /'«  by  P,,  (n),  therefoi'e  compai-e 

f(n)P,.x(H) 

therefore  f  (n)  is  convergent,  if 

/(»+l)P,,,(»-H)      , 

/(«)P..,(«) 

i.e.,  according  as     \  .  .     Pk^i  i^-^^)  — ^a-i  ('0  ^^  negative  or  positive. 

9f  \  y 

This  is  Chrystal,  p.  115. 

It  appears  to  be  not  generally  known  that  in  Cauchy's  condensa- 
tion test  a  may  be  any  quantity  greater  than  unity.  This  was 
discovered  by  Kohn.  Consequently  it  must  be  noted  that  the  base 
of  the  logarithms  above  may  be  any  quantity  greater  than  unity. 
Also,  from  and  after  a  ceHain  value  of  n,  f(n)  must  be  positive  and 
continually  diminish  as  n  iuci-eases. 
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On  the  Double  Foci  of  a  Bicircular  Quartic,  and  the  Nodal  Focal 
Curves  of  a  Cy elide.  By  R.  Lachlan.  Received  December 
11th,  1895.     Communicated  December  12th,  1895. 

In  this  paper  I  propose  to  obtain  equations  to  determine  the  double 
foci  of  a  bicircular  quartic  by  the  method  of  power-coordinates, 
explained  in  ray  memoir  on  "  Systems  of  Cii'cles  and  Spheres  " 
(Phil.  Trans.,  Vol.  CLXXVii.,  1886).  It  will  be  shown  that  the  locus 
of  the  double  foci  of  a  system  of  confocal  bicircular  quartics  consists 
of  the  two  circular  cubics  of  the  system.  The  double  foci  of  a 
bicircular  quartic  are  identical  with  the  foci  of  the  focal  conies ;  con- 
sequently the  problem  of  determining  their  locus  is  the  same  as  that 
of  finding  the  locus  of  the  foci  of  a  conic  which  passes  through  four 
g^ven  concyclio  points.  The  moi^e  general  problem  of  finding  the 
locus  when  the  four  points  ai^e  unrestricted  is  given  in  Salmon 
(Co7iic$,  §  228,  Ex.  10),  where  it  is  shown  that  the  locus  is  in  general 
a  sextic  curve  which  breaks  up  into  two  cubics  when  the  points  are 
concyclic. 

In  the  present  paper  the  analogous  problem  for  cyclides  is  also 
discussed,  and  it  is  shown  that  the  nodal  focal  curves  of  a  system  of 
confocal  cyclides  are  plane  sections  of  the  three  cubic  cyclides  of  the 
system. 

In  the  original  memoir,  the  coordinates  of  a  point  were  taken  as 
the  powers  of  the  point  referred  to  four  orthogonal  circles  divided 
by  the  i-adii  of  the  respective  circles.  In  some  respects  it  may  be 
more  convenient  to  take  such  coordinates,  but  considerable  advantage 
is  lost  owing  to  the  fact  that  the  connexion  with  ordinary  *'  three- 
line  "  and  "  three-point "  coordinates  is  less  obvious.  In  this  paper 
the  coordinates  are  always  taken  to  be  proportional  to  the  powers  of 
the  element  (point,  line,  circle)  with  respect  to  the  circles  of 
I'eference. 

Part  I. — Double  Foci  of  a  Bicirculab  Quartic. 

Prellmuiary  Fornudm,  §§  1-5. 

1.  Let  rj,  r,,  7*5,  r^  be  the  radii  of  four  circles  which  form  an 
orthogonal  system  ;  and  let  Tj,  itj,  t,,  v^  denote  the  powei-s  of  any 
other  circle  with  respect  to  them. 
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The  power  (ir)  of  any  two  circles  is  given  by  [T.  §  25  (23)]* 

f  f  f  f 

^w  —       7-  ^^      -:;      T  ---^—  -r       j- . 

n        '•;        ^8        n 

In  this  formula  either  of  the  circles  may  be  replaced  by  a  point,  a 
fine,  or  the  line  at  infinity. 

2.  Let  a;,  y,  2?,  w  denote  the  powers  of  any  point  with  respect  to  the 
given  circles ;  then  we  deduce  from  the  above  i-elation 


^I  '*!  ^i  n 


r'  ?y'  --* 

2     •       2     •       s     ^       2 


?r 


=  -2; 


=  0. 


r. 


Va 


3.  Let  ^,  17,  {,  CI)  denote  the  perpendiculars  from  the  centres  of  the 
given  circles  on  any  straight  line ;  then  we  deduce  from  the  relation 

c_   .  X  4.  L  +  i^- =  0 

r,         r«         r.        7'i 


e   .   n'  ^  ^ 


-L     ''_-L    ^4.    '!_=   1 
^       2    ^       2    ^       2  ^* 


^4 


4.  If  X,  y,  Z,  W  denote  the  powera  of  any  circle,  we  have 

X   ,Y       Z       W_^ 


n 


3      I       2      '       22  ^^  ' 


'1  ^2  '« 

whei'e  p  is  the  radius  of  the  circle. 


U 


5.  We  may  also  deduce  as  a  particular  case  of  the  relation  in  §  1 

JL  +  l  +  X  +  X-o 

^1         ^*         ^s         n 


♦  R^ferencefi  to  my  memoir  on  **  Circles  and  Spheres*'  (Phil.  Trans,, Vol.  CLXxvn.) 
will  be  denoted  by  T. 
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P(nnt'Eqnafio7U(,  §§  6,  7. 

6.  Any  equation  of  the  tii'st  degree  in  point-cooixlinates  (a*,  y,  z,  w) 
clearly  i^epresents  a  circle,  or  a  sti'aight  line. 

The  equation  Lt-^my-hnz-^piv  =  0 

represents  the  circle  whose  powers  are  given  by 

If  Z-f  m+n-h^  =  0,  the  equation  represents  the  straight  line 


i  -   'I    _  f  _ 


Ut 


I 


t\ 


nir^ 


m\ 


i' 


PTi 


7.  An  equation  of  the  second  degree  in  point-cooixiinates  in  general 
represents  a  bicircular  quartic  [T.  §  69]. 

In  particular  an  equation  of  the  form 

represents   a    bicircular    quartic    having  the   cooi-dinate  circles  for 
principal  circles. 

If  an  equation  of  the  second  degi*ee  be  satisfied  by  a?  =  y  =  r  =  tr, 
the  curve  is  a  circular  cubic. 

Line-Equatioiis^  §§  8-14. 

8.  An  equation  of  the  fii'st  degi'ee  in  line-coordinates  (Jhiui)  must 
represent  a  point. 

Thus  the  equation         /^-f  wiy-f  w{-l-j9«  =  0 

represents  a  point,  but  the  coordinates  of  the  point  are  not  necessarily 

proportional   to  Ji\,  mr\,  nr^,pi\.     These  quantities  are,  in  fact,  the 
coordinates  of  some  cii-cle  concentric  with  the  point. 

But  the  equation  may  be  written  in  the  form 

^  'i         '*?        U        n ' 
and  then,  if  we  choose  \  so  that 


i.e., 


2X2/-f2/V'  =  0, 
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the  coordinates  of  the  point  will  be  given  by 


—      y      - 


w 


h\-\-^      mr,-hA.       nr\-\-\      ^rJ  +  X 
9.  It  should  be  noticed  that  the  equation 

may  be  written  in  the  form 

Hence,  if  a,  /J,  y  be  the  areal  cooixiinates  of  the  point  refen^ed  to 
the  triangle  foraied  by  the  centres  of  circles  whose  radii  are  r,,  r,,  r,, 

_     J y 


V  r,         r.  /         \  r.  r  /  \  r^  r.  / 


a 


J.-JL 


VI 


-JL      JL-  P 


r. 


Hence,  if  «,  y,  z,  iv  be  the  power-cooi*dinates  of  a  point  referred  to 
four  circles  (1,  2,  3,  4),  and  a,  /3,  y  the  ai^eal  cooixiinates  of  the 
same  point  referred  to  the  tnangle  fonned  by  the  centres  of  the 
circles  (I,  2,  3), 

_a     _     /5    _     y_ 

.r  — tr       y  —  ic       z — w 
r.  r^  i\ 


10.  An  equation  of  the  second  degi*ee  in  line-cooixiinates  will  in 
general  represent  a  conic. 

The  condition  that  an  equation  of  the  second  degree  should  repre- 
sent a  point-pair  may  be  found  by  fonning  the  discriminant  of  the 
equation  when  one  variable  (w,  say)  has  been  eliminated  by  means 
of  the  relation 

4+4+ W"=o. 


r^ 


r, 


n 


11.  Thus  the  equation 
represents  a  point-pair  if  the  equation 

4?+-^'»=+4^+'^(-\  +  4  +  4)' 

n  7*4  i\  \  r,        i\        r,  I 

is  the  product  of  two  linear  factoids. 


=  0 
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It  is  easy  to  show  that  the  discrimiuant  of  this  is 

ar^      br^      cr^      d/r^ 
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12.  When  the  equation 

represents    a   point-pair,  the  equations  in  point-coordinates  which 
determine  them  may  be  found  as  follows. 

Let  a:,  y,  z,  w  be  the  power-coordinates  of  either  of  the  points ;  then 
it  is  evident  that  the  equation 

?\  ^-  ?■- 


represents  one  of  the  points  in  which  the  polar  of  the  point 


cuts  the  conic 


r,        7-, 


a^+6i|'  +  c£'  =  0. 


Hence 


and 


-  ,    -f  ^-r-     ,    =0, 
or. 


ar. 


cr. 


(x-wY  .    (?/-t^7)*  .    (z—wy  _ 


-f 


ar. 


^r^ 


+ 


^-^  =  0. 


cr. 


In  virtue  of  the  relation 


ai\      m\       r>'g      a/^ 


these  equations  may  be  written 


a)\       br^      cr^      dr^ 

ar,      br^      cr^      di\ 

the  former  representing  a  line,  and  the  latter  a  cireular  cubic  having 
its  asymptote  parallel  to  the  line  [T.,  §  111]. 
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13.  The  equation 


i' 


i\ 


ut 


i\         /'-         r^ 


represents  a  point- pair,  namely,  the  circular  points  at  infinity. 


=  0 


14.  The  equation 

V  r,         r^         r,        n  ^ 
i-epresents  a  system  of  confocal  conies. 
Hence  the  foci  of  the  conic 

will  be  given  by  the  equation 

'i  'a  '8  '4 

where  \  is  given  by  the  quadratic  equation 

1.1.1.1 


+  -„ 


-  + 


'•?(X  +  «'0       rl(\-^hrl)       rl  (X-f-rrJ)       r]  (X  +  f/rJ) 


=  0. 


The  equations  in  point-coordinates  determining  the  foci  will  there- 
fore be  (§  12) 


.r 


iv    *     1 


JL 


+  . 


+ 


w 


r\{K-\-ar\)      r\{\  +  hr\)       r\{k  +  cr,)       r\{\  +  dr',) 


..1 


n  + 


•i\    "^      2 


-f 


t( 


,« 


rJ(X  +  ar:)       r\  (X-\-hr\)       r\  {\^a{)       i^  (X  +  rfrJ) 


=  0, 


=  0. 


Dfmble  Foci  of  a  Btcircular  Qnarflc,  §§  15-19. 

15.  The  equation  of  a  bicircular  quartic  referred  to  its  principal 
circles  takes  the  form 


X 


Since  we  also  have     — +  'V  +  "^+~T  =  0» 


n^ 


r^ 


r. 


the  above  equation  may  be  written 


(4-4)-^+(-^r-4)y'+(':-4)^=o. 
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The  equation  of  the  focal  conic  which  is  the  locns  of  the  centimes  of 
the  bitangent  ciixjles  which  cut  the  principal  cii*cle  w  =  0  oi'tho- 
gonally  is  [T.,  §§  116,  117] 


+ 


^ 


a 


+ 


y        _ 


d 


=  0, 


7*, 


/•- 


r. 


whei'e  a,  /5,  y  denote  areal  coordinates  of  a  point   referred  to  the 
centres  of  the  principal  circles  (1,  2,  3). 

Hence  the  tangential  equation  of  this  focal  conic  is 

(4-4)^^+(',-4)'.h(4-t)^=o. 

^  r^        r,  '  ^  r^        t'   >  ^  r.        r,  ' 


i.e., 


1 


^  r.  r  r  r    / 


16.  Hence  the  four  focal  conies  of  the  bicircular  quartic 
are  given  by  2— arJSo  =  0, 


where 


2- 

2 

2 


'dr\\ 


=  0, 
=  0, 
=  0; 


S  =  a^-f6V  +  c{*+^', 


(tf 


r^ 


The  form  of  these  equations  shows  that  the  foui*  focal  conies  are 
confocal  with  the  conic  -v  — .  n 


17.  Now  the  double  foci  of  the  bicii'cular  quartic  are  the  foci  of  its 
focal  conies. 

Hence  the  equations  determining  the  double  foci  of  the  bicircular 


quartic 


03? '\-hy^ -k- cz^ '\' dxi?  =  0 
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are  (§  14) 


X 


y. 


+ 


to 


r\(\-\-ar\)      r*(X  +  fer*)      rJ(A.-fcrJ)      rJ(X-hdrJ) 


=  0, 


a^ 


y^ 


+ I + !£! =  0 


rJCX+arJ)      rJCA  +  K)      rJCX+cr:)       rKX+drl) 
where  X  is  either  root  of  the  equation 


'     +     1 


+  -^— 4— ir  +  -i — ^^^-0. 


r](\+ar])      r\(\  +  brl)      r',(\+cr\)      r\{\+dr':) 


18.  Thus  the  double  foci  of  the   biciixjular  quai*tic    lie    on   two 
circular  cubics. 

The  equation  of  either  cubic  may  be  written  in  the  form 


Xa^ 


2  —  =  0 


r,  (X  +  ar,)  r 


I.e.,  in  the  fonn 


which  may  be  written 


X  -f  ar^ 


-+-X 

a        X 


+ 


ir 


6        X        c         X 


+ 


d        \ 


=  0. 


When  the  equation  of  the  cubic  is  wntten  thus  it  is  evident  that 
it  is  confocal  with  (i.e.,  has  the  same  single  foci  as)  the  quartic 
[see  T.,  §  91]. 

19.  Hence  the  locus  of  the  double  foci  of  a  system  of  confocal 
bicircular  quartics  consists  of  the  two  ciixiular  cubics  of  the  system.* 

Each  quartic  has  two  double  foci  on  each  of  the  circular  cubics.  It 
follows  also  that  the  double  focus  of  either  cubic  lies  on  the  other. 


♦  A  proof  of  this  theorem  by  Burm*ide  is  given  in  SHlinon  (Cw/trs,  §  228,  Ex.  10). 
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Part  II. — Nodal  Focal  Curves  of  a  Cyclide. 

Frelivihiary  Formulae,  §§  20-24. 

20.  Let  rj,  r,,  r„  r^,  r^  be  the  radii  of  five  spheres  which  form  an 
orthogonal  system  ;  and  let  itj,  Vj,  a-j,  ir^,  v^  denote  the  powers  of  any 
other  sphere  with  respect  to  them. 

The  power  (t)  of  any  two  spheres  is  given  by  [T.,  §212  (223)] 


-2t  = 


tr^ir^ 


2      '        3     '• 


Tj|T3   I   ''4ir4       fr^^i 


t 


2 
^4 


In  this  formula  either  of  the  spheres  may  be  replaced  by  a  point,  a 
plane,  or  the  plane  at  infinity. 

2} .  If  a;,  y,  z,  tr,  v  denote  the  powers  of  any  point  with  respect  to 
the  system  of  reference,  we  have  from  the  above  relation 


*  +JL  + 

2       '         2     ~ 
^1              '"l 

'  +  -'"  +  " 

2     •      2     '       a 

''l             ^4              ^» 

2       '         2       ' 

t      •         t    ^         2 

=  -2, 


=  0. 


n 


22.  If  f,  i|,  {,  w,  «r  denote  the  perpendiculars  from  the  centres  of 
the  five  spheres  on  any  plane,  we  have 


2      '         2      '         2      ' 


2    T*       J 


2      '         2       *         2     ^^       2      '         2 


=  0, 


=  1. 


23.  K  X,  Y,  Z,  W,  V  denote  the  powers  of  any  sphei'e,  we  have 


2       '         2       '  2       '  2       ' 


2 


=  -2, 


X-     Y*      Z*      TT*      V^ 

•i       '        2      '         2      '         2       '         2 
'\  '•i  ^«  ^1  'Ti 


=  V, 


where  p  is  the  radius  of  the  sphere. 
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24.  We  may  also  deduce,  as  a  particular  case  of  the  relation  in 
§  20,  the  formula 


T  +     i  + 


=  0. 


?•- 


i\ 


r. 


r. 


Potnt-Equatiom,  §§  25,  26. 

25.  Any  equation  of  the  first  degree  in  point-cooixiinates  repi*esents 
in  general  a  sphere. 

Thus  the  equation 

lx-\-7ny'{-uz-\-pw-\-qv  =  0 

represents  the  sphere  whose  powers  are  given  by 

X  _  ^  =  ^  =  ^7  =  Z  -  -2  _ 

h\       mrl      nrl      pi\       qi'l       l-^m-^u-^p-^q' 
If  Z+m-f-w-f^^-f  5  =  0,  the  equation  represents  the  plane 

Ir^       mr^      wr,      pr^       qr^ 

26.  An  equation  of  the  second  degree  in  point-coordinates  in 
general  represents  a  cyclide  having  the  cirele  at  infinity  for  a  nodal 
curve  [T.,  §  241].     If,  however,  the  equation  be  satisfied  by 

05  =  y  :=  J5  =  t(?  ^  r, 
it  will  represent  a  cubic  cyclide. 

Plane-Equatiofuf,  §§  27-32. 

27.  An  equation  of  the  first  degi'ee  in  plane-coordinates  (£,  i;,  {, «,  «r) 
represents  a  point. 

Thus  the  equation 

Zf -f  mi;-f-?*i-f-pw  +  5«r  =  0 

¥rill  represent  the  point  given  by 


X 


=   -_^  -- 


tv 


V 


where  X  is  given  by 


irJ-fX       mr^-l-X       n?-,-fX      i>r^  +  X      ^rj+X 


iL«..  by 


ft  2 


2X2Z+Sfr;  =  0. 
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The  equation  U  -f  miy  -f  ni  4-jpw  -\-qm  =-0 

may  be  written  in  the  form 

Hence,  if  o,  j3,  y,  ^    be   the   tetrahedral   cooi^dinates  of  the  point 

referred  to  the  tetrahedron  formed  bj  the  centres  of  the  spheres 

(1.  2,  3,  4), 

a        /5  y  ^ 

2  2  2  2  ^2  2  2  2 

^«  ^1  ^5  ^»  ^5  ^I  ^5  ^4 

28.  An  equation  of  the  second  degree  in  plane-coordinates  repre- 
sents in  general  a  qoadric  surface. 

The  condition  that  an  equation  of  the  second  degree  should 
represent  a  plane  curve  may  be  found  by  forming  the  discriminant 
of  the  equation  when  one  variable  (ta',  say)  has  been  eliminated  by 
means  of  the  relation 

jT"       2^       t    ^       2^^^^* 

T  7*  T  y  ' 

'i         's  '^a         '4  6 

29.  Thus  the  condition  that  the  equation 

should  represent    a   plane  curve    is    found,    by    forming    the  dis- 
criminant of 

V  <r  T  r  T     I 


to  be 


4T^,4^        *^J*^         4~-'^- 

arj       br^      cr^      dr^      er. 


30.  When  the  equation 

represents  a  plane  curve,  its  equations  in  point-coordinates  may  be 
found  thus : — 

liet  a?,  y,  z^  w,  v  be  any  point  on  the  curve  ;  then  the  equation 
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s 

u 
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represents  a  point  lying  in  the  curve  of  intersection  of  the  qoadric 


by  the  polar  of  the  point 

J    '      a    '      2     '       2 


=  0. 


Hence 


and 


X  — 


ar 


V  ,  y—v  .  z—v   ,  w—v      rk 
br^         cr^  dr^ 


ai\  br^  cr^  dr^ 


=  0; 


which  equations,  since 


ar^      br^      cr^      dr^      er^ 


may  be  written         --  +  -^,  + 

6r, 


cr^      dr^ 


ar. 


..s 


.a 


=  0, 


m\ 


■.+  h  +  -.  +  'r.  +  -,  =  ^- 


hr^      cr 


d,-\ 


er, 


The  former  of  these  equations  represents  a  plane,  and  the  latter  a 
cubic  cyclide  having  its  asymptotic  plane  parallel  to  the  former. 


31.  The  equation 


5!     = 


p       ri^       n        J^       r* 

2       '         2       '  2       '  i       '         3 

'*,  ^2  ^S  ^  U 


=  0 


represents  a  plane  curve,  namely,  the  circle  in  the  plane  at  infinity. 


32.  The  equation 


:S+XSo=  0 


represents  a  quadric  confocal  with  2  =  0. 


Hence,  if 


S  =  oi^ +  &»?*+ ciH  (i«' + enr*, 


the  focal  conies  of  S  =  0  will  be  given  by  the  equation 
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where  X  is  a  root  of  the  cubic  equation 

2  ,     ^     ,  =0. 

The  point-equations  of  the  focal  conies  of  2  =  0  will  therefore  be 
given  by  the  equations 

2 =  0, 


n(^+«0 


X 


r*  (X-l-ar;) 


=  0. 


The  first  of  these  equations  evidently  represents  a  plane,  and  the 
latter  a  cubic  cyclide.  The  plane  intersects  the  cyclide  in  a  conic 
and  a  straight  line,  namely,  the  line  in  which  the  cyclide  cuts  the 
line  at  infinity  [T.,  §  264]. 


Nodal  Focal  Curves  of  a  Cyclide,  §§  33-37. 

33.  The  equation    of   a  cyclide  referred  to  its  principal  spheres 

takes  the  form  ,    ,  •       •     ,  •       •      ^ 

aa?'{'hr^'{'C^-{'dw^-\-ev^  =  0, 


where 


jT     ,-r      jT     ,T     2~^* 


The  equation  may  therefore  be  written  in  the  form 

(4-J)^+(4-4)y'+(4-4)^+(4-4)-'=o. 

\  If  T    I  \  qr  T    I  ^  r  T-'  »T  T.I 


The  equation  of  the  focal  quadric  which  is  the  locus  of  the  centimes 
of  the  bitangent  spheres  which  cut  the  principal  sphere  v  =  0  is 
[T,  §  281] 

/1»       .       v'       .       i* 


a 


+ 


a 


+ 


+ 


=  0, 


where  a,  j3,  y,  I  denote  tetrahedral  coordinates  of  a  point  referred  to 
the  centres  of  the  principal  spheres  (1,  2.  3,  4). 

a  2 
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Hence  the  tangential  equation  of  this  focal  quadric  is 

(4-4)«'+(4-4)'»'+(4-4)r+(4-4)-'  =  o, 


I.e., 


where 


2  ^of'  +  ftV-fcr  +  ciai'  +  etir*, 


_-^ 


c 


r.        r»        r.        n        r. 


34.  It  follows  that  the  equations  of  the  five  focal  quadrics  are 

5-ari2o  =  0, 
2-6r;2o  =  0, 
2— crJSo  =  0, 

2— er5  2o  =  0, 

the  form  of  which  equations  shows  that  the  five  quadrics  are  con- 
focal  with  the  quadric  v  —  n 


.35.  Now  the  nodal  focal  curves  of  the  cyclide  are  the  focal  conies 
of  the  focal  quadrics. 

Hence  the  equations  which  determine  the  nodal  focal  curves  of  the 


are  (§  32) 


X 


r.iX-^-ar,) 


r.=0, 


2 -^ =  0 

where  X  is  any  one  of  the  three  roots  of  the  equation 


r](\+ar\) 


=  0. 
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36.  Thus  the  nodal  focal  curves  of  the  cyclide  lie  on  three  cnhiQ 
cjclides. 

The  equation  of  any  one  of  these  cubics  may  be  written  in  the  form 

r,  (X  +  or,)  r, 

S  -^,  =  0. 


i.e., 


which  may  be  written 


a        A 


=  0; 


in  which  form  it  is  evident  that  the  cubic  is  coufocal  with  the  given 
cyclide  [see  T.,  §  259]. 

37.  Hence  the  locus  of  the  nodal  focal  curves  of  a  system  of  con- 
focal  cy elides  consists  of  the  three  cubic  cyclides  of  the  system. 

Each  cyclide  has  one  focal  curve  on  each  of  the  cubics. 

It  follows  also  that  the  nodal  focal  curves  of  either  of  the  cubic 
cyclides  are  plane  sections  of  the  two  confocal  cubics. 


On  2  as  a  16-ic  Residue,  By  Lt.-Col.  Allan  Cunningham,  R.E., 
Fellow  of  King's  College,  London.  Read  December  12th, 
1895.     Revised  and  returned  February  13th,  1896. 

Pre/ace, 

In  the  following  paper  all  the  symbolB  used  are  to  be  taken  as  integersy  and 
generally  as  positive  integers  (unless  otherwise  stated).  N  stands  for  any  number 
(composite  or  prime) ,  p  denotes  a  prime.  Also  »,  fl  are  always  to  be  read  as  odd 
integfers ;  whilst  t,  e,  £  are  used  sometimes  for  even  integers,  and  sometimes  as 
(integer)  exponents  or  as  residue-indices  (not  necessarily  even). 

[The  author  wishes  to  acknowledge  here  the  great  help  received  in  preparing  this 
paper,  and  in  revising  the  proofs,  from  Mr.  Charles  E.  Bickmore.] 

1.  Introduction. 
When  p  is  a  prime^  Fermat*s  theorem  gives 

a**'*  =  1,     (mod  2?),     when  a  is  prime  to  j? (1), 
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and  it  may  happen  that 

^^i»-i)/«=  1^    (mod I?),    when  (and  only  when)  p  =  e/+l...(2). 

In  this  case  a  is  said  to  be  a  residue  of  the  prime  p  of  order  e,  and  e  is 
called  the  residue-index.  This  result  is  conyenientlj  expressed  in 
Lejeone-Dirichlet's  notation  as 


(!).=+' 


(3). 


It  is  nsefnl  to  note  that  (2)  or  (3)  always  involves  the  ambiguous 
^(i»-n/2*  =^i^  (mod p),   or    ( - )    =  ±  1,    [if  ^^  be  evenl ...(4), 

whereas  either  of  the  latter  results  (4)  involves  the  definite  result 
(2,  3). 

2.  Objects, 

The  object  of  this  paper  is  to  bring  forward  a  new  criterion  for  the 
division  of  Fermat*s  exponent  (/>— 1)  by  16  when  the  base  a  =  2, 
i.e.,  for  determining  when  2  is  a  sextodecimic  residue  of  a  prime  p,  or 

2^(1.-1)  =  1^  (mod 2>),     or     f-^)    =  +  1    (6). 

As  the  new  criterion  depends  at  present  wholly  on  induction  from 
numerous  known  instances,  the  rule  will  be  first  stated  (Arts.  3,  4)  ; 
some  applications  will  then  be  given  (Arts.  5-23) ;  and,  lastly,  the 
evidence  of  the  rule  will  be  given  in  full  (Arts.  24-26).  Five  tables 
of  primes  of  which  2  is  an  8-ic  (but  non-16-ic)  or  a  16-ic  residue  are 
given  at  the  end  (Art.  27). 


3.  Freliminary  Sextodecimic  Conditions. 

In  order  that  (5)  may  be  true,  the  following  conditions  must  be 
satisfied  in  the  first  place : — 


i.  (A)   =+1,    ii.  (1)   =  +  1,    iii.  (2.)   =  +  1 
\j)/,  Vp/,  \p/. 


(6); 


i.e.,  2  must  be   a  qudd/raUc,  quartic,  and  octavic  residue  of  p,  and, 


further, 


■i^(j?— l)=m  (an  integer),    or  p  =  16m-^l (7). 
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i.  Quad/ratic  Oondition. — Euler*s  condition*  that  2  should  be  a  2-ic 
residue  is  simply  |?  =  8t  ±  1 ;  this  is  fully  satisfied  by  (7). 

ii.  Quartic  Condition. — Since  ^  =  8i  +  l,  it  is  expressible  in  each  of 
the  four  quadratic  forms 

2)  =  a*  +  b«=c«  +  2d«=.e«-2f2=2g»-h«  (8); 

of  these,  the  (a,  b)  and  (c,  d)  expressions  are  unique^  (p  being  prime), 
whilst  the  (e,  f )  and  (g,  h)  expressions  may  be  formed  in  an  infinity 
of  ways. 

Now,  since  p  =  16m  4- 1,  these  take  the  forms 

p=    (8a,±l)'+    (4/5J»      =    a'+b'  (9), 

=  (4y,±l)»+2(2i,)'  =  c'+2d'.[with(±y,+a.)et;en]...(10), 
=  (4e,±l)»-2(24)'  =  e«-2P,  [with(±e,-4)c»en]...(ll), 
=  2(4,,±l)'-(8«,±l)'=2g'-h' (12). 

The  conditions  that  2  should  be  a  quartic  residue  of  a  prime  p  of  the 
(a,  b),  (c,  d)  forms  were  established  by  Gau8s,J  and  those  of  the  (e,  f ), 
(g,  h)  forms  have  been  found  by  Mr.  C.  E.  Bickmore.     These  are 

/5oj  To  to  be  both  even ;    say  p^  =  2/3,  yo  =  2y (13), 

e  =  (8€  +  l),  f  =  4f  ] 

\;    g=  (4i?-hl) (14). 

or  e  =  (8e  +  3),  f  =  (4^+2)  J 

These  conditions  mutually  involve  one  another,  so  as  to  amount 
virtually  to  only  one  condition ;  and  the  final  forms  of  p  are  (dropping 
the  subscript  ciphers  throughout) 

p=(Sa±iy+(8l3y  (16), 

=  (8y±l)'+2(4a)' (16), 

=  (8e  +  l)'-2  (4,0',    or    (8€  +  3)'-2  (4£+2)' (17). 

=  2(4,+  l)'-(8£±l)'  (18). 

*  Proved  by  Lagrange,  Nouveaux  Mem.  de  VAead.  da  Sciences  de  Berlin^  1776, 
pp.  349-351,  and  more  simply  by  Cauchy,  Theorie  dee  Nofnbren,  p.  451. 

t  See  a  oelebrated  letter  from  Fermat  to  Sir  K.  Digby,  written  in  1648  (printed 
in  Wa]lis*8  Oemmereium  Sptstolicum). 

X  Gaius*8  Werhe^  Band  ii.,  p.  89. 


88  Lt.-Col.  Allan  Cunningham  on  [Dec.  12, 

iii.  Octavic  Condition, — Reuschle's  condition*  that  2  should  be  an 
octavic  residue  of  jp  a  prime  of  form  (15)  is  simply  that 

/3  =  B,n  even  number,  say  =  2/3' (19), 

so  that  p  takes  the  form 

p=:(8a±iy+(\6iry (20), 

and  for  every  prime  of  this  form  (20)  p  is  an  octavic  residue,  so  that 


and     (1)    =±1   (21). 


4.  Sextodecimic  Criterion. 

A  criterion  is  now  required  to  distinguish  between  the  signs  (db) 
in  result  (21).     The  new  criterion  now  proposed  is 

(I)    =(-1)^    where  ,i  =  /3'  +  8  =  A-b  +  H   (22); 

^P  ^16 

whence    (— )    =-1,         when    ()3'+^)   or  (^^h-^^d)  is  odd... (23), 
^P^\* 

=  -h  1,         when    (/3'-f  o)  or  (^Vb  +  id)  is  even...(24>). 

[This  criterion  depends  only  on  the  (a,  b)  and  (c,  d)  forms  of  p,  and  is  independent 
of  the  (e,  f),  (g,  h)  forms.  In  fact,  the  latter  two  forms  are  not  really  required  for 
the  purposes  of  this  paper ;  but,  in  \'iew  of  future  developments  to  residues  of 
higher  orders,  it  has  been  thought  worth  while  to  give  the  four  forms.] 

5.  Application  to  given  Primes. 

To  determine  then  whether  a  given  prime  (p\  which  is  of  the 
form  p  =  16m  -fl,  has  2  for  a  $ejctod^cimic  I'esiduc,  it  should  first  be 


•  "  Neue  Zahlentheoretische  Tabellen,"  by  Prof.  Rouschle,  in  the  Ptogram  zum 
Srhlusse  det  SchuJjahrt  1865-66  nm  Konighchm  Oymnasium  zu  Stuttgarty  1856,  p.  14. 
ReuRchle*s  condition  is  not  expressed  in  a  convenient  form.  A  more  convenient  form 
has  been  given  to  it  in  Mr.  C.  E.  Bickmore's  paper  **  On  the  Numerical  Factors 
of  (a"  — 1),"  in  the  Metsenger  of  Mathematics^*^  Vol  xxv.,  1895,  Art.  13  (4),  on  p.  18  ; 

viz.,  that  if  p  =  (4a±l)«+ (8i9)«  -  8m+ 1, 

then  ('^)    *  (-^)*'''' 

from  which  the  condition  (19)  above  is  adapted.  Reuschle*s  condition  is  virtually 
included  in  a  similar  criterion  for  the  base  10  in  a  letter  :hx)m  Jacob!,  dated  1846. 
printed  at  p.  9  of  same  Program.  Reuschlo  communicated  his  criterion  to  Jaoobi 
in  18.51  (ftee  p.  11  of  same). 
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expressed  in  the  form  p  =  a'+b*.     If  (and  only  if)  these  turn  out  t* 

be  of  forms  a  =  8a±l,     b  =  16/3' (25), 

then  2  is  certainly  an  octavic  residue,  bo  that 

(-)  =^1- 

To  distinguish  between  the  signs,  jp  must  next  be  expressed  in  the 
form  2>  =  c'  +  2d',  whereupon  c,  d  will  be  found  to  be  of  forms 
[see  (16)] 

c  =  8y  ±  1,    d  =  4^ ;    and  *cd  =  3i:  (when p  =jprirne)... (26). 

Then,  by  (22),   ( — )    =— lor+1,  according  as  /3'-f  ^  is  odd  or  even. 

^P  '\fi 

When  j9  is  a  high  prime  the  partitions  2>  =  a'-f  b'  =  c'  +  2d'  are 
very  laborious  :t  the  arithmetical  work  is  much  reduced  by  noting 
that  a,  b,  c,  d  must  necessarily  contain  the  coefficients  8,  16,  8,  4  re- 
spectively, and  one*  of  c,  d  must  contain  the  factor  3 ;  the  partition 
I?  =  a'  -f-  b'  is  usually  the  easier  of  the  two,  as  the  high  coefficient  16 
in  b  limits  the  number  of  tnals  ;  it  is  useful  also  to  note  that, 

when  jp=32m  +  l,  then  a  =  16a'±l,  c=16/=tl   (27). 

[Ab  in  some  cases  the  values  of  (e,  f),  (g,  h)  are  much  more  easily  found  than 
those  of  (a,  b),  (c,  d),  it  is  convenient  to  have  a  means  of  utilizing  the  former  in 
computing  the  latter ;  it  is  hoped  to  publish  this  in  a  future  paper.] 

6.  Computation  of  Primes  of  which  2  is  a  16-ic  Residue. 

A  series  of  numbers  N  may  readily  be  computed  so  as  to  be  of  one 
of  the  required  quadratic  forms  p  =  a'  +  b'  or  =  c'H-2d'.  When  a 
prime  of  either  form  has  thus  been  found,  one  pair  (a,  b)  or  (c,  d) 
is  known ;  the  prime  must  then  be  resolved  into  the  other  form,  so 
that  the  sextodecimic  criterion  (22)  may  be  applied.     Thus 

i.  With  any  assutned  values  of  a,  /8',  compute  a  series  of  numbers 

iV«a2  +  b»=  (8a±l)s+(169')'- 

'^    W  !■■■■  I.MI  I  ■■■■-■  I  .  ^^1^^^     ■  ■       ■  ^^^W^  I    ■■■  III  ■  »    — 

♦  Euler  (Opera posthuma^  t.  i.)  proves  that  cd  =  3ic  unless  o'  +  2d'  =  3ie.  Also- 
c  =»  3«f,  when  p  —  Sv—  1  ;   and  d  =  3ic,  when  p  «  3'w  + 1. 

t  There  is  a  table  of  a,  b  from  jn  =  6  to  11981,  and  of  c,  d  from  p  =  17  to  695S 
[of  form  (8»i  +  1)  only],  in  Jacobi's  Opuscula  Math,,  Vol.  i.,  pp.  326  and  332 ;  also 
published  in  CrelWa  Journal,  Vol.  xxx.  (1846),  pp.  174  and  180.  There  is  a  larger 
table  of  a,  b  from  />  =  5  to  12,377  complete,  and  &ence  at  intervals  to  jn  «  24,917, 
also  of  0,  d  (for  primes  of  form  /?  =  8/n  +  1  only)  from  p  =  17  to  12,377  complete, 
and  thence  (very  incompletely)  to  24,889,  in  Keuschle's  Neue  Zahlmtheoretisehe 
TabelUn,  p.  32.  With  Keuschle's  tables,  it  is  now  easy  to  form  a  complete  list  of 
all  primes  up  to  12,400  of  which  2  is  a  16-ic  residue.  [A  great  many  errata  in 
Reusohle's  tables,  and  some  in  Jacobi's,  have  been  detected  by  Mr.  C.  E.  Bickmore 
and  by  the  author.] 
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If  any  of  these  be  prime  (iV  »  p)y  then  p  »  IStn  + 1,  and  2  is  necessarily  an  oetavii 
rssidue.  Prooeed  with  the  partition  j?  i«  c'  +  2d',  which  giyes  8  ;  then  apply  tha 
16-ic  criterion. 

ii.  With  any  etsumed  values  of  7,  8  (such  that  one  of  c,  d  «  3ic),  compate  a  series 
of  numben  JV  -  o'  +  2d»  =  (8y  ±  1)»  +  2  (4»)'. 

If  any  of  these  be  prime  {N  =  p),  then  p  «  iQm  +  1,  and  2  is  necessarily  a  fu&rti$ 
residue.  Proceed  with  the  partition  p  ^  a,^  +  b'.  Note  that  a,  b  will  certainly  be 
of  forms  a  »  8a±  1,  b  »  8)3,  by  (15).  If  b  =  16/3'»  then  2  will  be  anootavicresidiie, 
and  the  sextodecimic  criterion  may  now  be  applied. 

[Thus  in  both  these  processes  only  one  quadratic  partition  has  to  be  effected ; 
they  both  haye  the  defect  that  many  of  the  numbers  N  may  turn  out  to  be  eompotiUf 
whereas  primes  are  required.  Method  i.  is  the  more  convenient  of  the  two,  as  it 
provides  for  octavie  residues  directly,  whereas  Method  ii.  only  provides  for  qumriU 
residues  ;  about  half  the  primes  resulting  from  Method  ii.  may  be  expected  to  be 
oetavie  non-residues.] 


7.  Direct  Ccyinjputation  of  Primes  of  which  2  is  a  16-ic  Residue, 

A  method  will  now  be  developed  for  computing  a  series  of  numbers 
N  which  shall  be  at  once  of  both  tlie  required  quadratic  forms 

i^  =  aHb«,     where  a=  (8ad=l),  b  =  16/3' (28), 

N  =  c''\'2d\  where  c  =  (8y±l),  d  =  45     (29). 

Let  /3':5  =  ^:v,     or    fi' =:  fiO,   S  =  yS (30), 

where  /i,  v  are  mutuully  prime  [so  that  fc  :  v  is  in  its  lowest  terms] 

(31). 

Now  N  =  [a«+b«-2d']  +2d« 

=  [a«-|-2(8M«-i'«)(46)«]+2d« ..(32). 

Writing  A:  =  2  (8/i»->'^)  =  k^h^  suppose (33), 

then  a'  +  A;(40)«  =  c* (34). 

Now,  supposing  /i,  v  to  be  given^  this  is  a  diophantine  equation  (in 
a,  4d,  c,  as  unknowns),  the  general  solution  of  which  depends  on  the 
composition  of  /: ;  as  to  which 

A:  =  A?iA;,  is  always ^nt^e,  and  even,  and  may  be  either  (±)...(35a), 

Ajj,  Atj  are  both  finite ;  one  (say  fc|)  is  always  even,  the  other  (At,)  is 
oi(£  and  may  =  1 ;  each  may  be  ±   (356), 
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^  is  of  one  of  the  forms  20,  80,  160  (depending on  v),  viz.... (35c), 


(1)  Up  is  odd,  k  =  2  (8fi«-v«)  =  20, 

(2)  If  y  =  2«,  A;  =  8  (2^«-«»)  =  80,       and  /u  is  (xW 

(3)  If  V  =  V,  ifc  =  16  (/i^-2/'')  =  160,  and  fiiBodd) 


...(35(2). 


The  general  solution  of  the  diophantine  (34)  may  now  be  expressed 
in  terms  of  two  arbitrary  numbers  m,  n, 

m,  n  any  mutually  prime  integers  ;  one  (say  m)  odd,  the  other  (n)  even 

(36), 

in  following  system  : — 

:^  a  =  ^m*  <*»  A^n*,     c  =  ^m'  +  fcjn',     0  =  imn (37); 

where  the  sign  of  a  is  given  by  a  ^ -f-1,  (mod  8)    (37a). 

whence        fi'  =  j^fimn,  h  =  8fimn ;     B  =  ^vmn,  d  =  2»'inn (38), 


and 


(/J' +  2)  =  (/*  +  0  ^TT'  (^  ^  ^^'  **  even) 


(39). 


Thus,  for  every  way  in  which  k  can  be  resolved  into  two  factors  A;,,  k^, 

there  exists  a  system  of  solutions  of  type  (37,  38),  and  the  final  value 

of  ^is 

i^=itJm*+4(8/i'  +  v«)mV  +  A^y (40). 

Note  that  the  coefficient  of  mV  is  always  <  36,  and  is  independent 
of  AE],  k^,  the  factors  of  k. 

Finally,  if  ^  be  prime  (N  =  p),  then  2  is  necessarily  an  octavic 
residue,  because  p  is  of  the  proper  quadratic  forms  (28,  29),  and,  by 

{±]    =  (_!)»('*"-  (41), 


=  —  1  or  +1,  according  as  ^  (/i4- v)  n  is  odd  or  even 

(42). 

8.  Case  of  :kJc  a  Perfect  Square. 

This  case  deserves  separate  detail.     It  can  only  happen  in  Case  (3) 
of  (Sbd),  viz., 

when  i'  =  4v".  A;  =  16  (/n' -  2^,  whei-e /*  is  ocW (43). 


Here  two  cases  ai'ise  according  as 

^«-2v"«  =  ±  k\  and  fc  =  ±  16ic»,     (k  is  odd) 


(44). 
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9.  Case  i. 

^«-2v"«  =  -ic»,   or    /i«-fic'  =  2v"«,    A;«  =  -16*« (45). 

This  is  possible  when  (and  only  when)  r"*  is  of  form 

v'^  =  «'  +  ^«  (46), 

in  which  case  /i  =  «±^     K'=.8'=^t  (47). 

With  this  condition  (46),  the  two  general  solutions  are 

a  =  ic'm'+16n*,     ±  c  =  c'm' -  16»',     e  =  \mn    (48a), 

or  a  =  m«  +  16*.V,     ±  c  =  m' -  16K»n«,     e  —  \mn    (486), 

the  sign  of  c  being  given  (in  both  cases)  by  c  =  + 1,  (mod  8)  ...  (48c)  ; 

whence  2V=  (icm)*4-32  (k'  +  2/[i»)  mV  +  (4n)*    (49a), 

or  N-    m*    +32(ic'  +  2/[i«)mV+(4icn)* (496). 

Hence,  if     ^  =  o  (a  prime),  (  —  )    =  (— 1)*^  [for  (/^  +  *')  ^  ^<^] 

=  —  1,  if  \n  be  odd ; 

or  4-1,  if  in  be  eren  (*>0). 

10.  Sub-Case  of  l  (b  =  d.) 

There  is  one  sub-case  of  special  interest  in  above,  viz., 

when  »  =  1,  ^  =  0  ;  giving  i:  =  yn  =  y"  =  1,  y  =  4     (51). 

Hence  /5' =  »,    ^  =  40  =  4/5',    /3'-|-a  =  5/3' (52), 

and  b  =  d;     whence    a'  =  b'-|-c* (53), 

the  solutions  of  which  take  the  simple  unique  foim 

a  =  wi'  +  (4n)*,   =t  c  =  m'  '*'  (4»)*,  b  =  d  =  8mw,  (m  ocW,  n  even) . . .  (54), 

the  sign  of  c  being  given  by  c  ^  +1,  (mod  8)  (54a)  ; 

whence  ^=  m*+96mV  +  (4n)*  (55), 

and,  if  ^  =  »  (a  prime),  (  —  )    =(  —  1)^ 

=  —  1,  or  -1-1,  according  as  /3'  =  y^^b 

is  odd  or  even  (56). 

Hence   every  solution   (in    integers)   of  the  Pythagorean*  triangle 

*  Thifl  sub-case  is  specially  interesting,  as  there  are  published  tables  of  solutionB : 

(I)  Neue  und  erweiierte  Sammlung  logam.  trigonn.^  ^c,   Tufeln^  by  J.  C.   Schulze, 

,  n.,  p.  308,  Berlin,   1778  ;  this  gives  solutions  of  a'  =  b*  +  c*,  ewnpUte  up  to 
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(a'=b'  +  c'),  wherein  b  is  of  form  16/3,  yields  a  case,  when 
^=a'+b'  =  |?  (a  prime),  in  which  2  is  a  16-ic  non-residue  or 
'residue  according  as  -j^b  is  odd  or  even. 

The  other  two  quadratic  partitions  are 

N=  (m«+487*')«-2(32n«)«  =  e«--2f»     (57), 

iV  =  2(m«  +  16nO'-(m'-16nV  =  2g»-h«    (58), 

and  N  maj  also  be  expressed  as  the  semi-sum  of  two  fourth  powers 

^=i{(m-h4n)*+(ni-4n)*}  =  K^^'+y*)  (59), 

under  which  form  it  is  discussed  later  (Art.  18). 

Examples. — The  lowest  two  solutions  are  evidently  when  m  a  1,  n  -■  2  or  4,  and 
thej  both  yield  primes  {N  ^  p). 

Ex.  I.  m=»l,   ««2,    JV=  4481  «;>  =  65«+l6«=63>+2.16«, 

and  (^)     =-l. 

Ex.  2.  m  -  1,    «  =  4,   iV  -  67073  =  />  =  267»  +  32«  -  255«  +  2.  32«, 

and  (-)    =.  +  1. 

On  account  of  the  special  interest  of  this  case  a  complete  list  of  all  primes  of  this 
form  <  9,000,000  [i.e.^  within  the  range  of  the  Factor  Tables)  is  given  (Table  IV.) ; 
the  values  of  a,  b,  c,  d  are  also  g^ven  (to  show  that  b  *  d) ;  these  values  have  been 
checked  off  Sang's  Tables  (as  far  as  they  g^) ;  the  values  of  Z,  Y  are  those  entering 
into  equation  (59). 

11.   Ca^e  ii. 

^»_2y"' = -Mc>,     or     A;  =  16jc« (61). 

This  is  always  possible,  and  its  solution  is 

=tic  =  2«'-^',     /i  =  2fi«-f^',     v"=2«^  (62), 

and  the  two  general  solutions  are 

±  a  =  <c*m'  -  16n',     c  =  t^m}  + 16/*',     B  =  \mn (63a), 

or  ±  a  =  m'  -  16*:V,     c  =  m'  +  16i:V,     B  =  \mn (636), 

fixing  the  sign  of  a  (in  both  cases)  by  a=  -f- 1,  (mod  8) (63c)  ; 

whence  2V=  («:m)*-f  32  (2/[i'-Ow'w'-f(4»)*    (fiA^), 

or  iV=    m*    4-32(2/*'-ic-)mV-f(4icn)*  (646). 

a  =»  1000,  with  a  few  beyond.  (2)  See  Edinburgh  Trans.,  Vol.  xzm.,  p.  757,  1864  ; 
paper  by  E.  Sang,  **  On  the  Theory  of  Commensurables  *' ;  this  gives  solutions  of 
a>ab*-fc^,  complete  wp  to  a  »  1105.  (3)  See  Button's  edition  of  Ozanam*s  and 
Montucla's  Recreations  in  Mathematics  and  Natural  Philosophy^  p.  43,  1814.  Several 
rules  for  forming  special  classes  of  solutions  and  also  a  few  examples  are  g^ren. 
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Hence,  if 


N  =  p  (sL  prime), 

(-!)»-,     [for(/i  +  v)i8o<W] 
=  —  1,  if  Jn  be  odd ;  or  + 1,  if  Jn  be  even. 


(-)  = 


(65). 


12.  Suh'Case  of  ii. 

In  (61)  above,  take    /i  =  3,     v"  =  2,     ic  =  1   (66), 

giving     I.  =  8,  /3'  =  30,  ^  =  80,   b  =  486,   d  =  326,    6  =  imn... (67). 

Also,  write  ^  =  16^;  then  iSr  =  a«+(3«?)«  =  c«  +  2  (2?)«    (68). 

Hence  a*  +  ^=c» (69). 

Hence  every  solution  of  the  Pythagorean   triangle    (69)   in  which 
^  =  16^  gives  a  namber  (N)  of  the  required  form  ;  and, 

when  N—p,  then  /3'  +  ^  =  )8'+8^, 

(I)  =(-!/*' =(-ir 

=  —  1,  or  -f- 1,  according  as  /3'  or  -j^b  is  odd  or  even  ...(70), 
The  general  formulae  reduce  to 

dba  =  m'-  (4»)',  c  =  m'+(4n)*,  h=24mn,  d  =  16mn...(71), 

fixing  the  sign  of  a  by  a=  +  1,  (mod  8) (71a), 

and  ^'=m*+34(4ww)«-h(4»)*  =  16.3fir+l,  always (72), 

and  note  that  (71)  involves  that  one  of  m,  n  =  Si    (73), 

and  the  third  partition  is 

2V=(m»  +  16.17w^)«-2(192n«)« (74). 

Examples . — The  following  five  examples  have  been  compiled  with  the  aid  of 
Shanks's  table*  of  solutions  of  a^  +  ^  »  c^  ;  they  are  the  only  primes  of  this  f onn 
(b  a  3^,  d  »  2€)  within  the  range  of  that  table  (c  >  1105). 


2  a  16-ic  Non-Residue. 

P 

P-I 

a 

b 

0 

d 

23,761 

i6.  27  .5  .11 

55 

144 

73 

96 

351,361 

128.9.  5.  61 

575 

144 

577 

96 

2,121,841 

16.  9.  5  .  7  .421 

665 

1296 

793 

864 

♦  Quoted  in.  Art.  10. 
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2  a  16-ic  Reflidue. 

P 

P-l 

a 

247 
185 

b 

288 
2016 

c 

265 
697 

d 

192 
1344 

143,953 
4,098,481 

i6  .  3  .  2999 
16.3.5.17,077 

13.  Application  of  Direct  Computation  Formulas, 

Assuming   any    (mutually  prime)    values    of  /i,  v,  the  value  of 

/:  =  2  (8/1*— v')  is  to  be  calculated,  and  resolved  into  factors  A;  =  A^j^, 

(one  of  which  may  be  =  ±  1).     Each  such  factorization  gives  a  set  of 

formulas  (37,  38,  40)  for  a,  c,  6,  /3',  b,  ^,  d,  N  with  any  assumed  values 

of  m,  n  (m,  n  mutually  prime^  also  m  ocW,  n  even).     As  the  first  object 

is  to  ascertain  whether  .AT  is  a  prime  or  not,  it  will  probably  be  best 

either  to  compute  N  from  the  formula  (40)  direct ;  or  else  to  compute 

one  of  the  sets   (a,  0,  /3',  b)  or  (c,  0,  ^,  d),  and  thence  compute  N  by 

the  formula 

iV=a«  +  b'    or     =c*  +  2d*. 

If  any  of  these  numbers  turns  out  to  be  a  prime  (N  =^  p),  it  cer- 
tainly has  2  for  an  octamc  residue  [being  of  the  proper  quadratic 
forms  (28,  29)],  so  that 

and  the  value  of  ^  (/i  -f-  v)  n,  being  odd  or  even,  at  once  supplies  the 
sextodecimic  criterion. 


[Thus  by  this  process  the  difficulty  of  making  the  two  quadiatio  partitions  is 
avoided  ;  the  defect  of  the  process  is  that,  for  given  values  of  fi,  v,  many  numbers 
JVmay  have  to  be  computed  before  a  prime  value  of  iV  is  found  ;  in  fact,  it  is  not 
known  whether  prime  values  of  JV  really  exist  for  all  values  of  /u,  v.  But  some 
such  difficulty  exists  in  most  tentative  processes.  ] 

Examples, — The  following  table  shows  seven  examples  of  primes  computed  from 
the  general  formula  (37,  38,  40).    They  have  been  chosen  as  the  lowest  three 

primes  for  which  (  —  ]     »  + 1  (or  f  =  16),  and  the  lowest  three  primes  for  which 

(1     —  —  1   (or  tf  =  8),    and  the  lowest  of  the  Pythagorean  kind. 
P  l\% 
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Asmmiptions. 

Beoalts— 

Final 

QusdnilioPttrtitioiu. 

ReanlU. 

i* 

* 

k        i, 

-^3 

m 

« 

ff   1    1 

• 

"b 

d 

P 

^ 

, 

1    1    ' 

1 

irt 

T.-i 

4 

,>, 

:( 

-    2    -    1 

V 

2 

1     '    3 

irt 

7 

12 

337 

IB 

h 

-34 

-n 

'/ 

•J 

1     1    6 

■io 

ifi 

H8I 

l« 

■>■ 

N 

1 

« 

■I 

1 

■/. 

:ii 

IB 

sa 

K 

1217 

S 

■f. 

■A 

4(i 

v;i 

■.^ 

V 

•;, 

■A 

!A 

a-.! 

:ii 

Vt 

1249 

H 

•f. 

I 

Ki 

HI 

7! 

■3 

I 

va 

;i-/ 

;iH 

4 

I6S3 

K 

1 

4 

-18 

-   1 

16 

2 

1 

4 

e^ 

Id 

«3 

16 

4«S1 

B 

14.  Factors  of  Numbers  of  16-i"c  Form. 

When  a  Dumber  N  of  the  form  (40)  jaet  investigated  tnrns  oat  to 

be  composite,  and  hue  been  separated  into  its  factors,  the  residuary 

relation  of  the  base  2  (and  of  other  bases  also)  to  those  factors  can 

often  be  readily  determined. 

Let  N  =  N,.N^,     and     N^kN, (75). 

Let  Jf  =  a'+b'  =  c'+d'    (76), 

W,=  ^+b'=:t^  +  dJ  (76o), 

J?,=  i^+bJ=c;+dJ  (766). 

Then  a,  b,  c,  d  are  supposed  to  have  been  formed  along  with  N,  and 
Nf,  N,  are  supposed  known.  Now,  it  will  often  happen  that  the  lesser 
factor  N,  is  sn  small  that  its  a,,  b„  c,,  d,  are  comparatively  easily 
determined.  These  being  all  known,  the  quadratic  partitions  of  ^i 
are  given  by  the  formulte* 

JT,       al+bj         V    a;  +  b;    /         V    i',  +  h\    >        "■       ■     ^       " 

ff,  =  |:  =  "i±M;  =  (24±2i!iy+2  (iiiiis)" = c;+d;...(77S). 


*  Theae  fomrnls  are  token  from  Mr.  C.  E.  BiobDors's  P*P^  "  ^^  ^^ 
Kmnerical  Factors  of  (a"-  1),"  in  the  Miuenfir  af  Matkaaatia,  Vol.  xxv.,  lS9fi, 
p.  10,  Art.  8.  The  fominhe  for  the  regolution  of  If,  -  a|  +  *bj,  wbm  N,-N-i-  A"„ 
are  quite  BimilBT  ;  proof  19  (here  given  lliat  the  algebraic  poriJoOB  of  the  formulffi 
are  anihmttital  inlegirt  for  one  of  tbo  two  sigiu  ±  (either  the  upper  or  lower)  in 
each  case. 
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When  Ni  is  prime,  its  partitions  (a,,  b^,  Cj,  dj)  are  unique ;  in  conse- 
qnence  of  the  ambigaitj  of  sign,  two  trials  may  be  necessary  to  find 
a,,  bi,  and  two  trials  to  find  c,,  dj  (but  not  more  than  two  in  each 
case)  ;  the  process  is  otherwise  qnite  direct.  When  Ni  is  composite^ 
it  admits  of  more  than  one  partition  of  each  type  (aj,  bj),  (cj,  d,)  ; 
and  each  individual  partition  of  N^  gives  rise  to  two  formulee  for  a 
partition  of  N^,  so  that  sevei*al  trials  may  be  necessary  before  a 
correct  partition  of  N^  is  found.  By  the  phrase  "correct  partition  " 
is  meant  one  in  which  both  of  a^,  b,,  and  both  of  c^,  d,  are  integers. 

If  N^  should  be  composite ,  the  process  may  be  repeated,  until  finally 
the  quadratic  partitions  of  the  last  remaining  prims  factor  are  deter- 
mined. Thus  the  knowledge  of  the  quadratic  partitions  of  a  large 
composite  number  N  gives  a  direct  clue  to  the  similar  quadratic 
partitions  of  its  large  factor  when  those  of  its  other  factor  or  factors 
are  known. 

When  ^1,  ^j  are  both  prime,  it  appears*  that  the  base  2  is  a 
residue  of  the  sams  even  order,  viz.,  either  2,  4,  8,  or  16  of  both  primes 
Nx,N^\  so  that  the  determination  of  the  (even)  order  for  either  prime 
suffices  for  the  other,  without  the  necessity  of  effecting  the  quadratic 
partitions  of  the  second  factor.     This  is  conveniently  expressed  thus  : 

Let  Q,  B,  0,  S  denote  primes,  such  that 

(1).  =  ^'  (1).  =  ^'  (1).  =  ^'  (11=^ ^'«^' 

the  suffix  denoting  the  maximum  residue- index  of  form 

e  =  2,     (e>16). 


Then  N^,  N^  are  both  Q,  or  both  B,  or  both  0,  or  both  8 
when  ^  is  of  form  (40),  and  (/3'-f  ^)  is  ev&n 


\  ...(79). 


15.  Simple  16-ic  Forms. 

The  general  formula  (40)  for  ^  to  be  a  prime  of  such  form  that  2 
may  be  a  16-ic  residue  of  it  shows  that  all  such  primes  must  be  of 

form  i^  =  2>  =  t*.X*+t;.Z^r  +  w;.  Y* (80). 

The  formula  (40)  contains  four  arbiti'ary  quantities  (/u,  v^  m,  n),  but 
the  above  form  makes  it  seem  probable  that  three  (at  most)  should 
be  sufficient.     There  are  several  simple  forms  of  the  above,  which 


*  This  ifi  part  of  a  more  general  theorem  about  the  order  of  residuacity  of  the  base 
with  respect  to  the  prime  factors  of  numbers  N  of  other  quadratic  forms  than  those 
here  considered,  which  it  is  hoped  to  publish  hereafter. 

VOL.  XXVII. — NO.  641.  H 
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seem  worth  some  detailed  considei'ation.     These  are 


.V  =  X*  +  r*, 

[see  Arte.  16,  17] 

.v-HA'^+^''), 

"see  Art.  18] 

N^X^  +  iY^y 

[see  Art.  19] 

.v=(xi«+r>2)  +  (XUP), 

[see  Art.  20] 

iV'=(.\'*>+i'a>)^^j4+74)^ 

^see  Art.  21] 

iv=  (x^«+r<-)  +  (x^  +  r^), 

[see  Art.  22] 

16.  FarmiX'-^-Y*). 
In  all  eases 

iV=  (X«)»+(r)«=  (X*^Y')»+2  (XY)' 

=  (r'+Y')'-2(zr)^  =  2(z=^-xY-f  i^)'-(x^r)*  ..  (si). 

Thus  the  four  quadi'atic  pai'titions 

iY=  aHb'  =  c*-f  2d'  =  e"-2f  =  2g»-h' 

ai*e  effected  algebraically  in  simple  forms,  so  that  the  numerical 
resolution  can  be  effected  directly  (but  it  will  be  found  not  to  be 
required  for  the  present  purpose). 

Next,  let  N  be  an  odd  number  :    this  involves  that  X,  Y  must  be 
one  odd,  one  even  ;  take  X  odd  and  Y  even. 

Then         X*  =  16ar  +  l,    Y*  =  16/,    N  =  16m+l,  always (82), 

and,         if  X  or  r  =  3i,     JV  =  16 .  Sm  + 1 

if  X  or  r=  6/,     iV=  16.  5m  +  l  =  el*  (mod  100)  j-  ...(83). 

if  Zand  Y^bl,  N=u,7*  (mod  100) 
Also,  if  Z  =  li .  w  (the  product  of  two  odd  numbers), 


Then 


therefore 


X*  =  Q*  .  lU*  = 


,       [mod  (2co)*], 
=  Q\       [mod  (20)*]  ; 
N  =  QV  -f  r*  =  o>*  -f  r*     [mod  (2ui)*]  1 

=  n*  -f  Y*     [mod  (20)*]  ) 


...(84). 


This  shows  that,  if  N  be  expressed  in  the  scale  whose  radix  is 
r  =  2(1)  or  20,  the  last  four  figures  of  all  such  numbers  are  the  same 
for  the  same  value  of  Y,  i.e.,  the  same  as  those  of  (w*+ Y*)  or  of 
(0*-|-Y*)  respectively. 

♦  Here  «1  and  «7  are  to  be  read  arithmcticaUy  ;    w,  c  l)eing  odd  and  even  numbers 
reepectlyely,  denoting  tlie  tens  dig^t  of  N  (and  1  or  7  the  units  of  N). 
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Ex. — ^Take  «  =  6,  iV=  (5W+  Y*).      All   such  numbere  end  in  the  same  four 
figures  as  (6<  +  r»).     E.g.,  5*  +  8«  =  4721,  15^8^  =  54721,  25*  +  8<  =  394721,  &c. 

Referring  to  (81),  it  is  seen  that 

d=:f;    whence    e^=:c*+(2d)* (85). 

Hence  every  solution  of  this  Pythagorean  triangle  (in  e,  c,  2d)  will 
lead  to  numbers  of  the  form  now  discussed. 

Next,  let  N  be  prime ^  say      N  =^p. 

Then,  noting  that  X^  =  (odd  number)^  =  Sa  +  l,  and  Y  =  2i/  (being 
even),  always, 

(1)  Since />=  167/14- 1,    therefore    ( — )    = -|- 1,  always. 

\p  U 

(2)  Since    2?  =  (8aH-l)^H-(47/')^    always,     then,    comparing  with 
Gauss's  condition  (13)  for  qaartic  residues,  /3o  =  y',  so  that 

(  —  )    =—  1,  ifybe  odd;     I —  )    =  -f  1,  if  y  be 


even. 


(3)  Next,  taking  y  =  2iy  (an  even  number),  so  that  Y  =  4ij,  then 

2>  =  (8a-f-l)H(16,,T. 

Comparing  with  (Bickmore*s  form  of)  Reuschle*s  condition  (19)  for 
etavic  residues,  />'  =  r/*,  so  that 

( — )    =  H-  1,  always,  (when  Y=  4)j). 

Also,  taking  the  partition 

^  =  c«  +  2d«  =  (Z^-y*)«+2  {XY)\ 

here  d  =  4^  =  XY  =  4Xiy ; 

therefore  ^  =  Xi? ; 

therefore  /^-f  ^  =  ly'+Xiy  =  iy(X+iy)  =  an  even  number  (•.*  X  is  odd)  ; 

2 

Summing  up  these  results  as  to  ^  =  (X*  +  Y*)  =  jp  : — 

l^\   =  +  1,  always;       (-)    =-1,   when   Y=2« {SQ), 

(1)    =(2)    =/2\    =^.1,   ^hen    Y=4i; (87). 

^l>/i«     \i>/8     Vi'^ 

h2 


therefore  |  —  )    =  -f  1. 
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In  this  last  case  (F  =  4»y),  N  may  be  written 

hence  2  is  a  sextodecimic  residue  of  all  primes  of  form  jp  =  X*  +  2'.  i|*, 
and  therefore  also  of  all  primes  of  form  jp  =  X*+  Y*,  (F  being  even). 

It  is  interesting  to  compare  this  fortn  [X*+  (4i;)*]  with  the  general  form  (40)  of 
all  primes  having  2  for  a  16-ic  residue.  It  will  be  found,  after  some  considerable 
algebraic  reductions  (which  it  seems  xmnecessary  to  detail  here),  that  the  fonn  (40) 
reduces  to  N^  (-^*+  ^*)  ^  one  way  only,  viz.,  by  making 

M  =  n  =  iF,     u^X (88). 

These  give  B  ^  fij  and  the  factors  of  k  must  be  taken 

ki  =  8/x«-»^  =  Si/'-As,     k.  =  2 (89) ; 

whence,  finally,  w  =  ±  1,     M=±2i;  =  dbil^ (90)^ 

and  the  sextodecimic  criterion  (42),  i  (m  + 1')  ^  =  ^'^  number  is  satisfied. 

Thus  for  ant/  given  values  of  ft,  v  (^  »  tj  =  |F,  y  =  X),  the  general  formula  (40) 
alwajrs  gives  iV  =»  J*  +  (4i;)'*,  by  taking  the  values  of  A'l,  ^3,  m,  »  as  above  (so  that 
the  factorization  of  k  =»  k^.  Atj,  and  the  values  of  m,  tt  are  here  910^  arbitraiy). 

Examples — ^The  following  are  the  lowest  primes  of  form  /*  =  X*+  I"*,  showing- 
the  connexion  with  the  general  formula  (40). 


Assumptions. 

Results. 

/x  «  17 

v  =  A' 

^i 

h 

n 

P 

1 

1 

7 

2 

2 

257 

1 

3 

-   1 

2 

2 

337 

1 

5 

-17 

2 

2 

881 

On  account  of  the  simplicity  of  the  form  (X*  +  F*)  of  these  primes,  and  also  on 
account  of  their  important  relation  to  other  bases  (developed  in  next  article),  it  has 
been  thought  worth  while  to  give  a  complete  list  of  all  those  within  the  range  of  the 
existing  factor- tables,  i.^.,  of  all  <  9,000,000.  These  are  given  in  Table  III. 
This  requires  no  explanation.  The  primes  are  seen  to  be  distributed  very 
irregfularly,  except  that  the  number  in  each  million  decreases  on  the  whole  (as  might 
be  expected)  as  the  numbers  increase,  as  shown  below — 


16  under  100,000  ;  25  between  100,000  and  1,000,000. 


[Name  of  million  ...  1st 
Abstbact  -j  Kumber  of  primes 

t    in  million 41 


2nd 

3rd 

4th 

5th 

6th 

7th 

8th 

9th 

16 

9 

8 

7 

9 

3 

9 

7 

Total 
109 
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The  lowest  is  p  ^  257  ^  1^  +  4^ ;  and  one*  (the  highest  known  to  the  author]  has 
been  discovered  beyond  the  range  of  the  factor-table,  yiz., 

p=  108  +  81  «3^+(4.26)<. 

Resolution  into  complex  factors. — ^Writing  p  =  V —  I  «  (1  +  >/--1)-t-  .^2,  then 

N^X*+T*^  (Z+rri(Z-l»(X+ V)(X-r^) (91), 


17.  Belation  to  other  Bases. 

The  fact  of  2  being  known  to  be  a  16-ic  residue  of  primes  of  form 

p^X*+Y*:^  X*  +  {4riY 

often  enablest  the  residue-index  {e)  of  either  X  or  K  (where  JT  is  the  odd  factor 
in  F)  to  be  determined  for  even  orders  {e  »  2,  4,  8,  &c.),  and  sometimes  to  a  high 
cider,  ill  two  cases  : 

(1)  When  either  X  or  K  =  I. 

(2)  When  the  residue-index  e  of  either  Z  or  JT  is  known. 

The  residue-index  e  depends  on  the  power  of  2  which  enters  into  Z,  F,  p  :  thus, 

writing  Z-2*.-H'±l,     r=2*.jr,     p  =  2^.n  +  l  (92), 

wherein  H,  ft  are  odd  {K  may  be  odd  or  even)  % 

and  2*  <  4,     2*  <  4,     2^  <  ^^  I (93). 

or  A<2,     Ar<2,      w<4-' 

Then  2'^  =  the  lesser  of  4 .  2*,  2**,  but  <  16  -) 

[  (94). 

w  =  the  lesser  of  (A +  2),  4A:  )  ' 

Now  p  =X*  +  2^.K*; 

therefore  A'<  s  -  2**  .  K*,     (mod  p) . 

Also  this  may  be  raised  to  any  power  ^^^^,  provided  e  be  such  that  ^—  be  an 

4*  4e 

integer.    Then 

Now,  let  e  be  determined,  such  that 


2*.(p-i)/*  =  1^    subject  to  ^^  =  integer 


4e 


.(96). 


Then  ^{p-i)/'  =  (_l){P-i)/4^   2i:^-i)/*  jgyj^ 


♦  Given  in  a  list  of  99  primes  >  100  millions  in  a  "letter  "  by  Mr.  W.  Davis, 
printed  in  the  Journal  de  Math,  pures  et  appliques^  2"  serie,  t.  xi.,  1866. 

t  This  method  is  a  development  of  one  given  on  p.  24  of  Mr.  C.  E.  Bickmore's 
paper  before  quoted  (since  foimd  to  have  been  used  by  Euler  ;  see  Nov.  Com.  Acad. 
Fetr.,  1. 1.,  p.  45). 
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Thus  j^P'l)!e^_j^-l)!'^    ^,^^   P^  is  odd (97«), 

m  +  K^'^'%     when    ^^iaeven    (97*). 

ie 

Hence      (—\     or(— ^    =  {-l)fp-i) *',    when  K or  X  =  I  respectively  ...(98a). 

AlBof— \     or  (  —  \  =(-l)(''-»i^'.(±l),  when  (-M    or  (  M   =±li8known 

(984). 

These  last  (98a,  b)  are  the  required  results,  determining  the  residue-index  e  of 
X  or  K. 

To  determine  e  as  above,  write 

<•  =  2',    and  suppose   A:  —  2^  .  w  (99)  J 

then  the  exponent  of  2  in  (96)  becomes 

k  .^--i  =  2'' .  «  .^"^  =  cc.^-^   (100). 

e  2*  2*~* 

The  object  being  to  determine  the  maximum  residue-index  (of  even  order)  of  X  or 
JT,  it  is  required  to  find  the  maximum  value  of  ^  =  2'  satisfying  the  conditions  (96). 

Noting  that  /i—  1  =  2^. ft,  this  is  mot  by  taking 

e-ic  =  the  greatest  of  0,  1,  2,  3,  4  ;  but  c  +  2  >  w    (101), 

whence,  max.  c  =  the  greatest  of  ic,  /c  + 1,  k  +  2,  ic  +  3,  ic  +  4  ;  but  ^  -w  — 2. ..(102a), 

and  max.  residue-index,  f  =  2°»"«   (1024). 

If  this  maximum  e  gives  (  — l)(i'-i''<«  =  —  1  (as  is  likely),  then 

[^\     or  (^\    --1,  whenJrorX=l  respectively (103), 

80  that  I  —  ]      or  (-^]     =+1 (103a), 

\  jy  /!•         ^P  lie 

and  i^tf  is  the  effective  maximum  residue-index  of  -Y  or  JT  in  this  case. 
Examples.— Vivke  «  =  2,  4,  8,  &c.,  in  the  fundamental  congfruence 

(1)  (f=2,     JJCi^^-'^^  +  JST*^"-*),    always (109), 

(2)  e  =  4,     X*(''-*^=-JS:*^-^  if /?  =  16X1  +  1) 

^  '  '-    (110). 

^^^i(f>-i)^  if /!=  32i+l    > 

Ex.  (1)  shows  that  Z,  JTare  always  both  quadratic  residues,  or  both  quadratlo 
non-residues. 

Examples. — The  following  examples  taken  from  Table  III.  of  primes  j>-X*+  (4ij)* 


■how  an  the  caa 

E)  is  not  <  8  (o 
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a  of  Bnch  primes  in  which  the  residue -index  (4?)  of  the  base  (i'  or 
e  ease  of  64),  so  that,  in  fact, 


\P  Jf  °'  \pJ^' 


a  are  difficult  to  find  bj  ttnf  othm'  method.    Many  caiteB  of  residae-indei 
□  be  found  from  that  table,  but  thej  weie  not  thought  worth  detailing'. 


Realitts. 

/• 

-vl.V=, 

n 

Xori' 

1' 

54,721 

15   8-1 

64 

IS 

8 

777 

17   4 

64 

17 

8 

149 

US7 

17  '6 

64 

17 

8 

160 

001 

5 

156 

1 

32 

6 

4.096 

32 

331 

777 

I  S 

3 

4.096 

3 

16 

614 

6.57 

1  4 

7 

>S6 

7 

3» 

1,97-2 

097 

31  1  i' 

128 

31 

16 

4,879 

837 

47     4 

64 

47 

8 

6,3U8 

+  17 

I  16.3 

SS-536 

1 

64 

6,308 

417 

1   8.6 

65.536 

32 

5,308 

417 

I  4.12 

65.536 

13 

3» 

18.  Fma  i(X'-t-Y*). 
In  all  casee 


Thus  the  fonr  quadratic  ptirtitions  are  effected  aJgebraically. 

Wow,  take  W  an  odd  number ;  thia  involvea  X,  Y  both  odd.  This 
form  will  be  fonnd  to  possess  many  properties  which  are,  in  a  certain 
Benee,  com-pleToentary  to  those  of  the  form  (X'+  F'),  and  it  is  interest- 
ing to  compare  them.     It  is  easy  to  see  that 


i(X'+r')  =  4a-t-],  b  =  i(^-y')  = 


3;  Jf  =  8m  +  l,   ahcaya 
(112), 
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and,  if  X  and  Y:^  3t,  then  N  =  S.Sm-{-l 

if  Xand  Yz^^i,  then  i\r  =  8 .  5m -h  1  =  el  *  (mod  100)  -...(113). 
if  X  or    Y=  5i,  then  ^'=0,3,*  (mod  100) 

Also,  as  in  Art.  16,  if  X  =  Ow,  (the  pi'odact  of  two  odd  nnmbers),  then 

iV^  =  1  (OV+  Y*)  =  i  («*+  r*),     [mod  (2wyi 

=  irO*+Y*),     [mod(2n)»]   (114), 

which  shows  that,  if  N  be  expressed  in  the  scale  whose  radix  is 
r  =  2iii  or  20,  the  last  three  fig^*es  of  all  such  numbers  are  the  same 
for  the  same  value  of  Y. 

jPar.— Take  «  =  5,    JV  =  J  (5Ml*+  l"*). 

All  Buch  nnmbers  end  in  the  same  three  figfures  ae  J  (5*  +  T*)  ;   e.^,, 

i  (6<  +  Z*)  =  353,    i  (16*  +  3<)  =  25,353,  &c. 

Next,    supposing    X>Y,    and   noting  that    one    of    (X±Y)    is 

necessarily  divisible  by  2,  and  the  other  by  4,  it  is  permissible  to 

write 

m  =  i  (X±  Y),     n  =  I  (X^  Y),  wherein  m  is  odd  ...(116), 

which  gives  X=7n-f2«,     ±Y=wi'N^2n    (115a), 

a  =  A  (X*+  Y'*)  =  m*+  (2n)^     b  =  ^  (X*-  Y^)  =  4r7in  =  d...(116), 

iV=m*-f24/nV  +  w* (117).- 

Referring  to  (111),  it  is  seen  that 

b  =  d,     a  =  g,     c  =  h (118)  ; 

whence  a'  =  b*-fc*  =  c*-f  d*  =  b*4-h>  =  g* (118a). 

Thus  every  solution  of  any  of  these  Pythagorean  equations  leads 
to  numbers  of  the  form  now  discussed.  Thus  also  these  numbers  are 
the  same  as  those  discussed  in  Ai't.  10,  and  the  final  fonns  (55),  (117) 
in  m,  n  are  the  samef  when  2n  is  written  for  n  in  (117). 

Now,  let  N  be  prime,  say  N  :=p  :  then  making  n  =  w,  2<i),  4w,  &c., 
and  attending  to  the  criteria  for  2-ic,  4-ic,  8-ic,  and  16-ic  residues 
(Arts.  3,  4),  the  following  table  may  be  drawn  up,  showing  at  a 


*  Here  cl,  cd3  are  to  be  read  arithmetically^  w,  e  being  odd  and  ei>en  digits, 
respoctively. 

t  The  apparent  diftcrepancy  l)et ween  forms  (55),  (117)  arises  from  the  discussion 
in  Art.  10  being  confined  to  numbers  ^V  =  16w+  1,  which  involves  n  being  even^ 
whereas  those  of  this  article  include  the  form  iV  =  S-w  +  1. 
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(2  \ 
—  1   =  +  li 

•and  consequently  (  —  j    =  —  1  in  most  cases. 


When  n^i{X^Y)  = 

M 

2» 

4» 

Sr 

Then           a  = 

4»  +  l 

8a+l 

8a-l-l 

8a+l 

b»d-. 

4» 

8» 

16» 

32i 

/i-l  = 

8v 

16v 

16v 

16v 

[  _  ]    Bi  1        when  tf  = 
\p  It 

2 

4 

8 

16 

{      ]     =  —  1,  when  e  ^ 
\P  lit 

4 

8 

16 

? 

...(119). 


It  will  be  seen  that   e  =  2n-f-w  as  far  as  e  =  16  (beyond  which 
the  conditions  as  to  residues  are  not*  known). 

Example*. — ^Table  IV.    contains  a  complete  list  of  all  the  primes  of  this  foim 

<  9  million  {i.e.,  within  the  range  of  the  Factor-Tables),  when  n  =  ^{X^T)  ■■  4jr, 
•of  which  therefore  2  is  an  8-ic  or  16-io  residue,  according  as  y  is  odd  or  even. 


19.  F(yrm  ^'=  (Z*+4Y*). 
This  number  is  alwaysf  composite,  but  its   factors  (say  .^„  ^,) 


present  some  interest.     Taking  ^i<^„ 


-?^i  =  Z»-2ZY4-2Y'=  (X/-'Y)'4-P 
2^,  =  Z'+2Zr4-2Y'  =  {X->tYY->tY^ 


(120a), 
(1206). 


CcLse  i. — Taking  X  odd^  Y  even  (=  2y),  it  is  easy  to  see  that  when 
^1,  N^  are  both  primes  (say  =jPi, /?»),  then  2  may  be  a  residue  of 
some  even  order  (2,  4,  or  8)  of  both  p„  p,,  so  that 

(1)  If  Y  =  2..,    (I)   =fM  =-1 (121a), 


♦  This  property  will  not  extend  beyond  ^  =  16  without  some  additional  condition 
to  insure  that  p—l  ^  32v. 

t  This  resolution  is  due  to  the  late  M.  Aurifeuille  ;    the  case  when   1"  =  1  was 
given  by  Sophie  Germain. 
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(2)  If  r=4.,   m  =(1)  =  +  1;    (2.)  =(A)  =_l 

(1216), 

(3;  If  r=8y,  (-^\  =fl)  =  +  1 (121c), 

whence,  writing  X  =  4a;±l  and  comparing  with  (Bickmore's  form  of) 
Reuschle's Rule,*  a  ■=.  X'-^2y  forp,,  a  =  x-\-2y  forp,,  /3  =  y;  noting 
that  p,  andp^  a-re  each  of  form  (Sw  +  l)  ;  therefore 

(  —  )   =(  —  I    =  —  1,     when  (x  ^  y)  is  odd   / 

\P^K       \pj%  L..(121(i). 

=  -f  1,     when  {x^y)  is  eren  J 

It  does  not  seem  possible  to  pursue  this  to  the  16th  order  generally ^ 
because  the  second  quadratic  partitions  (of  form  c'H-2d*)  cannot  be 
effected  algebraically.  Thei'e  is  one  case,  however,  of  some  interest, 
viz.,  when 

which  give      X  =  i  (7=*+  U'),     r  =  i  (F»-  TP)  =  TF*. 

The  general  solution  of  these  diophantine  equations  (in  17,  F,  TF)  is 

U  =  ^^2t\    F  =  6'  +  2^,   W  =^  2st,  (8  odd,  t  even) (122); 

whence  Z  =  s* + 4^*,    Y  =  (2«0  ^ 

N,  =  (s*^  2^')*  +  (2^0*,    N,  =  («*  +  20*  +  (2^0*, 

and,  finally,  2^=  (s*-{-4t*y-{-4(2sty    .^ (123). 

Thus,  when  the  two  factoids  ^„  N^  of  a  number  N  of  this  last  form 
are  both  prime,  2  is  a  16-ic  residue  of  both  (because  t  is  even)  ;  they 
thus  furnish  an  example  of  the  theorem  of  result  (79),  Art.  14. 

JSzample*. — Gases  in  which  both  JV„  JV^  are  prime  are  generally  beyond  the  range 
of  the  large  Factor-Tables ;  the  only  example  within  this  range  is  given  by 

»  =  6,  /=2;    giving  Cr=  17,   F  =  33,   TT  =  20,  Z  =  689,   r=  400; 
whence  JV;  =  /i,  =     243,621  =  17*  +  20*  -^  the  factors  of 

JVi=/?2=  1,345,921  =  33<  +  20*J         JV=  689* +  4.  400*, 
and  2  is  a  16-ic  residue  of  both  ^j,  JVo. 

Case  ii.  When  X,  T  are  both  odd,  it  may  be  easily  seen  that 


(  —  )   ==f1,     {  —  )=dbl,    always. 

\pi/t  ^pU 


*  See  footnote  Art.  3,  iii. 
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But,  as  the  16-ic  character  of  2  cannot  be  tmced  in  a  general  manner, 
it  is  not  worth  while  pursuing  this  case  ;  it  appears,  in  fact,  that  in- 
this  case  the  factors  ^i,  N^  cannot  both  be  of  the  form  |  (x*-\-y*) 
discussed  in  Art.  18. 

20.  Farm  N=  (X^-f  Y")  -r-  (X*+ Y*)- 
This  form  is  of  consid8rable  interest.     In  all  cases 

^'=:X»-Z*Y*+r*    (124), 

=  (X*-Y*)'+(XY)*.  =  a^b* (124a), 

=  (X*-J^»YHY*)'-f2{XY(X'-Y0]«=  c'-f2d»  (1246), 

=  (X*+Z'Y^+Y*)2-2{XY(:X«+Y')}^  =  e»-2P (124c), 

=  2  (X'-X^Y+X'Y^^XY'-i-Yy 

-(X*-2Z«Y+Z»Y»-2XY»+ Y*)'  =  2g»-h^..(124(/), 
=  (X*-iY*)'  +  3    dry        =^»  +  35^    (when  Y=2y)...(124e), 

^  (^^2^T'^^{^T^T     ^  ^'  +  3^'^    (^^^e^  ^'  ^^oth  odd) 

(124/), 

=  i  {(2.1)'+27(|B)»}  =  i(L«-h27iir), 

(whenJ5=:3^)    (124^), 

=  i|(il±3B)H27(^^y}  =  i(LH27M2), 

(when*  ^  and  BrjfcSO  ...(124^). 

Thus  the  six  quadratic  partitions  (124a-7t)  which  are  most  often 
requiredf  for  the  2-ic,  3-ic,  4-ic,  8-ic,  &c.,  residuary  character  of  each 
of  the  bases  2,  3,  5,  6,  7,  10  are  effected  algebraically  in  simple 
forms,  and  the  numerical  work  can  be  effected  directly. 

Taking  N  an  odd  number,  which  involves  ofie  of  X,  Y  (say  X)  being 
also  odd,  it  may  be  shown,  as  in  Art.  16,  that 

2V=16.3.5.m  +  l  =  cl,     (mod  100)    (125),. 

and  that,  if  X  =  Ow, 

then  N  =  «^-a,*r+  Y«,       [mod  (2ai)*]  ) 

J.     ...(IJo). 

=  0«-0*Y*+  Y^      [mod  (20)*]  ) 
This  shows  that,  if  N  be  expressed  in  the  scale  whose  radix  is  r  =  2(if 

*  In  result  (124A)  one  of  (A^B)  must  be  a  multiple  of  3,  and  Jf  Ih  to  be 
taken  =  the  inte^^  value  of  ^{A^B),  and  the  opposite  sign  is  to  be  used  for- 
X  «  (^±3^) ;  iiiiB  removes  the  ambiguity  of  sign. 

t  See  Bickmore*8  paper  quoted,  Artis.  13-17. 
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or  2(2,  the  last  four  figures  of  all  such  numbers  are  the  same  for  the 
flame  value  of  Y. 

Example. — Take  »  «  6,  iV  -»  6W—  5^X1^  F^  +  r* ;   all  such  numbers  end  in  the 
same  four  figures  as  (6*— 5<  Y*  +  Y*) . 

Case  i.  Taking  X  odd,   Y  even,    it  may  be  shown — by  reasoning 
similar  to  that  of  Art.  16 — that,  when  ^  =  o  (a  prime), 

(1)  (i\   =  +  1,  always;  and  (-]   =-1,  when  r=2u)...(127a), 

(2)  When  r=4;7,  then  f— )     =(—]    =(-]   =+1 (1276). 

^P^it      ^pU      ^pU 


I — J   =1,  when  y  is  a  multiple  of  6  (but  not  otherwise)... (128). 


Again,  the  partition  (124e)  shows,  comparing  with  Jacobi's*  rule 
for  the  cubic  character  of  2,  that 

_2 

P 

As  the  cubic  condition  does  not  interfere  with  the  2-ic,  4-ic,  8-ic, 
and  16-ic  conditions,  it  follows  that 

When  r=6ai,     then  f— "j     =-fl,   (1)    =-1 (128a), 

^PU  ^P^ii 

When  r=  12,7,  then  f -2-)    =  (^]    =  (^]    =(1)=4-1 

^PU       \pU       ^Pln       ^pU 

(1286). 

Case  ii. — Taking  X,  Y  both  odd ;    and  taking  X>  F,  and  writing 

(as  in  Art.  18) 

X=m  +  2n,     F=m'^2n, 

which  give         a  =  (m*— 4w*)^     b  =  16  {w?'\'4ev?)  mn, 

d  =  8  (m* — 4w')  mn, 

and  it  is  easy  to  see  that  N  =  16iir-fl  always  ;    hence,  attending  to 
the  criteria  of  Arts.  3,  4,  it  follows  that  (when  N  =^  p) 

(|).=(f).  =  (f).  =  -'''"'""^^* ^'''"^' 

(— I    =  —  1,  or+1,  according  as  ?i  =  r  (Xt^?  Y)  is  odd  or  even 

^P  hn 

(1296) 


*  See  Bickmore's  paper  already  quoted.  Art.  13  (2),  p.  16.  Results  (124  e,  g) 
ahow  that  2  and  3  are  both  of  them  cubic  residues  of  j?,  when  Y  —  6g  (but  not 
otherwise). 


1895.]  2  as  a  IG-ic  Residue.  109' 

A^in,  resnlt  (124/)  shows  (by  Jacobi's  mie  for  cnbic  rasidnes)  that- 

(  -)   =1,  when  X*Y  =  3t,  i.e.,  when  JCandF^jtSi (129c). 

Hence,  combining  (129a,  6,  c), 

(  —  J     = -1,  or  -hi,  when  TV(-X:*r)  iBotWoret-en    ...(129e). 

X'x<nnp/ri.— ThufonD(t24]  in  interesting'  &g  giving  priniea  of  nhicli  2  ia  a  48-10- 
reeidae,  when  Y  -  12i)  and  when  X*  T  =  Sir.  There  are  only  n>  primeB  (Bhown 
beloir)  within  the  range  of  the  Factor-Tables  (■.«.,  <  9  million) ;  the  case  of  2 
4  48- ic  reeidue  is  bejond  this  range. 


'2  b  IG-icNun-Residuo. 
[•aUiW-iomWiuortliMe.] 

2al6.icEcBidae. 

P 

B.481 
39{I,OOI» 

4,654,801" 
6,6:6,681 

P-l 

X 

3 
5 
J 
1 

r 

P 

p-l 

X  !  r 

16, Si. 5 
16.3.635.13 
16. 27. 15. 431 
16.3.5.19.  1123 

t 
i 
3 

61,S61 
346,661 

32.3- 5- lo? 

64.3.5.361 

3     4 

5       3 

1 

21.  Form  N=  {X^+  Y")  -^  (X'-t-  T*). 
In  all  cafiee 
Jff=  X'-X'*Y*+T'T'-X'Y^+Y''  (130), 

=  (z«-x'Y'-i-r')'+[x'r'(x*~r»)]'         =a'-j-b'  ...(laoo), 

=  (X'-X'Y'  -  X*  Y*-  X'Y'+  F")' 

-h2  [ZY(X'~Y')]"  =  o"-!- 2d' ...(1306), 
=  (Z'-)-X«Y'-X*Y'-l-X'r'+ Y»)' 

-2  [3:Y(X'-|-Y»)]'  =  e*-2P  ...(130c), 
=  2  Ce-f)'-(e-2f)'  =  2g:'-V...(130ti). 

Ctwe  i.— Taking  X  odd,  Y  even,  it  ia  seen  that  N  =  16»  -I- 1  always  ; 
also,  when  N  =p  (prime),  it  follows  (as  in  Art.  20,  Case  i.)  that 


:  -^  1,  always;  and,  when  Y  =  2iu, 


=  -l,..(131«). 


When  Y=4ii,  then 


..(1314).. 
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Case  ii. — Taking  X,  Y  both  odd,  it  follows  (as  in  Art.  20,  Case  ii.) 
that  ^  =  16or-f  1,  always;  and  that,  when  N ^=p,  then 

(2  \ 
—  )    =  —  1,  or+l,  according  as  j  (X^  Z)  is  odd  or  ev€7i  ...(1326). 

These  primes  have  a  further  interest  from  the  pix)perty*  that  2  is  a 
quintic  residue  of  theni  when  Y=10y  (Case  i.),  and  when 
(X?t7  Y)  =  10;y  (Case  ii.)  ;  hence 

When    Y=20y,   or  X^Y  =  40i/,    then 

(2)    =(2)    ^/2N    ^/l)    =(-2-)=+l (133). 

Vp/ao       \^/4o       ^P^so       Vi?/io        ^P^'s 

Examples. — The  nmnbers  run  so  high  as  to  render  primes  difficult  of  discovery 
(being  all  >  9  millions) ;  the  only  onet  known  to  the  author  falls  under  Case  i., 

/>«  (l20  +  4»)-r  (1^  +  4^)  =4,278,255,361;    here  r-4. 

The  (a,  b),  (c,  d)  partitions  given  by  (130a,  b)  of  course  satisfy  the  16-ic  criterion 
(because  F  =  4),  and  it  is  otherwise  knownt  that  2  is  a  16-ic  residue  oip  [because 
p  is  a  divisor  of  (2*>  +  1 )]  ;  so  that  this  may  be  accepted  as  part  evidence  of  the  new 
16-ic  criterion. 

22.  Form  (X^-+r*-)  -f-  (X*-\-Y*). 

Since  the  quadratic  partitions  of  both  numerator  and  denominator 
of  this  number  are  known  [by  (81)  when  X  is  odd,  and  Y even;  and 
by  (111)  when  both  X,  Y  are  odd],  the  similar  partitions  of  the 
quotient  can  be  found  by  the  process  of  S3mthetic  division  given  in 
Art.  14. 

Case  i. — Taking  X  odd,  Y  even,  it  follows  that  N  =  16m +  1  always. 
Also,  when  J^^  =  2>  (a  prime),  it  may  be  shown,  as  before,  that 

I  —  )   =+1,  always;  and,  when  F  =  2a;,  ( — \    =  —  1  ...(134a), 

When  r=4„,   i'^\    =f^)    ={^\   =(^)    =  +  l...(1346). 

^p/io       \Jp/8       ^Pl^       ^PU 


*  See  footnote  (♦)  to  Art.  22. 

t  This  number  is  quoted  as  a  prime  divisor  of  (2*^+1)  in   Mr.   Ed.  Lucases 
paper  **  Sur  la  Serie  rccurrente  de  Fermat,"  Rome,  1879  (p.  9). 
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Case  ii. — Taking  X,  T  both  odd,  it  may  be  shown,  as  before,  that 
N  =  16tff  + 1 ;  and  that,  when  N=:  p,  then 

(f).=(F). =(!).=- "->• 

(  — )    =  —  1,  or  +1,  according  as  ^  (X^  Y)  is  odd  or  even  ..,(lS4d), 

[It  has  not  been  thought  worth  while  to  show  the  details  of  this,  as  the  algebraio 
reduction  of  the  16-ic  criterion  is  somewhat  tedious ;  and  they  may  be  inferred  at 
once  from  the  general  theorem  (79)  alluded  to  at  end  of  Art.  14,  since  the 
numerator  and  denominator  of  the  fraction  forming  iV  are  boih  of  sextodecimio 
form  when  T  =  4ij,  and  also  when  (i?b  1")  =  8k.  Numerical  examples  are  beyond 
the  reach  of  the  Factor-Tables  when  w  >  3]. 

With  these  primes  2  is  also*  an  w-ic  residue  (if  w>3,  and  prime) 
when  F=  2a>?/  (Case  i.)  and  also  when  {X^t^  Y)  =  2wi|,  (Case  ii.)  ;  hence 

When  Y  =  4w?/,  and  when  {Xt^;  Y)  =  8wi; ;  then,  (if  w  >  3,  and 
prime), 

\p/l6m  \p/bm  \p/U  \p/2m  \plm  "  ^* 

23.  Mersenne^s  Numbers, 

These  are  numbers  of  form  y  =  (29—1),  where  q  is  prime.  The  composite  or 
prime  character  of  these  is  difficult  to  discover,  owing  to  their  having  no  algebraic 
divisors.     Nine  new  composite  Mersenne's  nimibers  have  been  discoveredt  (during 


Exponent 
9 

Divisor 
/?  =  16^  +  1 

p-J[*+P. 

1 

Exponent 
Q 

1,367 
11,699 
12,437 

Divisor 
i?=  16.3^+1 

p^X<-^Y* 

X 

•  •  • 

13 
II 

19 
43 
53 

Y 

•  •  • 

4 
16 

32 
32 
28 

X 
3 

•  •  ■ 

27 

Y 
16 

•  •  • 

16 

397 

1,801 

5,011 

73,681 

279,211 

531,571 

6,353 
28,817 

80,177 
1,178,897 

4,467,377 
8,S05»i37 

65,617 
561,553 
596,977 

*  A  recent  discovery  of  Mr.  C.  E.  Bickmore's  as  to  primes  of  form 
p  =  (J:*?t7  r*)  -r  {Xt^Y),   where  co  >3,  BJid. prime. 

t  These  are  the  only  cases  at  present  known  to  the  author  of  Mersenne's  divisors 
of  either  of  the  forms  (16^  +  1),  (16.3.^-1-1). 
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the  present  research),  as  in  table  on  p.  Ill  : — 

6  with  prime  divisors  of  type  p  =  16^  +1,  (of  which  2  is  a  16-io  residue), 

3  with  prime  divisors  of  type  j?  »  16  .  3^  + 1,  (of  which  2  is  a  48-ic  residne) ; 

seven  of  these  are  of  type  p  =  X*+  {ifiYf  and  there  are  no  more  prime  Mersenne's 
divisors  of  the  type  p  =  16^+1  »»  X*+  (iri)*  nnder  9  millions  (as  may  be  gathered 
from  an  examination  of  Table  III.). 

24.  Proof  of  the  16-tc  Criterion. 

The  proof  to  be  offered  of  the  new  sextodecimic  criterion  is  at 
present  wholly  an  iDdnction  from  numerous  instances.  As,  however, 
the  octavic  test  itself  depends  at  present,  (it  is  believed),  wholly  on  a 
similar  proof,  a  general  proof  of  the  new  16-ic  criterion  should,  in 
fact,  be  preceded  by  a  general  proof  of  the  8-ic  rule. 

The  first  point  is  to  collect  a  sufficiently  large  number  of  primes  of 
form  p  =  16m  4-1  for  which  the  residue-index  of  2  is  kTwum  for 
certain  to  be  in  some  cases  8  (or  8w),  and  in  some  cases  16  (or  16i)  ; 

i.e.,  such  that  ( — )  =  +  1  in  all  the  cases,  and  ( -  )  =  —  1  in  some 
cases,  and  =  +  1  in  some  cases. 

For  this  there  are  two  published  lists  available. 

(1)  Beoschle's  **  Tables,"  already  quoted,  give  the  residue-index  of  2  for  all 
primes  <  5,000,  together  with  the  quadratic  partitions  required ;  'these  include  9 

primes  for  which  (  —  )     =*  —  1,  and  9  primes  for  which  (  —  )     =  +  1.      [Several 

errata  corrected  among  these.] 

(2)  Lucas's  paper  already  quoted  gives  many  of  the  prime  divisors  of  (2"^  1)  for 

many  values  of  « 1^210  (the  table  is  of  course  very  incomplete).  Among  these 
are  17   primes,  between  6,000  and  21,000,000,  of  f orm  jj  =  16»i+l,    such  that 

(—1     =  —  1  in  6  cases  and  =  +  1  in  12  cases.    All  of  these  have  been  utilized. 
P  /id 
This  paper  contains  also  about  14  primes  >  25,000,000  (some  of  12  figfures)  of  form 

16m  +  1  for  which  the  residue-index  (8  or  16)  is  known ;  but  the  labour  of  effecting' 
the  quadratic  partitions  would  have  been  so  great  that  these  are  not  here*  utilized, 
with  the  exception  of  the  large  prime  (2*o+l)  -f  (2«+l),  quoted  in  Art.  21,  the 
quadratic  partitions  of  which  are  specially  easy  [being  given  by  (130fl,  b)"]. 

Besides  these  the  author  of  this  paper  has  computed  himself  for  the  present  pur- 
pose the  residue-index  of  all  the  primes  of  form  p  »  16m  + 1  between  5,000  and 

10,000  (not  given  in  Lucas's  memoir)  of  which  (  —  )     =  ±1  ;   theae  give  10  cases 

\  P  fl6 


*  Moreover,  there  is  some  risk  about  these  very  high  numbers  (when  >  25  million) 
not  being  really  prime ;  Lucas  does  not  state  how  their  prime  character  was 
determined. 
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of  I  —  )     >=  —  It  and  2  cases  of  (  —  )    =  + 1 ;  and  has  also  computed*  the  residue- 

\p/w  \Pfi6 

index  of  even   order  of    55  larger  primes  (>  10,000,  but    <  9,000,000)  of  form 

p  =s  16m  + 1  to  the  extent  of  determining  that  (  —  )     =  ±1  (which  is  aU  that  is 

^P  fl6 

required  for  the  present  purpose,  t.^.,  the  labour  of  determining  whether  the 
residue-index  was  a  multiple  of  16,  has  not  been  specially  undertaken) ;   these 

comprise  25  cases  of  (  —  )     =»  —  1  and  30  cases  of  (  —  )     =  + 1. 

\Ph6  \pJ\6 

Also  three  cases  for  which  (  —  )     =6zl  were  contributed  to  this  paper  by  Mr. 

C.  E.  Bickmore. 

The  following  is  an  abstract  of  the  evidence  offered — 

From  Reuschle's  Tables  :  9  cases  of  f  —  ^     =-1,    9  of  I  ~\     «  +  l;    totalis. 

\Pfw  \Pfi9 

From  Lucas's  n 
By  the  author : 
ByMr.  C.E.Bi 

Totals 

This  evidence  is  detailed  in  the  Tables  I.  and  II.     Table  I.  contains 

all  the  primes  (50)  for  which  (  ^ )    =  —  1,  and  Table  II.  contains 

all  those  (56)  for  which   (— )    =  H- 1.     Both  tables  show  for  each 

prime  {p),  the  elements  (a,  b),  (c,  d)  of  its  two*  quadratic  partitions, 
and  the  corresponding  values  of  /J'  =  ^^h,  ^  =  |d ;  from  which  it  will 
be  seen  that  the  16-ic  criterion  is  satisfied,  viz.,  that 

^'  +  8  is  odd  throughout  Tabic  I.,  and  even  throughout  Table  II. 

The  three  columns  headed  ^ ,  f ,  e  are  required  to  show  that  the 

residue-index  is  really  8  or  16  as  stated  in  Table  I.  or  II. ;  thus 

The  column  of  ^^  shows  the  complete  even  factor  (2'"^)  contained  in  (P-l), 

ft 

where  p  =  (2'^.ft+l). 

The  column  of  |  shows  the  minimum  exponent  ({)  for  which  2*  =  +  1  (mod  j?), 
when  known  ^  or  else  as  many  factors  of  (  as  are  known  (in  the  case  of  some  of  the 
higher  primes)  ;  the  unknown  factors  being  indicated  by  **&c.",  or  by  «,  (when 
known  to  be  odd). 

The  colimm  of  -^^^   shows  the  maximum  residue-index,  [e  —  ^^  )    of  2  to 

modulus  j9,  when  known^  or  else  as  many  factors  (especially  the  even  factors),  as  are 
known(in  the  case  of  the  higher  primes) ;  the  unknown  factors  being  indicated 
by  "  &c.",  or  by  »  (when  known  to  be  odd). 

♦  The  labour  of  computing  the  residue- indices  for  so  many  large  primes  (56),  and 
of  effecting  the  quadratic  petitions  for  the  whole  [number  (about  75)  not  given  in 
Beuschle*s  tables,  was  very  great. 
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These  three  colamns  together  show  distinctly  that — 

©—  1 

(1)  Throughout  Table  I.  the  TnaxiTmiin  reddne-index  ^ —  is  either  8  or  8«,  and 

the  reet  of  the  even  factors  of  (p—  1)  will  be  found  aooounted  for  in  the  column  of  | ; 
the  product  of  the  even  factors  in  these  two  columns  of  (  and  ^^^^  being  always 

«£z:l.    Hence  (  —  ^     «- 1  throughout  Table  I. 

(2)  Throughout  Table  11.,  the  maximum  residue-index  -^^^  is  either  16  or  a 
multiple  thereof ;  hence  [  —  ]    >b  + 1  throughout  Table  II. 

Lastly,  the   column   headed   "  Bef."    shows  a  reference  to  the 

authority  for  the  fact  that  the  primes  in  question  have  2  as  either 

an  8-ic  or  a  16-ic  residue ;  the  reference  is  given  by  an  initial  letter, 

thus — 

B  for  Bickmore,  C  for  Cunningham,  L  for  Lucas,  B  for  Beuschle. 

These  two  tables  contain  the  whole*  of  the  evidence  of  the  new 
16-ic  criterion. 


26.  Bssewrch  of  Frimes  for  which  { — \    =  — 


1  w  +1. 


Most  of  the  large  primes  marked  C  in  the  Tables  I.  and  II.,  used 
for  establishing  the  16-ic  criterion,  were  discovered  by  the  following 
processt,  which  is  interesting  in  itself. 

A  large  series  of  numbers  were  computed  of  following /owr  types  \^— 

N=:(2'^a%  (2'+a0;     (2'.6'-l),  (2'.6'+l) (135), 

for  the  following  series  of  values  of  a',  5',  ar, 
«•  -  38,  3W  3«^;  6«,  6"  ;  7»,  V^ ;  11« ;  ft*  =  S',  6«,  7«,  ll^ ; 
X  a  odd  and  even  values,  from  1  to  about  31,  in  both  (2'r^a«) ; 
X  B  even  values  of  form  x  «  2»,  from  2  to  about  62,  in  (2*  +  a'),  when  ^  ■>  4^  ; 
X  s  odd  and  even  values,  from  1  to  about  20  in  (2* .  &«  =F  1). 
X  =  even  values  of  form  a;  «  2«,  from  2  to  about  38,  in  (2*.  *'  + 1),  when  e  «  4^. 

It  will  be  seen  that  these  numbers  run  very  high.  All  numbers  of 
the  four  types  within  the  range  of  the  large  Factor-Tables  (i.e.,  below 
9  millions)  were  computed ;  the  primes  were  noted,  and  the  compo- 
site numbers  were  decomposed  into  their  prime  factors.  Many  such 
numbers  were  also  computed  far  beyond  the  square  of  the  9  million 

*  As  these  pages  pass  through  the  press,  12  more  instances  in  support  of  the 
new  criterion  nave  been  discovered  (4  by  Mr.  Bickmore,  8  by  the  author),  but  too 
late  to  be  here  detailed  (see  foot  of  p.  117).  This  raises  the  number  of  primes  in 
evidence  to  118. 

t  Adapted  from  Mr.  C.  E.  Bickmore^s  paper  (p.  20,  Art.  13)  already  quoted 
(since  found  to  have  been  used  by  Euler ;  see  Nov.  Comm.  Acad,  Fetr.,  1. 1.,  p.  45) ; 
the  power  of  the  process  is  considerably  extended  in  the  present  paper  by  utilizdng 
the  chance  of  a  and  h  being  residues  of  orders  2,  4,  8. 
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limit,  whenever  it  seemed  possible  to  decompose*  them,  and  they 
were  then  decomposed  into  prime  factors.  In  this  way  a  large 
stockf  of  primes  of  the  above  forms,  and  of  prime  factors  of  com- 
posite numbers  of  the  above  forms,  was  accumulated. 

Now  let  p  denote  any  prime  of  one  of  the  above  forms  N,  or  any 
prime  factor  of  a  composite  number  N  of  one  of  those  forms.  With 
such  primes,  therefore,  one  of  the  following  congruences  exists 

2'  =  ±a%    or  2'.6'  =  dbl,    (mod 2?) (136). 

A  selection  is  now  to  be  made  of  those  primes  which  are  of  any  of 
the  forms  (no  others  are  of  any  use  for  the  present  purpose) 

2?  =  e/+l,    2)  =  €.e/+l,    i?  =  2e.e/+l    (137), 

where  e  =  the  residue-index  J  of  even  order  of  a  or  fc,  so  that 

ai^-iv.=  ^  1^  a^-»i/"'=-l;     U'^"'^"  = -^  I,  6^-»)'»*  =  -l...(138). 

Now,  according  to  these  three  forms  (137)  of  primes,  the  fundamental 
congruences  (136)  may  be  raised  to  the  powers 


(139), 


i.  ^ —  =/,    ii.  £ =  /,     iii.  ^ —  =  /  (=:  integer  in  each  case) 

S  ce  ^€6 


with  the  results 

I  (2'y^-'^''=(±iy,ar-\     or     (2')^-*J''.6'"*  =  (±l)^ 

whence  (2')*"*^^' =  (dbl)^  (in  both  caies)   (140); 

ii.  {2')^'^''  =  (±iy.a''"'^'\    or     (2')^-'^^".fe^"''^'  =  (=fciy, 

whence  (2')('»-»)/"  =  (±  1)/  (in  both  cases) (141)  ; 

iii.  (2')^''^i'''=(±iy.a^''^^%  or  (2'y^''^'^'\V^-'^'^  =  ±(-iy, 
whence  (2') (/>-»)/'«'  =  -(±  ly  (in  both  cases) (142). 

In  each  of  these  Cases  i.,  ii.,  iii.  two  sub-cases  must  be  distinguished, 
according  as  (1)  aj  =  w,   (2)  x  =  2uf\  and  the  only  case  of  any  use  in 

*  The  author  has  prepared  a  MS.  **  Canon  Arithmetions  ''  for  the  bases  2,  3,  5,  7 
on  the  pattern  of  Jaoobi  §,  which  enables  the  tmall  factors  of  numbers  of  above  t3rpe6 
to  be  quickly  found.  Also  all  numbers  of  type  (2^  +  a^*)  can  be  decomposed  into 
two  nearly  equal  factors  (2«=f2*'-+*>  .  a'  +  a^*),  a  resolution  due  to  the  late  Mons. 
Aurifeuille.  By  this  means  some  numbers  >  4}  million  billions,  e.p,  (2^  +  5^^) 
were  resolved  into  prime  factors. 

t  The  labour  of  doing  this  was,  of  course,  very  great. 

{  It  is  easy  to  deteimine  when  c  »  1,  2,  or  4  for  tmall  bases  a  or  &  »  3,  5,  7, 11,  &c. 
Simple  rules  for  this  have  been  given  in  Mr.  C.  E.  Biokmore's  paper  already 
quoted,  Arts.  13-17  ;  see  also  Pepin's  Memoire  sur  let  lois  de  redproeite  rekUwet  aux 
rettdus  de  puistanees,  Rome,  1878  ;  pp.  41  to  69.  For  the  case  of  c  »  8  the  author 
is  indebted  to  a  MS.  communication  from  Mr.  Biokmore,  which  it  is  hoped  will  be 
published  shortly. 

[As  the  rules  for  €  «  8  for  the  bases  3,  5,  7,  &c.,  have  not  yet  been  proved,  it 
may  be  noted  that  they  have  been  used  (only  in  Table  II.  and)  only  to  raise  the 
residue-index  {e)  of  2  above  16,  so  that  the  present  ** evidence'*  of  the  new  16-ic 
criterion  of  2  in  no  way  depends  on  them.] 

I  2 


116  Lt.-Col.  Allan  Canningham  on  [Dec.  12, 

this  Gonnexion  is  when  w(=a;or|«)  is  prime  to  (p-^l).  In  this 
case  only — 

Sub-case  (1).  a;  =  w,  and  prime  to  (p— 1);  then  x  may  be  ex- 
pnnged  from  all  the  congmences,  which  thns  g^ve 

i.  (1)  ;  2^->)/'  =  (±  ly,       ii.  (1)  ;  2^'-^^'"  =  (±  1/, 

iii.  (1);  2f'-»)''*'=-(±iy  (143). 

Suh'Case  (2).  x  =  2ci»,  and  \x  prime  to  (p~l)  ;  then  |«  =  »  may 
be  expunged  from  all  the  congruences,  which  thns  g^ve 

i.  (2)  ;  2^-»>^**=  (±iy,      ii.  (2)  ;  2^'-»)'**'  =  (±iy, 

iii.  (2);  2^-»)^'=-(±iy (144). 

To  obtain  the  maximum  residue-index  (E)  of  even  order,  this  process 
should  be  pushed  (if  possible)  to  the  extent  of 

2(p-i)/»«=-i,  whence  2^''-»'''=  +  1,  )  .^^. 

whence  E  =  maximum  residue-index  required ) 
It  is  evident  that  this  method  is  one  of  cousiderable  power,  as, 
taking  e  =  4,  8,  16,  32,  the  maximum  residue-index  occasionally 
reaches  32*  or  even  64,  with  the  help  derived  from  a  knowledge  of 
e  =  2,  4,  or  8  for  the  auxiliary  base  (a  or  h)  used ;  and  it  also  enables 
large  primes  (p)  to  be  dealt  with. 
Numbers  of  the  forms 

N=za'^2',h\    or    a'+2'.6*  (146), 

may  also  be  treated  in  the  same  way  as  those  of  the  forms  (135). 
They  are  of  course  more  laborious  to  compute  than  (135)  ;  moreover, 
the  auxiliary  bases  a,  h  are  seldom  both  of  them  residues  of  any  even 
order  >2  of  the  same  pnme  (p),  so  that  the  process  can  seldom  be 
pushed  to  finding  residues  of  order  higher  than  8.  By  taking  e  =  8 ; 
a  =  5,  7  ;  &  =  3,  5 ;  and  x  as  before,  a  few  additional  instances  in 
support  of  the  16-ic  criterion  were  obtained,  and  are  embodied  in 
Tables  I.,  II. 

Bxample.—Take  JV=  (22  +  3»«)  =  (2-2  .  38  +  3^»)(2  +  2  .  38+3»«)  by  AurifeTiiUe'g 
decomposition,  [see  (120fl),  (1206)]  ;  the  larger  factor  iVj  =-  6 .  8,611,969  ;  also 
8,611,969=^,  and  ^-1  =  128.3.41.647  =  128n.  Also  3*^''"'^s+l,  and 
3i(p-i)  ^  .1^  ^^  ^  ^1  (2626«+ 1312«).      Here  2'=  -3«    whence 

(2J)iii(i'-i>.=  («i)0.3H/»-i),  ^  (_i)  (_i)  .    therefore  2"^""^^=  +1. 

*  Table  II.  contains  45  cases  of  primes  of  form  p  —  (32ir  +  1) ;  in  12  of  these  2 
is  shown  as  a  16-io  (non-32-io)  residue,  in  19  as  a  32 -ic  residue ;  in  the  remaining 
14  the  analysis  does  not  distinguish  between  16-ic  and  32-ic.  Also,  10,657  ; 
54,721 ;  67,073 ;  83,777  have  been  found  to  have  2  as  a  32.ic,  16-io,  16-io  (non- 
32-ic),  64 -ic  residue  respectively.  These  will  serve  as  a  nucleus  for  verifying  here- 
fiiter  ihe  (yet  to  be  discovered)  criterion  of  32-ic  residuacity. 

^  The  (a,  b)  partition  of  this  large  prime  (j>)  is  effected  thus  :  by  (120&) 
^i- 5.8,611,969  =  (38+ 1)9+ 1«;  .-.  p  =  (1«  + 65629)  +  (12  +  22);  now  apply 
Result  (77a). 
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[The  meanB  at  dispoeal  here  do  not  enable  one  to  distingaiBh  between  the  signs 
of  2"*^"*^s  ±1,  so  it  is  uncertain  whether  ^  —  64  is  the  maximum  residue-index 
(of  form  e  =  2«)  or  not.] 

26.  Verification  of  Rnidue-index, 

As  the  labour  of  verifying  the  fact  that  (  —  )     =  —  1  in  Table  I.,  and  =  +  1  in 

Table  II. ,  would  be  very  g^reat  (by  any  direct  process)  in  the  case  of  the  larger 
primes  (except  when  the  minimum  exponent  {,  graving  2^  =  +1,  is  known  to  be 
small),  the  means  has  been  g^ven  of  making  the  verification  easily  by  the  method 
developed  in  Article  25,  by  adding  a  broad  column  headed  '*  Verification  **  on  the 
right  of  Tables  I.,  II.,  sub-divided  into  six  columns,  giving  the  necessary  data  in 
the  case  of  most  of  the  primes  (marked  G)  newly  determined  by  the  author,  and  of 
a  few  others. 

The  sub-column  headed  (7h)  shows  which  of  the  signs  (^t?)  belongs  to  the 
fundamental  number  iV[see  (136),  (146)],  from  which  the  prime  in  question  {p)  is 
derived  (as  being  a  sub-multiple  of  N)  ;  of  course  the  eigns  are  changed  in  forming 
the  congruences  (136).  The  remaining  sub-columns  give  the  values  of  a,  6,  «,  x^  c, 
needed  with  the  prime  p  for  the  method  of  Art.  26  ;  when  two  values  of  c  are  shown, 
the  first  belongs  to  a,  the  second  to  b. 

27.  Tables. 

Five  tables  of  primes  of  which  2  is  an  8-ic  (but  noii-16-ic)  or  a 
16-ic  residue  are  here  subjoined. 

.Tables  I.,  II.,  III.,  FV.,  have  been  suflGiciently explained  in  the  text; 
see  Arts.  24, 26, 26 ;  16, 18.  Suffice  it  to  say  here  in  addition  that  Tables 
I.  and  II.  contain  a  complete  list  of  all  primes  under  10,0(X)  of  which 
2  is  an  8-ic  (but  non-16-ic)  or  a  16-ic  residue,  with  details  explained 
in  Art.  24-26,  besides  many  larger  primes.  Table  V.  contains  the 
continuation  of  that  list  ccmiplete  from  lOfiOO  to  26,(XX),  with  the 
values  of  (p— 3),  a,  b,  c,  d  for  each. 

Tables  III.  and  IV.  contain  complete  lists  of  all  primes  under 
9  millions  of  two  forms,  viz..  Table  III.  of  primes  of  form 
p  =  X*-^{4riy  of  which  2  is  a  16-ic  residue  (Art.  16),  and  Table  IV. 
of  primes  of  form  p  =  i{X*-\-  Y*)  of  which  2  is  an  8-ic  (but  non- 
16-ic)  or  a  16-ic  residue ;  see  Arts.  10,  18. 

Additional  ^^ Evidence- Primee^^ 
[Discovered  too  late  for  insertion  of  details  in  Tables  I.,  II.] 

Table  I.:  10,369  (B)  ;  61,621  (C) ;  204,161  (C);  666,313  (B) ;  820,481  (C) ; 

3,279,361  (6), 

Table  H.  :  64,721  (C) ;  67,073  (C)  ;  83,777  (C)  ;  86,661  (B) ;  96,713  (B) ; 

206,441  (G). 

[Effata.     Sec  foot  of  p.  122.] 
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Errata  in  Col.  Cmmwfham'i  Fapert, 
}.  6*,  1.  8,  for   "  2Vl,"  '«td  "  2^*'-"." 

„      I.  B./i*  '■2'"''*-"=,"  rtad  "2A>-1)^_„ 
J.  87,  formula  18,  for  ••  (8f±l)',"  read  "  (8S±1)'." 

„     footnote  t, /«■  "1848,"  rend  "1668." 
>.  89,  footnote  *.    The  mle  as  to  c  or  d  - 

or  3»-H  1,  U  not  Eulec's ;  it  is  due  to  Mr.  C.  E.  Biokmore. 
?.  96,  formnto  (76),  (76a),  (76*),  (77*),  intert  2  btfon  d',  i\,  dj,  d\. 
a.  97,  I.  2,  for  "  (a„  b,,  o„  d,),"  rarf  "  (a„  b,),  {Ci,  d,)." 

„     1.  13  op,  far  -'t  ^  2,"  read  ■'  «  -  2'." 
D.  09,  L  11  nf.for  "ctavic,"  read  "ootavic." 
p.  102,  fomiiila  (99), /or  "2f.<a,"   read  "2*. a." 
p.  106,  footnote  t.     Tbo  p&rtition  of  each  of  Anrifeuille'H  two  facten  of 

(JCU4P)  into  a  wia  of  square,  (120a),  (120i)  ia  due  to  Mr.  Bidtmore. 
).  108,1.  Tap, /or  "  and  it  ia  easy  to  aee  that  A*  =  16v4-l," 
read  "  and,  by  (126),  JV^  16 .  3w  +  l." 
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The  Spherical  Catenary.    By  A.  G.  Greenhill. 

Bead   19th  December,   1894,   and  9th   May,   1895. 

Eeceived  27th  November,  1895. 

The  properties  of  the  Spherical  Catenary,  the  curve  assumed  by  a 
chain  wrapped  on  a  globe  or  resting  in  a  spherical  bowl,  have 
been  investigated  by 

Minding,  Crelle,  11  and  12 ; 

Gudermann,  Crelle,  33,  '^  De  curvis  catenariis  sphaericis  disser- 

tatio" ; 
Biermann,  "  Problemata  quasdam  mechanica  functionum  ellipti- 

carum  ope  soluta.'*     Dissertatio  inauguralis,  1865  ; 
Clebsch,  Crelle,  57,  ^'  Ueber  die  Gleichgewicht  eines  biegsamen 

Fadens  " ; 
Fischer,  "  Die  Kettenlinie  auf  der  Kiigelt"  BriU's  Catalogue  of 

Mathematical  Models,  No.  156 ; 
Max  Schlegel,    Jdhreshericht    der   K.   Wilhelms   Gymnasium    in 

Berlin,  1884 ; 
Appell,  Bulletin  de  la  Societe  Mathemattque  de  France,  iii.,  1884, 

Traits  de  mecanique  rationnelle,  l.,  p.  202. ; 
Routh,  Analytical  Statics,  1891 ; 
Venske, "  Behandlung  einiger  Aufgaben  der  Variationsrechnung." 

Inaugural-Dissertation,  G5ttingen,  1891. 
Marcolongo,  Bendiconti  delta  B,  Accademia  delta  Scienze  Fisiche 
e  Matemaiiche,  Napoli,  1892. 
The  object  of  the  present  paper  is  to  introduce  a  special  form  of 
the  elliptic  integral  of  the  third  kind,  required  in  the  solution  of  this 
problem,  and  to  discuss  the  particular  cases  which  arise  when  this 
integral  becomes   pseudo-elliptic,  in   consequence  of  the    parameter 
being  made  equal  to  an  aliquot  part  of  the  periods. 

In  this  manner  the  only  elliptic  transcendent  which  remains  in  the 
solution  is  the  elliptic  integral  of  the  first  kind ;  and,  when  by  a 
special  numerical  choice  of  the  constants  this  term  can  be  made  to 
disappear,  the  spherical  catenary  becomes  a  closed  algebraical  curve. 
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1.  Suppose  the  chain  is  wrapped  upon  a  terrestrial  globe,  suspended 
from  its  North  Pole ;  then  the  general  equation  connecting  ^,  the 
longitude,  with,  z,  the  sine  of  the  latitude  (south),  can  be  expressed 
by  the  integral 

* = f  ,jS--^  (1). 


where 


(l-a»)yZ 


(2), 


and  Ay  h  are  the  arbitrary  constants  of  the  problem. 


For,  if  T  denotes  the  tension  of  the  chain,  in  gravitation  measure, 
w  its  weight  per  unit  length, 


T  =  w(h-z) 


(3), 


where  h  denotes  the  depth  below  the  centre  of  the  sphere  of  the 
directrix  plane  (Routh,  Analytical  Statics,  i.,  p.  367),  the  tension  at 
any  point  being  equal  to  the  weight  of  the  length  of  the  chain  which 
will  reach  the  directrix  plane  hanging  vertically  downwards. 

Again,  the  moment  of  the  tension    round  the  vertical  diameter 
being  constant, 

Tr^  ^  is  constant  =  wA,  suppose  (4), 

(18 


where  s  denotes  the  length  of  the  chain  measured  from  a  fixed  point, 
and  r  denotes  the  distance  from  the  vertical  diameter ;  so  that 


7^  +  2^=1 

if  the  radius  of  the  sphere  is  taken  as  unity. 


(5), 


Taking  equation  (4),  which  holds  for  any  system  of  forces  which 
have  no  moment  about  the  axis  Oz^  it  may  be  transformed  into 


Tr' 


ds" 


v?J^      r^d^ 


--^^-HS^O 


or 


A* 


i*Z 


where 


Z=^-A* 
vr 


(6), 


(7), 


equations  suitable  for  any  surface  of  revolution. 
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In  the  special  case  of  the  sphere  given  hj  equation  (5), 

^+1  =  -! 


(8), 


SO  that,  in  oonjanction  with  the  value  of  T  in  a  field  of  gravity  given 
by  (3),  equations  (6)  and  (7)  become 


dylf      A*  _        A* 

da*      i*Z      (l-a»)'jZ' 

where 

Z={l-^){h-zy-A\ 

as  in  (1)  and  (2) 

'. 

2.  Also 

ds 

_        < 

dz 

_ds  d^  _Ti*\l\d^'^V^ 
d^  dz       wA          rt/Z 

IT 


v/Z 


'reducing  for  the  spherical  catenary  to 

dz"  VZ 
so  that  the  curve  is  rectified  by  the  integral 


. — z 


vz 


dz 


(9). 


(10), 


(11). 


3.  If  0  denotes  the  angle  at  which  the  curve  crosses  a  parallel  of 
latitude,  on  any  surface  of  revolution, 


cos  0  =  —r-^  =  —, 
^        ds         Tr 


so  that,  from  (7), 


sin0  = 


tan0  = 


Wy/Z 

Tr 
VZ 


The  angle  <p  is  thus  a  maximum  when  dZjdz 
the  spherical  catenary  from  equation  (2)  to 

xf  =  ^,    or    2x?— ^z— 1  =  0 


(12), 


(13), 


(14). 
0  ;    this  leads  in 


(15). 
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4.  Denoting  by  B  the  pressure  per  unit  length  on  the  outer  surface 
of  the  sphere,  the  equations  of  equilibrium  of  the  chain  may  be  written 


-^Bx       =0 


A  (t  ^ 
dsK    ds) 


d 

ds 


where 


aj*    +  y*     +  2;>   =  1 

dx.dy.dz       ^ 
ds         ds         ds 

d}x  ,     d^y  .     d^z  , 


(16). 
(17), 

(18), 

(19), 
(20), 

(21). 


so  that,  multiplying  (16)  by  aj,  (17)  by  y,  and  (18)  by  «,  and  adding, 

or  JK  =  T-wz  :=w{h-2z)  (22). 

The  pressure  R  thus  changes  sign  at  a  depth  below  the  centre 
grater  than  \h ;  the  chain  must  then  be  supposed  to  rest  on  the 
interior  of  the  sphere,  if  it  cannot  be  made  to  adhere  to  the  exterior 
surface. 


5.  Clebsch  has  shown,  in  Grelle  67,  how  the  quartic  Z  in  (2)  can  be 
exhibited  as  the  product  of  two  quadratic  or  four  linear  factors,  of 
the  form 

Z  =  —  {s^+2kz  sin*e  +  y  sin'e— cos*€)(2;'— 2fc«  cos*  e  +  fc*  cos'  e  —  sin*  e) 

(23). 

=  —  {i5+^sin*e±cose\/(l  — ^sin'e)} 

X  {«— ^cos*e±sinc\/(l— A;'cos*e)}     (24), 

the  arbitrary  constants  h  and  A  being  replaced  by  k  and  e,  such  that 

^  =  ^  cos  2€  (26), 

^  =  i(l-A;*)sin2€  (26), 

A'-Vz=  (cos* «  -  h?  sin«  e)  (sin«  e  -  A;*  cos*  e)  (27) , 

and  thence  the  solution  of  the  problem  can  be  given  by  means  of  the 
Jacobian  elliptic  functions,  the  integral  in  equation  (1)  being  com- 
posed of  two  elliptic  integrals  of  the  third  kind. 
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By  making 


k  sin  e  =  1,     or     k  cos  e  =  1 


(28), 


two  of  the  roots  of  the  qaartic  Z  become  equal,  and  the  elliptic 
integrals  degenerate  into  circular  integrals  ;  in  this  manner  the 
model  No.  156  in  the  mathematical  collection  of  Brill,  of  Darmstadt, 
cx>nstracted  by  Herr  Fischer,  has  been  designed. 

6.  Bnt  it  is  the  object  of  the  present  paper  to  bring  ont  the  con- 
nexion between  the  integral  (1)  and  the  standard  form  of  the  elliptic 
integral  of  the  third  kind,  employed  in  my  paper  on  "  Psendo-Elliptic 
Integrals,"  Proc,  Lond.  Math.  Soc,  Vol.  xxv.,  expressed  by  the 
notation,  slightly  altered  by  the  omission  of  /i. 


'<-)=*f'-^iiSs$i 


-^)-^(_S) 


ds 


(29), 


where 
and 


M^(8-9)=pu-pv  (30), 

lf-»p'»f4=fif  =  4«(s+aj)8-{(l+y)«+ajy}*  (31), 

lf-«p'«t,=  S=4(r((F+aj)«-{(l+y)(r+a5y}*  (32), 

X  and  y  being  the  quantities  employed  by  Halphen  (F.E.^  i.,  p.  102). 

It  is  our  object  also  to  utilize  the  pseudO'elUptic  integrals  for  the 
construction  of  degenerate,  algebraical,  cases  of  the  spherical  catenary. 


Putting  ijf—pu  =  X 

where  p  is  constant,  and  ^    . 

the  associated  elliptic  integral  of  the  first  kind,  so  that 


(33). 
(34), 


"    J  (1-r     - 


then  it  will  be  shown  in  the  sequel  (§8)  that  the  integrals  (1)  and 
(35)  can  be  made  to  depend  upon  the  integral  (29)  by  putting 

A  =  M{y^l)  (36), 


where 

2x 

(37), 

and 

A*-h*  =  2y+\ 

(38), 

V-      (y  +  l>'-2,-l 

(39). 
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We  then  find  that 

p  =  i  (Mp+A)  =  IM (p-hy+1)  (4^), 

and                           «r  =  0  (41), 

so  that,  when  the  integral  (29)  is  psendo-elliptic  and  the  parameter 
t7  is  an  aliqaot  part,  one  fi***,  of  a  period,  we  may  put 

V  =  ^'  (42), 

the  parameter  v  =  — '  (43) 

f^ 

corresponding  to  a^  —  x  (44). 

7.   Writing  equation  (1)  in  the  form 

ilf  =  iA,->/.,  (45), 

where  ^,=.^,A^—J^ 


(46), 


shows  that  ^  is  given  by  the  difference  of  two  elliptic  integrals  of  the 
third  kind,  with  Jacobian  parameters  t\  and  v,,  such  that 

7t  =  Vj,     when    x?=  +1; 

u  =  rj,     when    z  —  —  1 ; 

and  Legendre's  theorem  for  the  addition  of  these  integrals  shows  that 

^  can  be  made  to  depend  upon  an  elliptic  integral  of  the  third  kind 

with  parameter 

V  =  i'l— r,  (48). 

The  parameters  r,  and  r„  and  therefore  also  v,  are  each  of  the 
form  /(i>j,  fractions  of  the  imaginary  period  w, ;  because  the  real  roots 
of  Z  must  lie  between  :^1 ;  and 

2?  =  ±  1  makes  Z  =^  —A*. 

It  will  also  be  found  that 

z  :=  h   corresponds  to  w  =  J  (vi  +  rj). 


1895.] 


Spherical  Catenary. 


129 


8.  Comparing  the  general  quartic 
and  its  invariants 

with  our  quartic  Z,  as  given  in  equation  (2), 

a  =  -l,  h  =  \h,  c  =  \(\-W),  d  =  -ih,  e=h?-A^ 
and  we  thus  find 

12^,=      (l-^y-fl2il* 
216(^3  =  -(l-^s)8__i8  (i^h')  A' +  54^ A* 
1728A  =      (12^,)»-(216^,)^ 

=  108il*  ((l-./,y-.(8  +  20^«-/t*)  A^+ieA*] 

Next  taking  the  cubic  S  of  equation  (31),  and  reducing  it 
form  in  which  the  coefficient  of  ^  is  zero, 

by  putting  s  =  t—^^  {8a;— (y  +  1)*} 

12ys=  {(2/  +  l)=  +  4<r]2-24r(y4-l) 
2167,=  {(i/  +  l)H4c}»-36a-(y-hl)  {(y¥iy+4a] +2l6a? 

We  can  now  make       g^  =  -If^Vj,     gr,  =  ifyj ; 
and  therefore,  from  (34), 

""       ]   VZ       M]VS 
on  compai*ison  of  (53)  and  (58),  (54)  and  (59),  by  taking 

1-/^2^ -if' {(y4-l)'+4a;} 

^2  =  _2M*aj(i/4-l) 
A^  =  431 V 


(49) 

(50), 
(51), 

(52), 

(53), 
(54), 

(55). 
to  the 

(56), 
(57), 
(58), 
(59), 


(60), 


provided  that 


and  therefore 


2» 


VOL.  XX7II. — NO.  543.  K 


(61), 
(62), 
(63), 

(37); 
(36), 

(64), 
(38). 
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9.  Next,  let  f^,  n,  denote  the  vaines  of  u  corresponding  to  values 
j?„  z^oi  z;  then,  according  to  Weierstrass's  important  formnla,  first 
published  in  Biermann's  thesis  "  Problemata  queedam  mechanica 
functionum  ellipticarum  ope  soluta,"  1865, 


(65), 


where  JF(»„  a,)  =  (a«J+26«,+c)  z\+2  (bz]+2cz^  +  d) Zt+cz\+2dzi+e 

=  (a«J+26a,+c)  z\+2(bz\+2czt+d)  «,  +  a!j+2d«,+e 

(66). 

Therefore,  patting  Si  =  1,  s,  =  —  1  in  onr  special  form  of  Z, 

F(l,  -l)  =  o— 2c+e 

=  -i(l-A')-.l«  (67), 

yz,  =  v'^,  =  At  (68), 

and 


l>  (fi-f.)  =  — 2-i g 

p(f,+t'.)=-i(l-A') 

We  also  find        ip'  (»,-»,)  =  ^^  (A*—h*-l) 

tp' (»,+«,)  =  I^Zi 


(69), 
(70). 

(71), 
(72). 


It  is  convenient  to  denote  t\—i\  by  r,  and  Vi+r,  by  tr;   and  now 
equations  (36),  (61),  and  (69)  show  that 

=  2(y4-l)'+8^-3(y  +  l)* 

=  8;r-(y+l)«  (73). 

But  equation  (67)  shows  that  the  relation  between  «,  t,  and  pu  is 

(74), 

SO  that,  as  o-  denotes  in  (29)  the  value  of  s  coiresponding  to 


^  =  <  =  ,+^(&r-(y  +  l)'} 


tt  =  t?  =  v,— r„ 


therefore 


=  0 


(41). 
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Tlins,  if  the  integral  in  (29)  is  a  pseudo-elliptic  integral,  we  may  pnt 


t;  = 


4w« 


(42). 


Also,  since  «  =  —  jc  then  corresponds  to  w  =  |r  {JProc,  Lend.  Math, 
8oc.,  Vol.  XXV.,  p.  205),  therefore 

Pit;  =  TV(l-A')  (75), 

tp'^  =  lA  (76). 
From  (69)  and  (70), 

pw^pv  =  iA'  (78), 

pio+pr  =  -i(l-;i«)-i^'  (79). 


10.  If  a  factor  z—h  of  Z  is  known,  then 

^«=(l-6«)(A-6)« 

and  a  well  known  formula  of  elliptic  functions  gives 

_  {|(l-.A«)  +  6(A-6)};e+|(l-y)6-^+26«A 


(80), 


-6» 


2  (z-b) 
Then  i?  =  ^  makes 

pu  =  -^^(5+;i«-660,    p2u  =  -i(l-y) 

80  that  tt  =  ^M7  =  I  (t?i+t?,)  corresponds  to  i?  =  ^ 

u=i  ^v  =i  i  (^1— V,)  corresponds  to  is  =  A— 6+  — 

0 


(81). 

(82), 
(83). 

(84). 


Bat,  if  c,  the  value  of  u  'which  makes  e  =  oo ,  is  given,  when 

pc  =  ^(l-h*)+kb(h-b)  (86), 

the  quartic  Z  can  be  resolved  into  four  linear  factors,  in  the  form 


tp'c 
pu—pc 


.  / 


pu—pc  pc-e^ 


»^f 


pu—pc  i»c— e, 


._/ 


pu—pc  pc—e^ 


Z—Zf 


(86), 


(87), 


(88), 


(89), 


ip'c  being  real,  because  c  is  a  fraction  of  the  imaginary  period  en,. 

k2 
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/       _* 


Then 


yz  =  —  =  —    ^P^P^ 
du  (pu  —  pcy 


=  tp  (u  +  c)—tp  (u—c)  (90), 

and  integrating, 

z-'lh  =  -li  (u  +  c)+i£  (u-c)+ii2c  (91), 

(z-\hy  =  -p  (ii+c)-p  (u-c)-p2c  (92). 

Writing  x  for  s— ^/^,  and  X  for  the  corresponding  value  of  z,  then 
6|92c  and  4dp'2c  are  the  coefficients  of  si?  and  or,  so  that 

p2c  =  -^j(2  +  h')  (93), 

i>'2c  =     ift  (»4). 

Thus  c  =  !<«„  if  /^  =  0 ;  and  then  w  =  |«„  or  «,  +  |<i>„  as  well ;  this 
is  what  Biermann  calls  the  parabolic  case  of  the  spherical  catenaty. 

Also  p"2c  =  A  (1  +  2^')  -lA*  (95), 


«4,  -  _  3-4A'+4/.'     .  (1  +  2/t'),.     4* 


(96), 


and  c  is  the  parameter  required  in  the  rectification  of  the  catenary. 


11.  The  values  i\  and  v^  of  u  make  z  assume  the  values 
VZ  the  value  At ;  therefore,  from  (90), 


and 


(«j>yi-Fc)'      (pt',-pc)« 

(p^'i-pO(pw-pc) 

- 1  -5  =  __ipj_{pu-^pv^_ 
'  n\-pc){pu—pc) 


1  and 


(97), 


(98), 


(99). 


Therefore 


and  integrating, 


du        \—z       (pt\—pc)(pu—pVi) 
=  -K(t'i-c)-K(t'i  +  c)  +  ft;i 


(100), 
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SimUarly, 
and  therefore 


-|U(«',-o)  +  f(i',+c)}«+flog?^H±^  (102); 


iRu  -f  i  log  -j — \   ;   .    ^ 


where         5  =  f  (t;i-c)+£(ri  +  c)-f  (t',-c)-^  (r^  +  c) 


(103), 


(104). 


12.  But  the  formula 


©■(tt  +  Vj  +  t;,)  aufft'iffv^ 


1,  pw,    p»u 

1,  F^'m   P'vi 

» 
• 

1,  Pv„   p\ 

1,    pM,     pU 

1,  pv„  pvi 
1,  pv„  pv, 


=  a^ + f  1 + V,)  -f^i  -  iv,  -  f I'j     (105) 


shows  that,  changing  Vj  into  —  r^,  and  writing  v  for  Vi— v„ 

<y (tt  —  rj  <y (?t  — 17,)  <T(t*— t?) 


(106), 


where  O  is  a  rational  algebraical  function  oi  pu  and  p^u,  and  there- 
fore also  of  z  and  \/Z,  of  the  form 


so  that 


^^q±Bip'u 
G—Bipu 

|logO  =  ztan-*  -^P'u 


(107), 


(108). 


Equation  (29),  expressed  by  elliptic  functions  of  u  and  v,  gives 


3f^(s— <y)  =  pu^pv 


<r(u-Hv) 
<r  (u—v) 


(109) 
(110), 


80  that,  with 


V  =  Vi  — Vj, 


<r  («  — v) 


and  thus   ^  =  —  (z ^v— J 5* -ipM )  w-I (t?)  +  tan"^  ^ p  w 


(111), 


(112). 
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13.  Now 

=     jy {  -P  («^i-^j)-P  (vi-c)-p  (v,-c)} 
+*y{-p(t'i-t',)-p(ri  +  c)-p(v,+c)j 
Bnt,  taking  «  =  ±  1,  iE|  =  oo ,  in  equation  (65), 


(113), 


p(t>,±o)  = 


-l-ft+^(l-y)±^ 
2 


(114), 


(116) ; 


and  therefore 


-P  (»i-»i)-P  (t^i-c)-p(t),-c)  =  1+A+\A* 
-#>(»,-»0-p(«'i+c)-P  (t't+c)  =  l-il+M* 


(116), 


(117), 


and  taking  the  square  roots  of  opposite  signs,  equation  (113)  gives 


80  that 


tiv-iEt  =  -i^ 


4^  =  i  (A^pM)  tt-I(t;)+tan->-^  p'u 


(118), 


(119). 


or,  as  stated  at  the  ontset, 


where 
and  then 


4>  =  pu+x 
p  =  iiA+pM) 

X=-I(»)+tan-'|-p'« 


(33), 
(40), 


(120). 


One  great  difficulty  in  these  calculations  is  the  determination  of 
the  proper  sign  to  employ  when  a  square  root  is  taken,  or  with  an 
imaginary  quantity ;  in  most  cases  this  can  be  settled  only  by  a 
verification,  or  by  an  appeal  to  a  special  case. 
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14.  When  I  (v)  is  pseudo-elliptic,  then  fix  is  an  angle  such  that 
sin  fix  and  cos  fix  are  algebraical  functions  of  z  and  v^Z ;  and  now, 
putting 

P  =  W  =  if'M+Jfp)  (121), 


so  that 


then 


Q  =  ^3  =  |m  {A-Mp) 


(122), 
(123), 
(124), 


and  the  equation  of  the  catenary  can  be  written  in  either  of  the  forms 


where 


r^  cos  fix  =  E;r+H^xr'^-\-...+H^ 

r^  Bin  fix  =  (L2f-'-f  Xi2f-»+ ...  +X^-a)  y/Z 

7^  +  2^=1 


(126), 

(126), 

(5), 


both  leading  to  the  differential  relation,  equivalent  to  (1), 

dx^     P^^Q 

'^  dz  (1-J5*)a/Z 


or 


Ai(l-z«)^/Z^  =  P^  +  Q 

dz 


(127), 


(128). 


15.  Squaring  and  adding  (125)  and  (126),  and  equating  coefficients, 

leads  to 

ff-i»  =  (-1)'* 


•  a.  ...  ...  ...  •*■  ••• 


fl:-(2y+l)ij.,  =1 


(129), 


and  to  other  relations,  theoretically  sufficient,  in  conjunction  with 
the  differentiations  of  (125)  and  (126),  leading  to  (128),  to  determine 
the  other  coefficients  H  and  L  in  terms  of  P,  Q,  A,  h^  and  p ;  all 
functions  of  a  single  parameter,  when  once  the  pseudo-elliptic  form 
of  integral  (29)  for  an  assigned  order  fi  has  been  introduced. 

But  for  values  of  /ix  above  6  the  complication  of  this  method 
became  so  formidable  that  it  was  absolutely  necessary  to  seek  for 
some  other  method  of  determining  the  leading  coefficients  H  and  L ; 
this  was  effected  by  a  consideration  of  the  form  assumed  when 
2  =  00 ,  in  a  manner  to  be  explained  in  the  sequel  (§  30). 


.1  iH  t  ;;/()  — 


1 1 


^    K      > 


- 1  *'  -h  C 
=  COS     — -  =  sin 


2.* 

where  S  =  45S*— (5+c)^ 

Then,  as  in  (58)  and  (59), 

12y,  =  l  +  24c 
216y,=  l  +  36c+216c« 
so  that  we  mnst  take,  as  in  (61),  (62),  (63) 

l-A«  =  -3f« 
A^  =  -  2M*c 

and  therefore  AP  =  ^1'  =  —  — 

2c 

l-A«  =  -^^     or     h^  =  A 

aDd  Z  =  -;5*  +  2;i2»+(l-^«: 

Equation  (131),  on  comparison  with  (2i 

take  3p  =  - 1 ; 

and  thus 
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17.  Differentiating  (143)  logarithmically, 

— ^-^tan^X^^  =^^_^^^^2^^^^^^^> 


or    3 


or 


3(i2  +  A)(l-2')v'Z 


=  -fl^2»_(3fl-4.2H5);5»-(2fl,  +  3fl,)^-a  (146), 

and  this  must 


:={Lz-^L,)A{z'-\-2) 
and  therefore,  equating  coefficients 

0  -  Hj  =  ili 
-3fl"-2IZ,=  i4Li 
-2Jffi-3B^5  =  2^L 
-  fl,-  0   =  2^Li 


(147) ; 

(148), 
(149), 
(150), 
(151). 


Diiferentiating  (144)  logarithmically,  we  find  in  a  similar  manner 

dz 


or 


3  (Ss^+ifi^  +  H^j^+fls)  ^  (^  +  2) 


=  3i5(Zz+A)  Z-L(2'-l)  Z-(I^+L,)(^'-1)  i 


-ni^ 


(2z 


=  (2^2* -1-3^2? +!.)(-  z*+2A^+(l 
-(Li5+j&i)(j5*-l){-2^-h3^z»+(l 
and  therefore,  equating  coefficients, 

3^5"  =  KL-L, 


V)z' 
V)z 


2hz-\-\} 


•••  •••  •••  ••• 


From  these  equations  we  find 

H-A,    H.^-Ah,    fl,=  -2^     H8  =  0, 
L=:h,      ii  =  1 ; 


(152), 


(153), 


(154). 


(155) ; 
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so  that  the  equation  of  the  catenary  may  -be  written 

(!-«»)♦  e'^  =  A  (2i'-h2^-'2z)+i  (^+l)^/Z  (156), 

with  3x  =  3;^-ilM,  and  h=  •(.i'+l), 

and  now  squaring  and  adding  equations  (143)  and  (144)  will  lead  to 
a  verification,  when  the  conditions  obtained  above  are  satisfied. 

Equation  (139)  gives,  in  conjunction  with  Clebsch's  notation  of 
(25),  (26),  (27), 

~    (*'+i)*   ' 

4i_(fc'-lV 
~(V  +  1)" 

z-(  J,  y+i+v/(y-2y+5)j^.  A^-l+^/(fe«-2fe'^-5)| 

(.  AT+i  2  y 

r..,  fc'+l-v/(fe«-2y+5)j,^.  ^  y-l-v'(y-2A;»+5)| 


fc  =  4. 
18.  Here  ^  =  0,  and  v  =  en, ; 
but,  from  (38),  il*  =  A'  + 1 

Z  =  -«*+2^+(l-A>)2»-2^-l 

80  that  '>/Z  is  imaginary,  and  the  catenary  also. 


(157), 


(158), 


,1  =  5. 
19.  Here  we  must  put 

«  =  y  =  — c, 

suppose  (Proc,  Lond,  Math,  Soc^  Vol.  xxv.,  p.  213)  ;  and  now 

j_i+y-i-c 


M»  = 


-2aj 


2c 


2c 


(169), 


(160), 


1895.] 


Spherical  Oatenwry. 


139 


^"  =  ^'-2^-1 

2c 

_l-5c-h7c'-c' 
2c 


Now,  with 


t?  =  Aw 


5-'8» 


we  may  write  (29)  in  the  form 


6I(r)  =  ij 


(l-f3c)a~5c'. 


=  tan-^ 


(g-c')  yg 


where 


so  that 


(H-3c)«»-(2c»+c")«+c* 
S  =  4s  (s-cV-  {(1-c)  8+C*}' 
6p  =  l  +  3c 

P  =  i(A-{-Mp)  =lf(3-c) 
Q  =  I  (il-lfp)  =  23f  (l-2c) 
P+Q=    53f(l-c)   =5il 
The  equation  of  the  catenary  is  now  of  either  of  the  forms 

(l-5j«)»8in5x  =  (L2»+A22-h  V+X,)^/Z 


leading  to  the  relation 


also 


(161). 


(162), 

(163), 
(164), 
(165), 
(166), 
(167). 


(168), 
(169), 


(170), 
(171). 


20.  A  straightforward  verification  of  (170)  by  logarithmic  dif- 
ferentiation of  (168)  and  (169)  leads  to  the  following  vaJnes  of  the 
coefficients 


g,^(3-c)(2-c)^ 


(173), 
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„  _3-15c  +  20e'-4c'j, 

C 


(174), 


(175), 


(176), 


ir.= 


-^Mh 


L   =- 


c 
2-c 


7t 


(177), 


(178), 


_      2-6c+3c' 


A=- 


(179), 


i,= 


L,  = 


l-2e 
l-2c 


(180), 


(181). 


The  verification  is  rather  long,  bat  the  work  is  given  herewith,  as 
a  type  of  the  calculations  required. 

Differentiating  (168)  logarithmically, 


-^*  -5  tan  -iv  '^X  _  5gz«+4g,/+... 
that  is,  5  tan  5x  ^.^    or     5  ^±-^i^-±^  ^Z  ^ 


(182), 


(2« 


_  -5£  _  5g^*+4gig'+... 
l-2»        gs»+g,«*+... 


^ 


()83), 


5(Ia'+i,«'  +  ...)(l-2')VZ!^    or    (L^+L,^+ ...XPuf+Q) 

dz 

=  -5i5(-Hy^+ff,^+...)  +  (^-l)(6-H^*+4JH,i5»+...)      (184); 


and  therefore,  equating  coefficients  of  2^,  a;",  ..., 

0  +  PL  =        0   -  Hj 

Qi  +Pi,  =  -4ff,-3fl, 


(185), 
(186), 
(187), 
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QL^^FL^  =  -3H,-4H,  (188), 

QL,+    0   =-2JT,-5fl,  (189), 

QL,+    0   =  -  IT,-  0  (190). 

Differentiating  (169)  logarithmically, 
-hz      .      ..    (ix=     3L^^  +  2L^^-fi^3  ~2;;»+37ig'+(l--^')ig~^ 

(191), 

-  gg°-fgii^+...      1     ^  _    5g         SLar'-i-...       -2g»-i-3Ag^+ ... 
'  L2»+j&i2*+...     VZ  dz  "l-;j»       L5»+...   "^  Z 

(192), 


!^ 


5(IZs*+B^^;3*-h...)(l-^)A/Z'^   or  (ir2»  +  B^,i5*+...)(P^  +  Q) 

=  {5Xz*  +  5L,/-h5XjS^  +  5L,2-(;r^-l)(3Xs'  +  2Li;5+i,)}  Z 

-(2^-l)(Lz»+Li2*+L,s4-L,){-22»+37i^+(l-7t2);5-^}  (193), 

and  equating  coefficients, 

0  -hPH  =  Tii-Li 

0  +PJT,  =  -(4+^0  L+3/iLi-2Lj 
QF  -hPH,  =  67iL-2  (1  +  ^0  A  +  57iL2-«^^8 
QF,+PH5  = 
Qff,+PH,= 


•  •  •  •  •  • 


•••  •••  •••  •••  ••• 


«••  •••  •••  •••  ••• 


(194), 
(195), 
(196), 
(197), 
(198), 
(199), 


QH^+    0    =-2(^'-^»)L,-3AZ,-(5^'-4V-l)i,     (200), 


Put 


QB,+    0    =-(4'-^')i,-''^. 

H 


=  « 


(201). 
(202), 


80  that,  when  x  is  found,  the  values  of  H  and  L  can  be  inferred  from 
(171), 


H  = 


X 


A/(l-a') 


(203), 


L  = 


v/(l-x') 


(204), 
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from  (194), 
from  (186), 
from  (196), 


from  (187), 


JJ 

2  §«  =  _  5x-P^  =  (P*-5)  x-Ph 

L  L  L 

=  -3PAa5+P»+2A*-4 


[May  9, 
(205), 


(206), 


(207), 


from  (196),    3^'  =6A-2(l+fc')^+6A^-Ga!-P^ 

Li  Jj  JJ  Ij 

+  ih  (-3PAaj+P"+2A«-4) 
-Qaj-i  (P*-5P)  aj+iP"^ 

from  (188),    4^= -3  ^« -Q^^ -P^ 

JJ  JJ  L  JJ 

=  -f(P»-6)«-Q(A-Pa;)-P^ 


and  from  (190), 


5i  +  Q^'  =  0 

Jj  JL/ 


80  that     -9(P'-6)a!-6Q(A-Pa;) 

+  (4Q-P)[fe{12-4(l  +  A')+5(P'  +  2A'-4)+P} 
-x  {P-5P-4(1  +^')  P+16PA' j  ]  =  0 
the  equation  to  determine  x ;  thence 


X  = 


(4Q--P)(6P'-h6/^'-12)-6Q 


(208), 


(209), 


(210), 


(211), 
(212), 


(213), 


9(P»-5)-6PQ  +  (4Q-P)(P«-9  +  lU«)P^  (2^^)» 

where,  from  the  values  of  Jf,  /^,  P,  Q,  ...  given  in  (169)— (167),  with 

4Q-P  =  5(l-3c)lf  (215), 

we  find,  after  reduction  and  cancelling  a  common  factor, 

5-14c  +  6(^, 
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of  tlie  Tmmerator  and  denominator, 

2-5c  +  c»  M 


X  = 


2-c 


(216), 


so  that,  from  (203)  and  (204), 


g^2-5c-fc'3^ 


i=2^^ 


and  thence  the  values  of  H'„  H^,  H„  H^,  JS,,  L„  £„  L,  are 
inferred  from  equations  (185) — (201). 

Patting  2  =  ±  1  in  (184),  we  obtain 

(    i+L,+  L,+L,)(J'+<3)=-5(    H+H.+  ...+fl,) 

(-£  +  L,-i,+i,)(P+Q)  =     5(-H+B-.-..,+fl,) 

so  that,  in  conjunction  with  (167), 

A{L,+L^)  +  H  +fl,+fl«  =  0 

^(L+L,)  +  fl,  +  fl,+JEr,  =  0 

useful  as  verifications ;  and  the  same  can  be  obtained  by 
«  =  ±  1  in  (193). 


(172), 

(178), 
readily 


(179), 
(180), 

(181), 

(182), 

ptitting 


22.  The  equation  of  the  catenary  can  be  reduced  to  the  same  form 
as  for  fi  =  3,  namely,  combining  (143)  and  (144), 

(l-^)^e'^'  =  H2^+H,z'+H,z+H,-\-i(Lz+L0y/Z      (217). 

Referring  to  the  Proc.  Lond.  Math,  Soc,  Vol.  xxv.,  p.  216, 

y,  =  0  (218), 

or  jZ-aj-y*  =  0  (219), 

is  satisfied  by  taking 

y  =  — c,    x  =  —c—<? 

1-c 


and  then 


M*  = 

2c(l  +  c) 

2c(l  +  c) 

r._(l-3c)(l-2c-e') 
2c(l  +  c) 


(220), 
(221), 


(222), 


(223). 
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The  pseudo-elliptic  forai  of  (29)  can  now  be  written,  with 


V  =  |«, 


(224), 


.3j(,.)^..|(l+3c).-3.Ml+c)^ 


=  COS" 


and.  thus  3p  =  1  +  3g 

P=|(^+iff))  =  2M 
Q  =  -l(A-Mp)  =  (l-Sc)M 
P-\-Q  =  SA 

and  the  differential  relation  to  be  satisfied  by  (217)  is 

dz 


(225), 

(226), 
(227), 
(228), 
(229), 


(230). 


23.   Differentiating  (217)  logarithmically  and  equating  coefficients, 
as  in  the  case  of  /i  =  3,  the  resulting  equations  are 


0    -  H,  =  PL 

-21^1-3^5  =  QL 
-  JI,-  0    =  QL, 

FH  =  hL-L, 

pTT    

Ji     ^i  I      ^^»       •   •  •  ■  •  • 

QH+pn,= 

Qfli+PjHj= 

Qn,+   0     = 

Qflj-l-  0     = 

From  (231)  and  (233),  eliminating  jff„ 

3ir,  =  (2P-Q)  L, 
or  Ei=(l+e)ML 


(231), 
(232), 
(233), 
(234), 
(235), 
(236), 
(237), 
(238), 
(239), 
(240). 


(241). 
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From  (232)  and  (234),  eliminating  jH,, 

SH  =  (2Q-P)  Lj, 
or  H  =  —  2cAf Zi 

Substituting  in  (235), 

^=l+^=l-2(jPJtf 

=  1 -4cir  =  1-2^  =  -  i^^ 

and  therefore       t*  =  —  2clf  — r^  =  2c  r — ^  Mh 

L  L  1 — oc 


(242). 


(243); 


_o    1±£  v/{(l~c)(l-3c)(l-2c-(^)} 


l-3c 


2c(l  +  c) 


^     /|(l-c)(l~2c-c0j 


(244). 


Also,  by  squaring  and  adding  (143)  and  (144), 

L^-H"  =  1 
and  thence 


(245), 


7T»=-^L_        (l-c)(l-2c-c')         _  (l-c)(l-2c-c?) 
V-m      l-3c-(l-c)(l-2c-c')  -c'Cl+c) 


H 


=  7V{ 


(l-c)(l-2c~c') 
-1-c 


} 


,_1     //l-3c\ 


H.  =  -Pi  =  -21fX  =  -  _1         /(2(l-c)(l-3c)| 


A  =  - 


2cJlf 


--1     ll\-2c-(?\ 
"       c  \\     -2c     ) 


«.  =  -«^.=i^V{^^=^?^I^?=^} 


^1     /f(l-c)(l-3c)^ 


^.=  (i+c)ifi^  =  ^^{iln£K__^ 


(246), 


(247), 
(248), 


(249), 


(260), 


(261). 


The  verifications  obtained  by  putting  2?  =  ±  1  in  (146)  are 

AL+H,-^H,=  0  (252), 

AL,+n+H,=^0  (253), 

and  these  are  found  to  be  satisfied. 
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24.  When  /jl  is  even,  the  cubic  S  can  be  resolved  into  factors ;  and 
therefore  Z  also  can  be  factorized. 

Proceeding  in  Clebsch's  manner  {Crelle,  67,  p.  105),  and  writing 
k  for  Clebsch's  p,  we  pnt 


=  -  ^♦+2A2»+(l-A')a'-2&8 

~\~2~)  '^'i^\2~} 
and  this  is  the  case  provided  that 

-•-"=(¥)'-f(^')' 


(254), 


or 


(Ic'-'iy  {Jc'-h*)-4A*lc'  =  0 


(265), 


a  cubic  equation  for  ^;    and  Z  then  breaks  up  into  the  quadratic 
factors  Zi  and  Z„  where 


Z,  =  -z'  +  (h'\-k)z- 


A^-I       h    fe>  +  l 


(266), 


Z,  =  i52_(^_^)^_j. 


A:'-!        A   Ic'  +  l 


(257). 


But,  putting,  with  Halphen*s  notation  of  x  and  y. 


A;«  =  43r«  +  ^2_^2^-2-'^2/^.l_ 


a; 


2y 


A^-l=-2(l+y) 


s+x 


X 


1^ 


-  V  =  44r«-4' =  JT  {4s-(l +  y)»} 


the  cubic  equation  (255)  for  V  'becomes  transformed  into 
4«  («+»)»- {(l+y)s+irj,}»  =  0,    or    S=0 


(258), 


(259), 


(260), 


(31); 


and  therefore  the  quartic  Z  can  be  resolved  when  we  know  a  root, 
8^  of  equation  (31). 
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25.  Clebsch's  sin  2e  or  x  (which  we  change  into  (  to  avoid  con- 
fasion  of  notation)  is  connected  with  k  by  the  relation 


C08'2e  =  l-f=.^ 


(261), 


and  it  is  connected  with  the  s  above  in  (268) — (260)  by  the  relation 


^  =  3f  (-2 -v/^-f  1+y)  =  -  2M-v/^-f--4 


(262). 


For  Clebsch's  m  is  onr  h,  and  his  6  is  our  A ;  so  that  his  resolvent 
cubic  {Crelle,  57,  p.  105) 

(aj-26)(l-aj")-m*aj  =  0  (263) 


becomes 


or 


(£-2.1)(l-?)-^'£=0, 

?-2il?+(l-A»)f+2^=0 

and,  putting  4  =  jlf  (— 2^-f-l-f-y) 

this  reduces  (264)  to 

2^-(l-f-y)  ^+2ajf— ajy  =  0 
or,  putting  t  =  ^s,  to 

4a  («+aj)*-  {(1  +  y)  5+a^}«  =  0 


(264), 
(265), 

(266), 
(31). 


26.  In  the  case  of  fi  =  6,  we  find  that 

«,  =  y»  =  c* 

(267), 

and  then               *:•- -l+2c+2^~';c» - 

c+(r 

l-3c 
-1-c 

(268), 

Jfc*-1           1-6 

2          -1-c 

(269), 

ft'  +  l_   2c 
2         1+c 

(270), 

V       l-26-c» 
Jfc»           -2c 

(271), 

and  the  quadratic  factors  Z^  and  Z,  of  Z  are  thus  determined. 

Putting  Z,  =  (z,  -;.)  (z-^z,)  (272), 

so  that  z  =  j?!  and  z  =  Zq  give  parallels  of  latitude  between  which  a 
branch  of  the    catenary    lies,   then,  as  z  grows  from  Zq  to  z^,  the 

l2 
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variable  u  may  be  taken  to  grow  from  0  to  Wj,  the  real  period  of  the 
elliptic  functions,  such  that 

•*»    dz 


'^  =  1- 


y/Z 


(273). 


If  K  denotes  the  corresponding  quarter-period  of  the  associated 
Jacobian  elliptic  functions,  then  (Klein,  Math.  Ann.,  xiv.,  p.  118) 

t/(l2g,)  «,  =  y(l -^O  2K  (274). 

At  the  same  time/ix  grows  fix>m  0  to  W,  or  /iif/  from  0  to  Pwi  +  i**; 
80  that,  if  Pa»i  can  be  made  an  exact  multiple  of  ^ir,  the  catenary  will 
close  in  upon  itself,  and  form  a  closed  curve. 

27.  The  simplest  mode  of  effecting  this  closure  is  to  make  P  vanish ; 
but,  in  the  case  of  fi  =  6,  this  requires  A  to  vanish  also,  and  the 
catenary  degenerates  into  a  vertical  great  circle. 

Calculating  the  invariants  g^  and  gr,  of  the  quartic  Z  in  this  case  of 
/x  =  6,  we  find,  from  (53)  and  (54), 


12/7  =  (1-c)^  (l-h3c)(l+9c-h3c'-h3c>) 


(275), 


oifi^  _  (l-c)»(H-6c-3c^)(l  +  12c+30c^-h36c»-h9c0         .^^f.. 
8  =  4^  (6^-c-c=»)2-  {(1-c)  tf  +  c'-ho*]'^ 

=  4(.-.,)(^-^,)(^-^«)  (277), 


suppose ;  and,  with 


«i  >  ^8  >  5„ 


16c» 


-a^'a  __  (^i~^»)(^s~'*^<)  _» 

(»,-*.)»  (l+c)>(l+9c) 

,_.<,_  (l+3c)(l+9c4-3c'+3c») 

(H-c)»(l+9c) 

and  thus,  from  (274), 

ji  ^  4  /  / 4^ \ 

2K      VUl-c)'(l+c)(l  +  9c)J 


(278), 


279), 


(280), 


P«,  =  23f«,  = 


4K 2K  y(y/) 

{/[(l  +  c)'(l+9c)}  C 


(281). 
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To  constmct  a  closed  catenary  we  must  search,  by  a  tentative 
process,  for  values  of  c  wliich  will  make 


1       a  -~  ■'^»  ^»  «^>   ••• 


(282), 


2 


where  kk  is  given  by  (278). 

The  formula  given  by  Klein  {Math.  Ann.,  xiv.,  p.  119), 

Z  1+f^'    or     1+2W 
1—q 


(283), 


will  perhaps  assist  in  obtaining  a  first  approximation ;  or  otherwise 
the  curve  which  is  the  graph  of  (282)  must  be  plotted,  preferably 
with  logarithmic  coordinates. 


28.  With  negative  discriminant 

».    ^'y»  64(l+c)» 

two  of  the  roots  of  the  quartio  Z  and   also  of  the  cubic 
imaginary ;  and  now 

4^,-2  ^  (l  +  c)'(l+9c) 

64c» 

the  reciprocal  of  the  preceding  value  of  4jc^ic''  in  (278)  ;  and 

l  +  6c-3c^ 


(284), 

8,   are 

(285), 


<^  =  i- 


16(-c)« 


.^  _  a  ,  l  +  6c--3^ 
16  (-c)' 


(286), 


(287), 


so  that  c  is  now  negative,  or  y  =  —  c  positive. 
With  negative  discriminant,  suppose 

and  Zi  as  before  in  (272) ;  then,  from  (256)  and  (257), 

^0  +  ^1  =  ^"^"^ 

k^-i  .  h  ik»-hi 


^0^1  = 


2      "^  A;       2 


(288), 

(289), 
(290), 
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2wi  =  h—k 


m'\'n  = — 


(291), 
(292), 


2  Jl:        2 

80  that,  in  the  general  case, 

{(z,-ny+n'}  {(^-m)'+»'}  =  (fc'-l)'+(l-  -^jCfc*-!)      (293). 

In  the  special  case  of  /<  =  6,  from  (269),  (270),  and  (271),  with 

o  =  —y. 


=^ea' 


(294), 


and  then 


2Jlf 


2Ji: 


v^{(«,-m)'+n' .  («,-m)'+n'} 

But  since  (1— y)(l— 9y)  is  now  negative,  or  l>y>\,  3P  is  nega- 
tive, and  the  catenary  is  imaginary. 


29.  Here  the* first  relation  to  be  satisfied  is 

77  =  0 
or  (y — x)  aj— y*  =  0 

the  equation  of  a  unicursal  cubic,  in  which  we  can  put 

a;  =  -c(l-l-c)» 


and  now 


y  =  — c(l+c) 


1-c-c' 


2c(H-c)* 
2c(l-hc)» 


(296), 
(297), 


(298), 
(299), 

(300), 
(301), 


-4'-^  =  1-20-20* 


(302), 
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,,      l-5c+0  +  15c'+12c«+c'-c^ 

2c(l+c)» 


(303). 


The  integral  (29)  is  now  (Proc.  Land.  Math.  Soc.,  Vol.  xxv.,  p.  226), 

with 

«  =  fw,  (304), 

71  (.)  =  1  f  (3±9c-h5c').+7c'(l+c)'^ 


where 


7f)  =  3-f- Oc+Sc* 

(T  =  -  (1+ c)»  (1  +  6c -f- 13c» + 5c?») 
T  =  c'(l+c)«(2  +  6c-hc«) 

0  =  -(H-c)»(l-h3c) 

P  =  i  (^-hiff))  =  (5+c-c«)3f 
Q  =  i  (A-Mp)  =  2  (l-4c-3c')  M 


P+Q  =  7A 
The  equation  of  the  catenaiy  is  now  of  the  form 


(306), 

(306), 
(307), 
(308), 
(309), 
(310), 
(311), 
(312), 

(313), 
(314). 


(l-«»)*e'"  =  Hs^+Hy+ ...  +Hj+i  (i«»+i,a'+ ...  +X,)  VZ  (316), 
but  when  it  was  attempted  to  employ  the  differential  relation 

7  (1  -a»)  ^/Z  ^  =  Pa"  +  Q  (316) 

dz 

for  the  determination  of  the  H*b  and  L's,  in  the  manner  illustrated 
above,  the  complication  became  so  formidable  that  another  method 
had  to  be  sought  for  to  determine  the  leading  H  and  2/,  connected 
by  the  relation 

U-EP^l  (317), 


upon  which  the  other  coefficients  depend. 
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30.  The  cine  was  obtained  by  noticing  that  the  value  2  =  oo  makes, 
in  the  general  case,  in  (125)  and  (126), 


.  Lt 

tan^X  =  ^ 

or  /iX^  =  aan-»§'  =  ilog|±|=log(L+H) 

By  means  of  the  formulas 

p(tt-|-t7i)-p(tt-|-v,)  <T(2tt+t;i  +  r,)  <T'(tt— ri)<T*(tt— Vj) 

equation  (103)  may  be  replaced  by 

lAt  =  -iEf*-hMog?^?^i±^  -hilog^(^"^»^'^^^~^»^ 


and  now,  supposing  that 


in  equation  (29),  then 


1P«  =  p2u^pv 


^-  =  -  iEu+ti^t;+ip3fm-ia(t;)  +  Hog  ^S^7'^'i"^i^7'\^ 


or 


(318), 


(319), 


(320). 


(321), 


(322), 


(323), 


(324), 


(325), 


^^  =  i  log  {  g(!^.^.)-P  («-»>.)  I  '*_i^,-j(,)  (326). 

C|»(«+t',)— j>(«+c,)  J 


With  the  special  value  of  «=ao  and  t(=c,  suppose  iS  becomes 
0,  and  in  (29), 


^iI{v)  =  tan-'  ^  ^0 


=  a»log 


F+G^{-V) 


(327). 


Then 


i.vt,  or  i  log^±^=  i  log  \  t(3-£l-PiLt:i^  ]  " 


(328). 
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But,  from  (114)  and  (115), 


so  that 


p(vi— c)— p(i',— c)  =  h-\-A 
p(t?i+c)— ^(rj-f-c)  =  h-A 


L±H_ 


L+H  = 


h±A\^  fF-Os/(-G)Y 
h^AJ    \F-\-Q^/{-0)) 


=( 


(h*''A^)\^{F'-\-G^G)^ 


(329), 
(330), 

(331), 
(332). 


31.  If  fl"  denotes  the  Hessian  of  the  general  qnartic  in  (49), 

P2m  =  -  — 

by  Hermite's  transformation  ;  also,  from  (49)  and  (52), 

so  that,  taking  <;  =  go   and  tt  =  c, 

p2c  =  -i(l-fe»)-H« 
and  from  (69), 

p2c— pr  =  J  {A^—h^) 

so  that  the  corresponding  value  of  «  is  given  by 


8 


*    W  2  +  2y 


8-\'X  = 


X 


2  +  2y 


(H-7/)«+ary  =  -faj 


and 


4il*' 


0  =  -^.,   y(-o)  = 


2il 


(333), 


(334), 


(336), 


(336), 


(337), 

(338), 

(339), 
(340). 


82.  In  a  similar  maimer  we  may  employ  the  special  value  e  =  0, 
""^^  Z  =■>/ iV  -  A*)  =^  {-!-%))  (341), 


to  determine  the  ratio  of  the  final  coefficients  H,  and  £._]. 
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Now,  from  (65),  denoting  by  e  the  value  of  u  corresponding  to  0=0, 

(342), 


p  („,  ±e)  =  <'+2d+e±A^il  +  2y) 
p  (.,  ±  e)  =  o_^2d±eTA/Jl±2y) 


80  that  p(vi— e)— p(r,— e)  =  —h—Ay/{l-^2y) 
P(vi+e)-p(t;,+  e)  = -fe+^  y(l+2y) 

Also  (noting  the  two  meanings  of  the  letters  c  and  e) 


(343), 

(344), 
(345). 


p2e  =  - 


ce 


-cP 


1J.J 


=  —  i  Q  —  AM  —    « 


p2e-pv  =  \A'- ^^'^ 


l  +  2y 


(346), 


(347), 


and  the  value  of  s  corresponding  to  z  =  0  is  giren  by 

s  =  i  (a*-  -!^\  =2?  =  -x(l  +  2y)+y  (l  +  y)» 

M      i+2«n+«       2d+v)a+2«) 


+2y/H-y 


1+y       2(l  +  2y) 


(l+y)*+an,  = -ix  (l-2y)+ |-|i^ 


(348). 


(349), 


(350), 


and,  if  E  denotes  the  corresponding  value  of  S,  we  shall  find,  after 
redaction, 

{a;(l  +  2y)'-y(l+y)»j»  _^ 

(l  +  2y)»  A' 


8  =  - 


(351). 


Thence,  as  in  equations  (331),  (332),  we  shall  find 


g.+J>...v/(l  +  2y) 
fl;-i,-,V(l+2y) 


ffe+^y(l  +  2y)]'-  (F-a^/( 
U-^V(l  +  2y))      If+GV( 


or,  since 


(852), 
(353), 


E,+L,.,^{l+2y)  = 


ff;-iU(l+2y)  =  l 

_  {h+A^(l+2y)]^  {F-0^(-E)]i 
{V-A*0.+2y)]*^(F*+€PE)* 
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33.  Afl  a  preliminary  test  of  these  new  methods,  we  apply  them  to 
the  cases  of  /i  =  3  and  /i  =  5,  already  worked  ont  independently. 

Thus,  for  instance,  with  /i  =  3,  we  find  5?  =  oo  makes 


J, 


8  = 


X,     y(-C)  =  f 


xh 


2A 


F=8-\-x  =  \x,     G  =  l 


and  therefore 


so  that,  in  (331), 


thus  giving 

as  before,  in  (155). 


F+Oy/(-G)      h-^A 

L±H_  (h±AY  /h—AY 
L-H       Xh-Al    Kh-^Al 

^h±A 
h^A 

H  ^=  A,     and     L  =  h, 


(365), 
(366) ; 

(357), 


(358). 


34.  With  /i  =  5,  and  taking  equation  (162), 

F^Gy/i-C)  ^(l-h3c)5'-(2c'4-c»)8+c*-(g-c')v/(-0) 
F-\-Oy/(-G)       (H-3c)6-*-(iV  +  c»)s-hc*  +  («-c*)^(-0) 


with 


__  C  ^  ^v  /  f       ^\  ^         Cfl 


(359), 


(860), 


SO  that,  from  (160)  and  (161), 

h-^-A  _  y(l-5c-h7c'-c»)-h(l-c)y(l~c) 
h-A       y(l-5c-h7c«-c')-(l-c)-v/(l-c) 


(361), 


F-Gy/C-G) 
F^GV^-G) 

_(l-5c+6c'+2c»)y(l-c)  +  (l-4c+2c«)y(l-5c+7c«^c») 
(l-5c-f-6c*+2c*)v'(l-c)-(l~4c+2c«)-/(l-5c+7c»-c») 

(362), 
and  thus  equation  (331)  gives 

L±H_  (h-hAy  (h±A  F-Gy(-G)y 
L^H      U--4/    Ih-A  F-^G^(-G)) 

=  (h±Ay  (l--3c)v/(l-c)4-v/(l-5c-h7c'-c») 
[h-A/    (l-3c)y(l-c)--/(l-5c+7c'-c*) 


^  (2-c)a/(1-5c+7c''-c»)  -f(2-5c-hc')y(l-c) 
(2-c)-v/(l-5c+7c'-c»)-(2-5c+c«)-/(l-c) 


(363), 
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so  that 


^  _      (2-5c+c')y(l~c) 
L       (2-c)v^(l-5c-h7c^-c») 


H  =  ?-~  "^^J:^ 


M 


(364), 


(172), 


as  before. 


L=.^h 


(178), 


35.  The  preceding  verifications  for  /*  =  3  and  /x  =  6  having  served 

to  settle  the  doubtful  signs  in  the  expressions,  we  now  resume  the 

case  of 

M  =  7, 

employing  this  new  procedure. 


With  «  =  00 ,  equations  (298)-(303)  show  that 


8 


1-%      1    n  .    m1-2c-2^ 


^(-^>=   ll 


iC(l  +  C)     ^ 

^l-c-c'  Jf 


(366), 


(366). 


f=(3+9c+5(^)«'-(l+c)'(l+6c+13c'+5c»)«' 

+  c'(H-c)»(2+6c+c')s-c*(l+c)»    (367), 


(?  = 


«»-(l  +  c)'(l+3c)s  +  c»(l+c)' 


(368), 


and  proceeding  as  before,  we  shall  find,  after  considerable  redaction, 

h±A  F-Gy/{-G) 


f  (H-c)(l-4c+cH3c') 

+  y(l-c-c')y(l-5c  +  0+15c»+12c*+c*-c«) 


(l-hc)(l-4c+c^  +  8c») 

-y(l-c-c')y(l-5c+0+15c»+12c*+c*-c«) 


(369), 


1895.] 


Spherical  Catenary. 


157 


+n  _  {h±AY  j  h+A  F-a^(-O)  ]  ♦  .o-Q. 

-H~\h-A}    \'h-A  F+GV(-0)i  '' 


L+H 
L 


which  reduces  to 


(4- 


L-g 


or 


Also 


(4_2c-5c'-h0+c*)-v/(l-5c  +  0-fl5c»-fl2c*  +  c* 
-(4-10c-15c'  +  5c*+10c*+c*-c")y(l-c- 


L  4-2c-5cH0+c*  A 


(371), 
(372). 


and  (4-2c-5c'+0+c*)  /r-(4-10c-15c^  +  5c'  +  10c*-f-c*-c«)'ir 


so  that 


=  c*(l-hc)* 

^= ?aT^)^ ^ 

4-2c-5c»-h0  +  c* 


(373), 
(374), 


(376). 


36.  The  leading  coefficients  -S"  and  L  being   now  determined,  the 

remainder    are  readily  found  from  the   identities  obtained  by  the 

logarithmic  differentiation  of  (315)  and  a  comparison  with  (316), 

namely, 

0  +PL  =z       0  -  jffj  (376), 


0  -\-PL,  =  -7H-2H, 
QL^^-FL^  =  -6JT3-4H, 
QL,+PL,  =  -3H,-6jffo 


(377), 
(378), 
(379), 
(380), 
(381), 
(382), 
(383), 


as  in  (185)  to  (190),  and 
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0  +PH  = 

hL-L^ 

(384), 

0  +Pff,  = 

-(6  +  7 

0£+3fcL,-2L, 

(385), 

QH+PE,= 

lOhL- 

2(2+7t')L,  +  5Ai,- 

-3L, 

(386), 

QH^+PH,  = 

(387), 

QH,+PH,= 

(388), 

QH^+PH^  = 

(389), 

QH,+PH,= 

' 

(390), 

QH,+PHj  = 

(391), 

QEt+     0  = 

(392), 

afl,+    0  = 

(393). 

I  am  indebted  to  Mr.  T.  I.  Dewar  for  the  calculation  of  these 
coefficients,  and  for  a  general  verification  of  the  work ;  his  results  are 

H,  =  _ Pi  =  _  (5+c-o')(^4--2^c-5c'-hO  +  r«)  ^^  ^g^^j^ 

„       20-65c-93<5'  +  190c»+307c«+20c'-151c«-63c'+8c'+6<?  „ 

^' 'c'(T+c)« ^ 

(395), 

-20+35c+l.S9c'+28^-167c*-l34c''-7c«  +  23c'-)-c'w,    .qQ«^ 
^»= c'(l+c)^ ^  ^^^^^' 


ff.= 


ff,= 


ff.= 


fl,= 


A  = 


L,= 


5-45e+52c'+217(^-80p«-459c'-276c'+59c^+99(^  +  24c»  ^ 

c*(.l+cy 

(397), 
(398). 


Mh 


_l.H9e-33c'-46f'+21c*  +  3.')e» + Or" 

c*(l+c)' 

^r  2  (l-4c-3c')(l-4c+0+6c»  +  3O  ,, 

-8  +  22c+34c'-3.5<^-60c«-10c'  +  14<^+5c^ 

c'(l  +  (/ 

12-e-.36c'-21p'  +  16<:«+l7(^  +  4»:''. 


(399), 


(400), 


(401), 


(402), 
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r  _  l-4c+0+6c'-f3c* 
and  the  verifications  obtained  by  putting  2;  =  ±  1, 

are  fonnd  to  be  satisfied. 
Try  putting  P  =  0 ;  then 

c«-c-5  =0,     c  =  l-i  v/(21) 
taking  the  negative  root,  as  this  makes 

1— c— c'  and   1  — 5c +0  +  150*  +  12c* +  c*—c'  negative, 
and  therefore  JP  and  fe'  positive  ;  and  now,  from  (299)-(303), 


(404), 


(405), 


(406), 
(407), 


(408), 


X 


^-39+1^(211^    y=-6+^(21). 


,_  l+^/(21) 

30 


M^- 


^,  ^  -82-fl8v/(21)      ^,  ^  83-12  >/(21) 


/i=8. 
37.  In  this  case  the  parameter 

V  =  ioi,  (409), 

and  the  equation  of  the  catenary  will  reduce  to  either  of  the  forms 

(l-i8«)  cos  2x  =  (Hz-^H,)  ^Z^  (410), 

(l-^*)  sin  2x  =  (i;5  -  i,)  yZ,  (411), 

leading  to  the  differential  relation 


2(1-.2")^Z^  =  P2"+Q 

dz 


(412), 


where  Z„  Zj,  the  quadratic  factors  of  the  quartic  Z,  are  given  in 
(256),  (257). 
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The  pseudo-elliptic  fonn  of  (29)  to  be  employed  here  most  be 
taken  from  p.  229  of  the  article  on  "'  Pseudo- Elliptic  Integrals,"  and, 
i*ef erring  to  p.  226,  replacing  the  z  employed  there  by  ^  (l+c),  we 
must  take 

a^  =  ~Jc(l+c)  (413). 


(-H4), 


y 

=  — 

1— c 

i+y 

_!- 

-.2c-r' 

1-0 

M^ 

_1 

-2c-r^ 

A*  = 


h'  = 


_(l-2f-r;' 
c(l  +  c)\l-r)' 

(l-ff-c')(l-«r+8c'+6c'-c*) 
r(l+c)(l-c/" 


Jt»  =  4M*«,-l-2y  = 


1-c- 


8p  = 


l-6r+8r'  +  6c»-j;| 


2if 
1-c 


P  =  -li2A  +  Mp)  = 


l-2c 
i-c 


If 


1  —2. — 2/>' 


1-c 


P+Q=2A 


(415). 
(416), 

(«7), 

(418), 

(419), 
(420), 

(421), 

(422), 
(42:?), 

(424), 
(425). 


The  coefficients  H,  H,,  L,  L^  can  now  be  determined  in  a  straight- 
forward manner  by  difforontiation  and  verification  ;  in  this  war  we 
find 

i'-H'  =  1  (426), 


L*+E*  = 


2-3c-g'  h_ 
c(l+c)     k 


(427), 
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A 

L 


(l+c)(l-3c)  A 
2c(l+c)(l-3c) 


k 


1 


i-^^-c'+a-c') 


3f 


JJ,       2c(l-c) 


If 


(428), 


(429), 


(430). 


If  we  try  to  make  this  catenary  a  purely  algebraical  curve,  by 
putting  P  =  0,  c  =  f ,  we  find 


so  that  the  catenary  becomes  imaginary. 


(431), 


,1  =  9. 

38.  This  case  has  been  worked  out  by  Mr.  T.  I.  Dewar,  making 
use  of  the  second  method  of  §  30  for  the  determination  of  the  leading 
coefficients  H  and  L ;  the  numerical  calculations  were  extremely 
laborious,  and  the  leading  steps  only  are  indicated  here ;  the  results 
satisfy  the  tests  of  accuracy  that  have  been  applied  so  far. 

The  equations  are  now  of  the  form 

(l-«»)*cos9x=    fl]8»4-fii««-t-...+fli  (432), 

(l-2;»)*sin9x=  {Lz^-¥L^^-¥  ...■¥Lj)^Z  (433), 

leading  to  the  relation 

9{\-s?)VZ^=zP^-{.Q  (434). 

dz 

Referring  to  "  Pseudo-Elliptic  Integrals,"  p.  232,  we  take 

X  =p'  (l-pXl^p^p^)  (436), 

y=p'(l-p)  (436), 

l+2/  =  l+0+2^-2>»  (437), 
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and  the  pseudo-elliptic  form  employed  for  (29)  is 


D  =  fw, 


(438), 


I(«)  =  i  f 


=  -^tan 


-1 


where 


9p=l+0-3p'+ 72>»  (440), 

<r  =  -y«(4-ll2>-|-lli>»+4p'-lV+lV)  (*41), 
r=     /(l-j>+/)(6-23/)-|-37p'-2V-V+7p')    (**2), 

r  =  -p"  {I-pY  (1-jp+p7  (4-9p+ V+/)  (443), 

F=     2,"(l_2,)«(l_p+/)»  (444), 

0  =  -  V  (l-2p+2i)')  (445), 

D  =     !>'  ( 1  -2J  +jp')  (3  -  7j>  +  S^)')  (446), 

E  =  -y»  (1  -2,)'  (1  -p  +py  (447), 

P  =  A  (9-4+iMp)  =     (5+0-|-V-p')Jtf  (448), 

Q  =  i  (94-afp)  =  2  (2 +0  +  3p»- V)  -M"  (*48), 

P+Q  =  9^  (450). 

39.  When  «  =  oo , 

s  -  _ a, ln2j^ -  _ p'(l-p)(l-p+p')(l+0-|-V-p»)    .45J. 


^{-8)  = 


2+2y  M 


^p'(l-p)(l-p+p') 
2(1+0+/-/) 


^      //-l+0-5p'+7p'-lV+20p'-2V+l.V-7p«+p'\      (^2^^ 

+fl-_  //i+.4Vffc+4  j;'-gy(-flf)7»         ,.„x 
-ff~  U-4/  lA-4  F+oyr-s))  ^  ^^' 


L+H 
L 


the  expression  requiring  the   enormous    algebraical  labour  for  its 
reduction. 
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Mr.  Dewar  first  calcnlated 


h±A  F-Oy/(S) 


(454), 


and  f onnd  that  it  was  a  perfect  sqnare ;  its  root  was  tlien  multiplied  by 

h-^A 


h-A 


(455) 


Z  +  H 


£ 


four  times  in  succession,  large  common  factors  making  their  appear- 
ance each  time  in  the  numerator  and  denominator,  and  thus  he  found 
finally  that,  using  detached  coefficients, 

(4-0  + 14- 16 +  21-26 +  19- 13 +  6 -p»)y(-l +  0-6 +  7-11 +  20-20  + 15-7 +JW) 
+(4-0  +  22-28  +  55-96  +  114-124+ 101 -63 +  31-9 +p")^/(-l +  0+jp«-j?») 

(4-0  +  14-16  +  21-26+19-13  +  6-j»9)y(-l+0-5  +  7-il  +  20-20  +  15-7+/?») 

«(4-0 +  22-28 +  55-96 +  114-124  + 101-63  + 31-9 +i?")     {^l  +  O+^-p) 

(456), 

4-0  +  22-28  +  55-96  +  114-124  +  101-63  +  31-9+p»V(-l+0+J»'-;>^ 
-1  +  0-5  +  7-11  +  20-20+ 15-7 +jg» 


4-0  +  14-16  +  21-26  +  19-13  +  6-ii» 

4_0 4 22- 28 +  55-96 +  114- 124 +  101 -63 +  31 -9 -t-;)^'  M 
4_0+14-16  +  21-26  +  19-13  +  6-j9»        h 


(457), 


and,  since  V—W  =  1, 

(4-0+14-16  +  21-26  +  19-13-6-i>»)'A' 

-(4- 0  +  22-28  +  55-96 +114- 124 +  101 -63 +  31 -9 +i>i«)  if  »p»(l-i>)«(l-i>+i>«)«     (458) 


therefore,  finally, 

p.  _  4-0+22-28  4- 55-96  4-114-124+101-63+31-9+^" 

p*(l-jp)»(l-p+2>') 

_4-0+14-16+21-26  +  19-13  +  6-p'. 
p*(l-jp)»(l-p+p') 


M      (459), 


(460). 


40.  The  determination  of  the  remaining  coefficients  is  now  comparatively  an 
easy  matter,  and  Mr.  Dewar  finds 


^       _pr  (5-0 +  3-l)(4-10+ 14- 16  +  21-26 +  19- 13 +  6-j>>)j^ 

»"  "  l^(l-l>)»(l-P+iO 

-20  +  0-166  + 190-626+ 1169-1946  +  3141-4161  +  5063 
„  -  5262 


(461), 


p^{l 


562 +  4610 -3453 +  2092 -1011 +  371- 84 +  8»^7 


h2 
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^3  = 


B,^ 


20-10  +  175-210  +  642-1123  +  1842-2619  +  3043-3177 
+  2738-2010 +  1247-608  + 237-65 +  8p"y. 

6  +  5  +  90-45  +  489-877  +  1296-3946  +  6401-10002  +  13532 

- 16302 +  17394- 15762 +  12194-7806 +  3974 -1558 +  406-48p"y 

P^i -p)' [I -p^  pr- 


im), 


[464), 


-1-2-39-8-220  +  283-575  +  1206-1582  +  2080-2194 
jy  _  ->•  1852- 1378  + 772-330 +  114-20;>»jy^ 

*"  P^{l-P)HI-'P+P^) 

-4-4-64  +  40-288  +  636-1076  +  2320-3580  +  4980-6515 
^        +7091-6698  + 5294-3258  + 1551 -512 +  80p'yy 

•"  p^il-pni-p+p^) 

jg-  ^  12-0 +  68-120 +  160-400 +  524-520 +  517-348 +  157- 65 +  16p"j^^ 

'  P'll-P)' 

W  ^     OX   =  2(2-0  +  3-4)(2-0  +  8-14  +  16-30  +  34-26  +  15-4j?^  y 
'  "      '  P'(1'P)' 

J  „  «  2(l-l-Hl)(2-0  +  4-8  +  4-2+p«)  j^^^ 
•  "  p*(l  -!>)* 

8-0  +  54-60  +  164  -  284j-  389  -542  +  575^-  544  +  4 10-  274  +  139-48  +  7p^* 

p'il-'py'il-p+p^^ 


[465), 


Xi 


T    ^o  -  4  4  0-23  +  22-57  +  82  - 109  +  132- 120  + 100-04  +  30- 1 1  +  2^^^  ^ 

_4_4_  48 +  16- 185 +  299-541 +  1009- 1365 +  1807-2000 
^^ +1860- 1516 +  974-487  + 175 -30p" 

^^  P^{l-P)'{l-P+P'r 

Z        1  +  1  +  23-15  +  97-161  +  286-4  36  +  560  -654  +  598-470  +  294-130  +  46-10/?'*  ^ 
'"  P^{l-P)^{l-P+Pr 

^        3 +  3  + 30- 15  + 87-192  +  246-468 +  618-660  + 672- 516 +  306-138  + 30jp'* 
'"  p^il-p)i^(l-p+p2) 

_  ~6  +  0-16  +  30-20  +  42-46  +  22-ll+4/?»  . 
'  P'(l-P)' 

^    ^  -2 +  0-8 +  14- 16 +  30-34  + 26-15 +  4y> 
3^  ^6  (1  Spf 


[466), 


[467), 


(468). 


(469), 


(470), 


(471), 


(472), 


(47S), 


(474), 


(476). 


(476). 


Mi\  Dewar  has  also  performed  the  verification  of  showing  that 

A(L  4-A+i4+-^«)+J9ri-fff,4-^5+-57+^9  =  0  (477), 

A  (L,-^L,-^L,-j^Lj)+U  +112+^4+^(1+^8  =  0  (478). 
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^  =  10. 

41.  This  investigation  was  interesting  as  affording  the  first  case  of 
a  purely  algebraical  Spherical  Catenary,  shown  in  the  stereographic 
and  stereoscopic  projections  of  the  accompanying  diagrams  (pp.  170, 
171),  drawn  to  scale  and  in  perspective  by  Mr.  T.  I.  Dewar. 

The  equations  to  be  satisfied  are 
(l-2;')*e^  =  (^^+ffi2j*+...+Jff5)+^*(^+A^+...+L8)v/^   (479), 


az 


(480). 


leading  to 

as  in  the  case  of  fi  =  5. 

Referring  to  the  Proc.  Lond.  Math,  Soc.,  Vol.  xxv.,  p.  236,  the 

''^*^""  r,.  =  0  (481). 

the  equation  of  a  unicursal  quintic  curve,  is  satisfied  by 


_        — a(l-ha) 
^       (l-a)(l-a-aY 


y  = 


l+y  = 


_        — a(l  +  a) 


(l-a)(l-a-a2) 

l-3a-a^+a» 
(l-a)(l-a-a*) 


and  thence 

Ar»  =  (l-o-o')(l--3a-o'+a') 

2a  (1  + a) 


A^  = 


^«  = 


(l-3a-a'+a»)» 
2a  (l  +  a)(l-a)«  (l-a-a^) 

(l-5a-a'-fa')(l-6a4-3a'-h8a*-3a*~2o»  +  a0 
2a  (1  +a)(l-a)*  (1-a-a') 


The  pseudo-elliptic  integral  to  employ  for  (29)  is 


V    =    4W! 


6«'S» 


(.)  =  if^i 


^ds 


y/8 


,".     .1       s—G 
=  ^  tan  


bp^—a-s+T 


'/8  =  i  tan 


J' 


(482). 


(483), 


(484), 


(486), 


(486), 


(487). 


(488), 
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where 


5p  = 


a  =: 


_,     3+3a-fa*~a' 


(l-a)(l-a-a») 

3(l-fa)'(l4-a-h2a'-a») 
(l-a)»(l-a-a*)» 


0  = 


_  a'(l-fa)* 


(l-a)*(l-a-a*)' 

(l-a/(l-a-a')' 

2-a 


Thence     P  =  |(^+Afp)  =  2^^-^lf 


1-a 


Q  = 


6  /  J     XI-  ^        1 -9a  - 3a' 4- 3a'  ,^ 
^(^"^^)  =  (l-a)(l-a-a»)^ 


We  take   «,  = 


a 


S\S 


(l-a)«(l-a-a«) 

yiiri       1     o    _  — l4-6a+a'— a' 
^^»"^^^y=-(l+a)(l-a)« 

-l4-6a~3a'~8a'4-3a*-f2a'^-a* 
2a(l-a-a«) 


42.  Corresponding  to  «  =  oo , 

_      ^l-h2y_  a(l-fa)(l-4a-2a»4-a') 


(489), 
(490), 
(491), 
(492). 
(493), 

(494), 

(496). 
(496), 

(497), 
(498). 


2+2y       2  (l-a)(l-a-a«)(l-3a-a«+a») 


"^^     ^"2^1  2  (l-a)(l-a-a»)*   A 


(499), 


(600). 


Working  with    these    values,    Mr.  Dewar  fonnd,    after  a  long 
calculation, 

L±n^  (h±Ay  (h±A  P-Gty/C-jg)]* 
L-H      \h''Al    Xh-A  F^Qy/i-S)) 

(l-a-a»)(2-6a+0+3a»-a*)v/(-l+6a+a»-a») 

+  (2-4a-a'4-a»)v/(-l-f3a4-a'-a')y(l-6a+3a»+8a»-3a*-2o»-f-a^ 
(l-a-a*)(2-6a+04-3a»-a*)'v/(-l+6a  +  a«— a») 

-(2-4a-a»+a»)v/(-l  +  3a+a2-a»)v^(l-6a+3a'+8a»-3a*-2a»-|-a* 

(501] 
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H^  _  (2-4a-a'+a»)y(-l  +  3a+a'-o»)v/(l-6a+3o*+8g'-3a«-2a'+a') 
L  (l_o_a2U2_6o  +  0  +  3a»-a*)y(-H-5a+o'-a') 

(502); 
and  therefore 

a«(l  +  a)(l-a)V  I  1  +  a  i 

(503), 

2-   _  (l-a--a«)(2-6a+04-3g'~a*)     //-l-h5a-ha'-a'\  /5A4n 

a'(l4-a)(l-a)  V^  !  +  «  ^ 

Thence  the  other  coefficients  follow,  and  writing 

a    for  —l-hSa+a^—a*, 
ft    for  — l-f5a+a'-a', 
y    for  — l  +  aH-a*, 
B    for  l-6a+3a=^  +  8a'-3a*-2a»+a«, 

TT  _      2(2~a)(l~a-a°)(2-6a4-04-3a'-a*)     //a/JyX  ..^.. 


^  _  12-60a-f32a'+91a^-23a*-3Qa'^4-8aH3a^--o*     //  a^    \ 
*  2a»(l  +  a)^(l-a)  V^l  +  a^ 


(606), 


g>  _  -4+28a-28a'-64a^4-37a*+36a'-18a<^~6a^-h3a^    /(^\ 
•  a»(l+a)'(l-a)  y  \  2a  ) 

Tj.  ^r        (l-9a-3a'-h3a»)(l-3a-2c^     //    a^   \ 

H,=--QL,= 2^^(rra? ^v  VlT^/ 

jr  _l-4a-aH2a^    //a/3y\ 

-6  +  16a+10a'-7a»^2a*H-a_'     //y^X 


_  (l^a^a«)(3^9a~6a'-f-8a»4-2a*~2g'^)     //    /3    \ 

_  -(l~a)(l-3a-2a0     //yJX 

and  these  valaes  verify  the  equations 

.4  (£ +i,)+ffi+-H,+ff,  =  0 

A  (L,  +  Lt)+H  +Ht+Ht  =  0 


(507), 
(508), 

(509), 
(510), 

(511), 
(512), 

(513), 
(614), 
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43.  Here  we  can  make  P  yanish  by  taking 

a  =  2, 
and  this  gives  real  numerical  values  to  the  coefficients,  namely, 

„  _  66     //17\       ^  _  25  . 
^*~288\\sr     ■"•"144' 

and  the  equation  of  the  catenary  can  be  written  in  either  of  the  forms 
jji^Q5j^_4>8A/(51)g'-120v/(51)g»-200g»-f62v/(51)z-H50    .^^^^ 

j^oinSi^  -  -120y(15)g»-60v/(85)g»-f  70v/(15)  zS9y(S5) 

432 

so  that  its  projection  on  the  equatorial  plane  is  a  closed  algebraical 
curve,  with  pentagonal  symmetry. 


With  a  =  2,     y=:|, 

A:  =  -Jv/(16),     1  =  -^^ 

^  .^^  y(51)-2y(15)^^    ^  2^) 

o  15 

„_      ^.   y(51)+2y(15).     1     2y(85) 


(517), 


(618), 


(519). 


The  roots  of  Z,  =  0  are  imaginary,  bnt  the  roots  of  ^,  =  0  are 

2,  =  -  0-9982585  (520), 

«,  =     0-8975022  (521), 

giving  the  limits  of  latitude  between  which  the  catenary  lies,  namely, 

86°  37' 6"  N.    and    63°49'54''S. 
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Tlie  curve  crosses  the  twenty  prime  meridians,  at  intervals  of  18°, 
at  the  points  corresponding  to  the  roots  i^,  ^j,  J^„  A4,  of  the  qnintic 


and  to  the  roots,  Z^,  Zj,  Z,,  of  the  cabic 


(522), 


(523). 


These  roots  have  been  calculated  by  Mr.  Dewar,  employing 
Homer's  method,  and  the  results  are  tabulated  in  the  following^ 
columns  ;  it  will  be  observed  that,  near  the  upper  N.  pole,  the  roots 
are  crowded  together,  and  the  disentanglement  of  these  roots  caused 
some  trouble. 

Some  intermediate  points  were  also  calculated,  for  the  purpose  of 
plotting  the  curve  with  accuracy  on  a  globe ;  and,  denoting  the  lati- 
tude (South)  by  X,  the  following  table  embodies  the  numerical 
results : — 


«0 

sin  \ 

cos  A 

t«Tii(90*'-A) 

X 

* 

-0-9982585 

0-0589918 

-0-0296 

86°37'  6"N. 

0  /  // 
0  0  0 

^ 

9980756 

0619599 

0311 

86  26  42 

18  0  0 

h 

9973452 

0728175 

0366 

86  49  27 

36  0  0 

h. 

9949993 

0998841 

0501 

84  16  3 

54  0  0 

h 

9824677 

1864869 

0941 

7916  8 

72  0  0 

h 

3436408 

9391010 

6989 

20  6  66N. 

90  0  0 

0 

0- 

1- 

1- 

0  0  0 

91  69  50 

\h 

+  0-6961190 

0-8036694 

0-5038 

36  31  12  S. 

98  45  0 

h 

7896648 

6136251 

3430 

52  8  42 

108  0  0 

K 

8805984 

4738620 

2520 

61  42  63 

126  0  0 

«i 

8976022 

4410099 

2324 

63  49  64 

144  0  0 

h. 

1-4561186 

The  curve  crosses  the  equator  at  an  angle  83°  46' 24",  and  it 
makes  a  maximum  angle,  86°  56'  45",  with  the  parallel  of  latitude 
28°0'3rN. 

Below  the  depth  \h  from  the  centre,  that  is,  in  latitude  greater 
than  36°  31' 12"  S.,  the  pressure  changes  sign,  and  the  chain  must  be 
supposed  to  rest  on  the  inside  of  a  spherical  surface. 
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1 
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O 


O 
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The  stereoscopic  photograph  can  be  made  to  show  the  solid  figure, 
in  the  absence  of  a  stereoscope,  either  by  fixing  the  eyes  on  a  distant 
object,  and  then  raising  the  card  into  the  line  of  sight  at  the  distance 
of  distinct  vision ;  or  else  by  holding  the  card  at  a  distance  of  about 
the  arm's  length,  and  focussing  the  eyes  on  a  point  half  way ;  a 
smaller  image  is  now  formed,  and  the  tesselated  background,  repre- 
senting the  directrix  plane,  is  now  seen  as  a  network  in  front  of 
the  solid  sphere. 


/x  =  12. 
44.  Here  the  parameter  of  (29)  is 

and  the  equation  of  the  catenary  may  be  written 

leading  to  {^\^^)^z^=^p^^q 

dz 

Referring  to  "  Pseudo-Elliptic  Integrals,"  p.  248, 

_      a(l-fa)(l4-a')a4-a4-a") 


(524), 


y 


i+y  = 


_,      a(l4-a)(l  +  a4-g*) 
1-a 

l-2a-2a'-2a»-a* 
1-a 


jjp_  (l-o)(l-2a-2a*-2a»--o*) 
2a(l  +  a)(l  +  aO(l4-a+a») 

Clebsch's  «  or  {  is  given  by  (266),  so  that,  with 

^_      a(l+o-ha*) 
1— a 

f  =  if(l-ha)(l  +  a») 
and 


(525), 
(626). 


(627), 


(528), 


(529), 


(530), 


(531), 


(532), 


1^-^-^-  27(iT^q:^^) ^^^' 
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But 

_(l-4a-4a'-4a»~a*)(l-4a~4a'~4a»~2a*+2a'^-f2a<^+2a^-fa^) 


2a(l-a*)(l  +  a+a') 


80  that 


Ic'^^ 


1— 4a— 4a*— 4a'--a* 
1-a* 


(534), 


(535), 


and  the  same  value  of  y  is  obtained  from  formula  (258)  "with 


8 


so  that 


y-1 


l_2a-2a*-2a«-a* 


1-a^ 


A^+l_o«l+a4-a» 


-2a 


1-a^ 


(536), 


(537), 


(538). 


45.  The  chief  difficulty  here  is  the  determination  of  the  appropriate 
value  of  p  to  employ  in  (29),  which  we  distinguish  as  pCaWg)*^^^ 
this  is  given  by  the  general  formula 


,(i^3)^2p(^^)  =-(!+,) 


(539), 


and  with  fi  =  12, 

12p  (>»)  =  -  2  (5  +  3a  -h  3a«  -h  a»)  (540), 

(Proc,  Lmid.  Math,  Soc.,  Vol.  xxv.,  p.  251) ;  so  that 

l-2a-2a*-2a«-a* 


I2p  (i w,)  =  4  (5 + 3a  4-  3a'  +  a»)  - 12 


1-a 


,s\J 


1— a 


(541), 


Next 


p  =  X  ^jt+Mp)  =  W  \  l-2a-2«'-2a»-g«  ^^  (1+g+g')'  | 

I               1  — a  1  — a       ) 

=  iM  (5  +  3a  +  3a» + a»)  (642), 

!/>!     TLT  \       ivfl— 10a— 12a'— 10a'— 5a*  rt^Ao\ 

q-i  (A-^Mp)  =  ^M -— (543), 

1  —  a 

l>+g  =  il  (544). 


174 


Mr.  A.  6.  Greenhill  on  the 


[May  9, 


The  integral  (29)  now  assumes  the  pseudo-elliptic  form 


i\i 


I  a-.) 


>\i 


=ir-=!H. 


^a'(l-hay(l  +  a*)(l-ha+a') 

1-a 


8^S 


=  -|-tan 


-1 


F^(8-S,) 


Gy{4  (<,-«,)(»-«,)} 


where      ir=  2.- (i±^(l+«^)(J±^±^' 


S\S 


1-a 


ds 


(545), 


(646), 


(647). 


46.  Proceeding  to  the  value  a  =  oo , 

L+H _  / &+.i \ »  C  ^(s^ «,) - Qv^( -4. s-»,  ■«-»,)  )  »      , -^. 
£-fl"~U-4/    I J-y («-«,) ^-G^/'(-4. «-«,.«-«,))        '^      -"^ 


where 


s  = 


l+2y  _  a(l4-a)(l  +  «')(l  +  a+a')(l-3a-4o'-4a'-2a«) 
2+2y 


2  (1  -  o)'  ( 1  -  2a  -  2a»  -  2o»-  o*) 


(549), 


Writing    a    for    l-2o-2o»-2a'-o*  (550), 

/3    for    l-4a-4a»-4o'-o*  (561), 

y    for     l-4a-4a»-4a'-2a*+2a»+2a«+2a'+o'    (552), 


BO  that 


Jf'  = 


.4'  = 


A'  = 


(l-a)a 


2a(l+a)(l  +  a')(l+a+o') 


o 


2a(l-o*)(l  +  o  +  a') 

(iy 

2a(l-a*)(l+a+a») 


4!  = 
A" 

h—A       ^{fiy)-a^/a 


/3y 

y()8y)  +  oya 


(553), 


(554), 


(655), 


(556), 


(557). 
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_  a(l-fa+a*)  j8 
2(l-a)>       a 


5—5. 


MS-S.KS-S,)  =  "^^-^"^•^,\t-T)v"''"'^' 


J'^^(*-».) 


GI\/(— 4 .  s— s, . «— «j) 


l-a-o'-5a''-7o«-6tt'-4a'-o^ 

(l-a)« 
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(568), 

(559), 

V(4) 

(660), 


and  finally,  after  considerable  reduction,  Mr.  Dewar  finds 


-IT      V  im^/y^n,/(aP)) 


L 


(661), 


7H^/y^Us/(ap) 

where        m  =  4-10a-3a*-3a»+9a*+12a»+9a«+6a'-t-a»        (562), 
n  =  (l-a)(4-2a-5a»-10a»-lla*-7a»~4a«-a0   (663), 

and  thence  the  coefficients  H  and  L  can  be  inferred. 


Putting  L  =  cosh  A,     H  =  sinh  X 

then  e^^  =  ^^^y'-^v^(°/^) 

m\/y  — Wv/(a/3) 

and  tanh  2X  =  "^^^ 

mvy 

co8h2X  =  ^,     8inh2X=^i^ 

where  Z  =  a^l  +  a)' (l  +  a»)(l  +  a+a») 

3  =  -2a(l-t-a-t-a') 

and         Ji'  =  i(cosh2A+l)  =  ^?ii^^gJ|^ 

H.=  Hco8h2X-l)=-g^ 

yrw/y  +  wy(a|3)]  +  y[m.s/y-«y(a/3)] 

2^/it^i 

^_  -/[mv/y  +  nv/(aj3)]-y[myy-nv/(a)8)] 


(664), 
(665), 

(666), 

(567), 

(568), 
(569), 

(570), 

(571), 
(572), 

(673). 
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These  valnes  of  H  and  L  have  been  checked  by  Mr.  Dewar  by  a 
straightforward  veiification,  but  the  work  was  very  long. 

This  catenary  will  be  an  algebraical  cui-ve  if  we  can  make  P  =  0, 

and  then 

4+(l  +  a)'=0,     a=-l-y4  (574); 


this  makes 
but 


Ar*  =  l-iV4 
a  =  -|(y2-hl), 


(576), 


so  that  the  catenary  is  imaginary. 


47.  It  will  be  noticed  now  that,  in  general, 


P  =  i;.ifp(2^') 


(576), 


so  that  an  algebraical  catenary  requires  as  a  first  condition  that 


m=' 


(577); 


afterwards  we  must  examine  the  reality  of  the  catenary  by  finding 
out  if  M^,  A^,  h^,  ^•*,  ...  are  positive. 

Taking,  for  example,  the  case  of 

fJL=U 

(Proc,  Lond.  Math.  iSoc^,  Vol.  xxv.,  p.  257),  and  the  formula  (p.  206) 
Aif)  |?'i;  =  J  (gri53+5,g,+ ... +5^.45^.3) - (;x-2)  p"v, 


or 


«, 1 


/ipa;  =  ^  (gigr, +  ...)  — (^-2)  ic  (1+y) 


(578), 


where  ^r-i  =  2  («r-«i)  =  -  2x^T^^^=^^ 

7r 


(579), 


(580), 
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we  find  (Proc.  Lond.  Math.  Soc.y  Vol.  xxv.,  p.  199) 

T3igi  =  «y 

a? 

y 
—  ^  _  ^y 

y     y—x 

ina    -  -^  -        ^ 

43436  —  ^.       ^         -,       ^       -^ 

y— «     y—x—tf 


i3834 


i3»36 


(581), 
(582), 

(583), 

(584), 

(585), 


T3637  = 


_.       a^       __  ^{(y— a;)(y-2a;)+y*} 
yx—'^  ajy— aj*— ^ 

_^{(y-^)(y-2a;)-ht/']         (y-a;)»-hy»(y-a;y-2gy»(y-g-y') 


ajy— aj*— y* 


y{«(y-»-y«)-(y-a;)«} 


t3738  =  « 


25l 


(586), 


1^^  -^(y-a!)'-hy'(y-a!)'-2ary'(y-a;-y») 

y{a;(y-ar-y')-(y-ar)'}  y*(y-«-y')-(y-«)' 


where 


^9  =  OJ  {(y-ar)»-3a^  (y-aj)»  +  2y«}. 


(587). 


48.  With  IX  =  14,  gi,  =  0  (Abel),  and 

34  =  3i'    3io  =  3j»    3«  =  38»     3$  =  34»     37=38  (588), 

-14pa;  =  3i5,  +  g,3,+3834+3436+3836-l2aj  (l+y) 

=  4c(l-hy)-4gy(y""^)^y7^1'^^-12a?(l-i-y)   (589), 

ajy— ar— y* 

ajy-aj*— y» 
=  y  +  2-hc(i5-i>)  (590), 

and,  with  the  valnes  of  p,  z,  y  given  on  p.  257,  Froc,  Lond.  Math.  Soc, 
Vol.  XXV.,  this  reduces  to 


„       4+4(j+3c"+2c»  +  cyO 

^^  = TT^ 

where  0  =  c  (l+2c)(4+5c+2c^ 

Then  p,  and  therefore  P,  vanishes  if 

(4+4c+3c"+2c»)«-c»(l+2c)(4+5c+2c«)  =  0, 


(591), 
(592). 
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(l-|-c)(4-h4c+6c'-h3c»)  =0, 

(c+l){(3c-h2)«-h28}=0 

3c+2=-y(28). 

a  =  »/(28)  =  2».7*, 

h  =  »/(98)  =  2» .  7«, 

/^      14+5a-26 

a         28  +  26  +  7a 


[May», 


(5»3), 


P  =  Y  or 


21 


(594)  ; 


bnt  these  valnes  make  IP  negative,  and  the  catenary  is  imaginary. 


49.  So  also,  with 


^  =  18,     17=:  |«„ 


-18pa;  =  gig,+g,g8+ ...  +M8-16a;  (1  -hy) 


(695), 


=  4aj(l+y)-4 


|p  =  3(l+y)  + 


2^, 


y*(y-«-y')-(y-«) 


-,-16;r(l+y)       (596), 


^. 


y*(y-«-y')-(y-«)* 


(597), 


reducing  ultimately  to  (Proc.  Lond,  Math.  8oc.,  Vol.  xxv.,  p.  265) 

|p  =  3+y-*(l-|) 

=  -3*+33'+163H-13-3>/Q  (598). 

Therefore  p  and  P  vanish,  if 

(g«-3g«_6g-13)*-9Q  =  0  (599), 

or  ^•+33»+65*H-10/-3g*-15g-20  =  0  (600). 

This  sextic  equation  has  only  two  real  roots 

+  1-21921268,   and    -2*301874537  (601), 

which  were  calculated  by  Mr.  Dewar,  with  Homer's  method ;  he  has 
Also  calculated  the  remaining  quartic  factor 

3* + l-917338143g* + 6-7306473« + 8-09394g + 71264        (602), 
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and  lias  resolved  the  sextic  into  its  cubic  factors  in  the  two  ways 
(3«-|-8-91472V-|-5-2785  +  3-464)(g*-0-91472V+4.-36293-5-772) 

(603), 
(5« -h  2-606353* + 5-43504g  4- 10-898)(/ + 0-39365g«  -  0-4611 7g  - 1 -8352) 

(604). 

If  we  had  obtained  a  simple  rational  root,  as  in  the  case  of  fi  =  10, 
it  would  have  been  worth  while  to  go  on  with  the  calculation  of  this 
algebraical  catenary,  which  would  possess  the  symmetry  of  the 
nonagon,  the  prime  meridians  being  10°  apart. 

50.  The  parameter  of  the  associated  pseudo-elliptic  integral 
assumed  by  (29)  is  in  this  case 

V  =  i«,  (606), 

and  the  catenary  will  be  given  by  an  equation  of  the  form 

(606), 

leading  to  4(l-^)^Zp^  =  Ps*+Q  (607). 

dz 

According  to  p.  262  of  "  Pseudo-Elliptic  Integrals,"  we  must  now 
take 

^  _  _  (a-l)(a'-H)(a'--a'-fa»-h3a-fl)-h(a*-a«-ha«--a-l)y^^ 

2a«(a»-2a-l) 

(608), 

^  _  (a■H)(a*~l)(a'-2a-l)-^(a*-2a-l)^/^- 

^  2a»(a  +  l)(a«-2a-l)  ^^^^' 

where 
A'  =  (a*-l)(a«-2a-l)  (610), 


^^_a^— o*-3a'^-ho*-3o'-f3o'  +  5o-H-h(o*-h4a-f  1)\/^' 

4a  (a*-l) 


(611), 


_fa«,a«■3a-l-^(2a-H)^/^^r  (^l<>^ 

'• "  I       2aUa  +  l)(a'-2a-l)       j  ^^^^^» 

J.  _  (a-H)(a*-l)(a*~2a-l)+4a^/il^  .    ^ 

""        -(a-|-l)(a*-l)(a»-2a-l)  ^^'^''^' 
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where  4p,  =  —  '  •^^ — ^—^  >/«, 


(614), 


-  _ra«  +  lVa'-3^  a'-a'-3a-H-(2a+l)y^' 


iJ 


-  _  (a'-l)(a'+l)',* 


a" 


C=- 


a'  +  l 


a 


r-»» 


(615), 
(616), 

1(617), 


4(«-0(-0=4^-^'-^'^-P^^^-.+  ^^^.:      (618). 

a'  a 


Better  therefore  take 


(619) 


as  variable ;  and  then 

xy  = 


A' 


a(o'-2o-l)  ' 
o*-l 


»_«*-l  t 


«.    = 


s: 


a 


The  condition  i?  =  0  thus  gives 

_4(^+i)(«l-3)^^^^lg(l^         0 
a 

leading  to  the  seztic  equation 

15o»+30a'+15o*+l2a»+9a'-2a-7  =  0 
which,  according  to  Mr.  Dewar,  has  two  real  roots 

+0-5S1764    and   -1-55711472 


(620), 


(621). 


(622), 


(623), 


(624), 


but  this  does  not  at  present  look  pi-omising  enough  to  make  it  worth 
while  to  investigate  the  corresponding  catenary. 
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51.  Clebscli  extends  his  investigations  to  the  case  where  the 
spherical  snrface  is  made  to  spin  about  the  vertical  axis  with  con- 
stant angular  velocity  n ;  and  now,  changing  to  the  absolute  unit 
of  force  in  the  C.G.S.  system,  the  tension 


together  with 


as 


(625), 
(626). 


Equation  (6)  now  becomes  perfectly  intractable,  and  of  hyper- 
elliptic  character,  when  gravity  and  centrifugal  whirling  are  both 
taken  into  account ;  but  when  gravity  is  neglected  in  comparison 
with  the  whirling  effect,  by  putting  gr  =  0,  equation  (6)  becomes 


.=f 


Hdz 


or,  putting  H  =  wvfA 

and  taking  r*  for  independent  variable, 

Ad/r" 


-i 


r>^{\-^)^{{V-'^yr*-A*} 


an  elliptic  integral  of  the  third  kind. 


Also 
so  that  the  arc 


ds  _3V_(6«-r»)r» 
d^       H  A 


8 


=*! 


(6«-r»)(ir» 


y(l -r^)  y  {  (6>-r»)  V-il*} 


introducing  elliptic  integrals  of  the  second  kind. 


(627). 


(628), 


(629), 


(630), 


(631), 


52.  Clebsch  {GreUe,  57,  p.  106)  puts 

B  =  (V-t'yr'-A'  =  (r»-p«)(r«-»»)(r«— r») 
where        26'  =  p'+(f*+t» 


(632), 
(633), 
(634), 
(636); 
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and  therefore      (p' + ir' + r»)'  -  4  ((t't* + r'p' + pV,)  =  0 


(636), 


or 


(p  +  <r+r)(p-o— r)(-p  +  <r-r)(-fi-<r+r)  =  0         (637), 


so  that,  taking 
and  therefore 


(638), 
(639), 
(640), 
(641), 


and  the  integral  is  reduced  to  the  standai*d  form  (29)  by  putting 


pu—pc 
pu—pc 


(642), 


(643), 


(pu^pcf 


(644). 


But  we  shall  find  that  these  integrals  are  essentially  the  same  as 
those  required  for  the  catenary  assumed  by  a  chain  wrapped  on  a 
vertical  paraboloid,  whether  spinning  about  its  axis,  or  at  rest ;  the 
investigation  of  this  new  problem  had  better  be  reserved  for  another 
paper. 

[Additional  Note,  7th  May,  1896. 

The  algebraical  case  of  the  Spherical  Catenary  for  /a  =  7,  indicated 
in  (408),  p.  159,  has  now  been  completed  by  Mr.  Dewar,  and  the 
figure  obtained  is  similai*  to  that  on  p.  170,  but  having  heptagonal 
instead  of  pentagonal  symmetry. 

.    The  numerical  data,  exhibited  in  a  tabular  form,  similar  to  that 
on  p.  169,  are  given  in  the  table  on  next  page. 

The  disentanglement  of  the  roots  z^^,  h^,  Z,,  h^,  ..,  near  the  North 
Pole  is  facilitated  by  drawing  the  osculating  plane  of  the  catenary  at 
its  highest  point,  and  calculating  by  spherical  trigonometry  the 
points  where  the  osculating  small  circle  cuts  the  prime  meridians  ; 
these  points  will  be  indistinguishable  from  points  on  the  catenary 
for  some  considerable  distance. 
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X 


«6 
h 

0 

^4 

A. 

*i 
»7 


smA 


-0-9970939 
9969428 
9964255 
9952666 
9926029 
9850008 
9479943 
3250447 
0- 

•I-  0-6789442 
6832409 
8414974 
8915966 
9110921 
9164583 
1-5496647 


85**37'85  N. 


3M2 
9-24 
84  25-35 
83  1-60 
80  3-83 
71  26-44 
18  58-13 
0 

42  45-67  S. 

43  5-84 
67  15-91 
63    4-47 

65  39-40 

66  24-82 


0 
9  0*> 


JL|0 

%JLSL 
7 

7 

7 

90*' 

92*'  20'-30 


7 

900 
7 

7 

10  80 

^7~ 


Tlie  angular  radius  0  of  the  osculating  small  circle  at  any  point, 
or  f>  =  sin  0,  the  radius  of  absolute  curvature,  is  given  by  the 
simple  expressions 

p»       am*  6       ^  (fc-«)«' 


or 


tan9  =  i^£l*; 
A 


this  follows  from  equations  (16)-(22),  for 
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so  that 


Squaring  and  adding, 


('^-)'f  = 


^+(h-2zy-2^  ^+2z(h-2z)  +  l 
cur  as  as 


or,  from  (11), 


(h-z)*  L=  (^h-zy+1-^- 


(h-zy 


=  (h-zy+ 


A* 


{h-zf 


Knowing  the  angular  radius  0  of  the  osculating  small  circle,  and 
also  0,  the  angle  at  which  the  catenary  crosses  a  parallel  of  latitude, 
from  §  3,  it  is  possible  to  employ  Mr.  C.  V.  Boys's  method  of  drawing 
the  curve  by  means  of  a  celluloid  scale,  bent  to  the  radius  of  the 
sphere,  and  pivoted  instantaneously  at  the  centre  of  the  osculating 
small  circle. 

The  angles  B  and  ^  are  connected  with  X,  the  latitude,  by  the 
relations 

tanfl  =  i^=£^^', 
A 

Ar 


or 


V       h  —  sin  X 
sec  ^  sec  X  = , 


tan  6  =  (^— sin  X)  secX  sec^ 
=  A  sec'  X  sec'  0. 
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Suppose  we  put,  in  §  8, 

wi*a  (1— 2m)a 

(o— m)'  a— w 

we  now  find  that  a  root  of  equation  (31)  is 


8  = 


(a-m)'' 


so  that,  in  §  24, 


A:«  =  4a-.l, 

^,  ^  (4a-l){2a«-2(m-H)a-fl{ 

2a  (a — m) 

/^'  _2a'-2(m4-l)a-H 
Ai*  2a  (a-m) 
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Thursday,  January  9th,  1896. 
Major  MACMAHON,  R.A.,  F.R.S.,  President,  in  the  Chair. 

Miss  Grace  Chisholm,  Ph.D.  GrOttingen,  and  Dr.  Robert  Bryant,, 
were  elected  members. 

Prof.  Elliott,  by  a  method  used  in  connexion  with  seminvariants^ 
showed  how  to  obtain  a  criterion  as  to  whether  or  not  a  rationa 
integral  homogeneous  function  of  y,  a  function  of  x,  and  its  deriva- 
tives, is  an  exact  differential,  and  further  showed  that,  if  it  is,  its 
integral  can  be  found  by  differential  operations  only. 

The  President  announced  the  title  of  a  paper  by  Prof.  Lloyd 
Tanner,  viz.,  "  On  a  certain  Ternary  Cubic."  The  paper,  in  the 
absence  of  the  author,  was  taken  as  read. 

Mr.  S.  H.  Burbury  made  a  further  communication  "  On  Boltz- 
niann*s  Minimum  Function." 

Mr.    Love    communicated    "  Some    Examples    illustrating    Lord 
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Rayleigh'fl  Theory  of  the  Stability  or  InRtability  of  certain  Flnid 
Motions." 

Messrs.  Cunningham  and  Larmor  spoke    on   the  subject  of  the 
papers. 

The  following  presents  to  the  Library  were  received  : — 

**  Beiblatter  zu  den  Aimalen  der    Physik  and  Chemie,"    Bd.  xix.,   St.   11 
Leipzig,  1895. 

*'  Naatical  Almanac  for  the  Year  1899/'  8vo  ;  London,  1896. 

**  Bulletin    des    Sciences  Mathematiques/'    Tome  xix.,    Not.  et  D^.  1895 
Paris. 

**  Bulletin  of  the  American  Mathematical  Society/*  2nd  Series,  Vol.  n.,  No.  3 
New  York,  1895. 

**  Memorias  y  Revista  de  la  Sociedad  Cientifica  Mexico,"  Tomo  vm.  (1894-5) 
Nos.  1-2,  3-4  ;  Mexico. 

**  Nachrichten  von  der  Konigl.  Gesellschaft  der  Wissenschaften  zu  Glottingen,' 
Oeschaftliche  Mittheilungen,  1895,  Heft  2  ;  Mathematisch-Physilpdische  Elasae 
1895,  Heft  3,  1895. 

^'Rendiconto  dell'  Accademia  delle  Scienze  Fisiche  e  Matematiche,*'  Serie  3 
Vol.  I.,  Fasc.  11  ;  NapoU,  November,  1895. 

'  *  Memoires  de  la  Soci6tc  des  Sciences  Physiques  et  Naturelles  de  Bordeaux,* 
4«  Serie,  Tome  v.  ;  Paris,  1895. 

Rayet,  G. — *  *  Obser\'ations  PluviometriqueB  ct  Thermometriques  faites  dans  la 
Oironde  de  Juin  1893  k  Mai  1894,**  8vo  ;  Bordeaux,  1894. 

Peter,  B. — **Beobachtungen    am    Sechszolligon    Kepsoldschen  HeUometer  der 
Leipziger  Stemwarte,**  roy.  8vo;  Leipzig,  1895. 

His,  W. — '' Anatomische   Forschungen    liber    Johann  S.  Bach's  G^beine  und 
Antlitz,**  roy.  8vo ;  Leipzig,  1895. 

**  Atti  della  Keale  Accademia  dei  Lincei — Rendiconti,"  Sem.  2,  Vol.  xv.,  Faac 
10,  11  ;  Roma,  1895. 

**  Educational  Times,**  January,  1896. 

<<  Indian  Engineering,**  Vol.  zvni.,  Nos.  21,  22. 
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Notes  on  a  Ternary  Cubic.     By  H.  W.  Lloyd  Taknsr,  M.A. 
Received  and  read  January  9th,  1896. 

In  the  general  ternary  cubic 

(a>  b,c;f,g,h;  i, j\  k ;  l)(x,  y,  zY 

=  aaf-\rh'i^-k'Csf-\'^lxyz 

+ 3/y*zr|-  ^gs^x  +  Sha^y  +  Siys^  +  Sjza?  -h  SJcxy^, 

we  assume  a  =  1,   ^  =  0,  and  that  the  form  is  the  product  of  three 
&ctors  linear  in  x,  y,  z.     Denoting  this  by  F  («,  y,  z),  we  have 

•^(«>  y>«)  =a?  +  b/+cs^+6lxyz 

'j'Sfy^z-\-Sg3?x+Siy;?+3jza?-j'Shxf^ 

where  the  6,  0  are  to  be  determined.     For  this  purpose  write  y  = — 1, 
js  =  0,  and  it  is  seen  that  the  three  0  are  roots  of  the  equation 

F  (6,  -1, 0)  =  (1, 0,  k,  bxe,  -i)«  =  0. 

From  a  comparison  of  the  coefficients  of  a^z,  acyz,  and  y^z  in  the  two 
expressions  for  F  (x,  y,  z),  we  find 

where        A  =  2kf-2hl''2Vj  (-f-),     5  =  hf-^Wl-kbj  (-=-), 

the  common  denominator  being  =  6'+^  =  A. 
The  0,  f>  represent  any  one  of  the  pairs  0,  ^  ;  6i,  ^i ;  0„  0,. 
In  this  way  the  first  factor  of  F  («,  y,  «)  becomes 

«+y0+a?6«  =  a  +  Ojs+(y  +  Baj)  O-hilz.©* 
=  x'+yO-\-z'6F,  say, 

which  is  in  the  standard  form  of  a  complex  integer,  if  x^,  y*,  z*  are 
integral.     And  then 
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When  the  norm  is  developed  and  the  symmetric  functions  of  0,  B^,  0^ 
are  replaced  by  their  values  in  terms  of  Af,  6,  we  get 

N{x'-^yB-V^e')  =  (1,  6,  6^  0,  3fe»,  0  ;  kh,  ^2h,  h  ;   -ih){x\  y\  O* 

It  is  this  form  O  which  is  considered  in  the  present  communication. 
Obviously  it  has  the  important  property  that  the  coordinates  of  a 
complex  property  a;'H-y'64-/0'  of  any  real  integer  m  give  a  repre- 
sentation of  m  by  the  form  O. 

In  general  the  forms  F,  ^  are  not  equivalent,  since  the  transforma- 
tions are  not  integral. 

When  A;  =  0,  the  discriminant  of  (1,  0,  A:,  6),  namely,  6'-|-4/c*,  is 
positive,  and  two  of  the  factors  of  F  (or  ^)  are  imaginary.  This 
case  has  been  discussed  in  the  Proceedings*  by  Professor  Mathews, 
who  gives  references  to  several  memoirs.  The  case  in  which  all  the 
factors  are  real  will  be  here  considered,  and  it  will  be  assumed 
that  6,  k  are  integers,  such  that  &^  +  4A:*  is  negative,  and  that 
(1,  0,  k,  6)(e,  -1)»  is  irreducible. 

Units  and  Automorphs. 
Let  u,  r,  whe  &  representation  of  1  by  the  form  O,  so  that 

*  (tt,  v,w)  =  l  =  jy  (w+ve  +  trfl"), 

and  let  x-^-yO-^zff^,  i+riO-^-iff^he  two  integers,  such  that 

Hence  ^  («,  y,  z)  =  N  (x-\-y$+z6^) 

Also  x-j-yO+zef^ 

Reducing  this  by  means  of  the  equation 

e^^SkO^b  =  0, 

♦  Vol.  XXI.,  pp.  280-287. 
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where 


and,  since 


we  obtain  x-^-yO-^-zG^ 

=  wi+6M;f?  +  fev{+[t;i+t*f?+3fc(i/?i?  +  t<)  +  6wf]  0 

and  hence,  on  account  of  the  irreducibility  of  the  equation  for  ^, 

a;  =  tt{  4-  hwfi  +  6i'{, 
y  =  v{  +  (tt— 3fcu>)  7i-\-(hw-^^hv)  f, 

These  equations  may  be  written 

x,y,z^v  (£,  17,  {)» 

V  =  ( tt,         6t(7,  fcv       ), 

v,      M— 3A;m;,     Zm?— 3Aw 
t(7,  V,  u—^kw 

^  (x,  y,z)=^  (i,  17,  f), 

it  follows  that  v  is  an  automorph  of  ^,  and,  as  is  seen  from  its  genesis, 
a  proper  antomorph. 

There  is  plainly  a  correspondence  between  the  proper  automorphs, 
V,  of  the  form  <I»,  and  the  complex  units  u-^-vO-^wS^  (=  ^  say),  the 
coordinates  of  the  unit  being  the  terms  of  the  first  column  of  the 
corresponding  automorph.  And  it  is  easily  proved  that  the  product 
VjV,  of  two  proper  automorphs  corresponds  to  the  product  UiU^  of  the 
two  corresponding  unira. 

For,  if  («,  y,  z)  =  Vj  (x\  y\  z)  and  {x\  y\  z')  =  v,  {x\ y,  %"), 

then,  for  the  corresponding  units, 

[xA-y^^z^)  =  U,  (x'-i-yO-^ze'),    (aj'+y'«H-/^)  =  17,  (aj"+y"d +  /'«•). 

But,  from  the  matrical  equations, 

(«,  y,  z)  =  wi  {x\  y%  z)  =  Viv,  {x\  y\  z\ 

and  from  the  unit  equations, 

x-^yQ'^-zb''^  UiU^{x'-^y''e'j'z''e^, 

which  shows  that  v^v^  and  17^17,  correspond  ;  and  further  proves  that 
the  sequence  of  factors  in  a  product  of  proper  automorphs  is  in- 
different, assuming — what  will  presently  appear — that  to  every  unit 
corresponds  only  one  proper  automorph.  The  results  extend  to  any 
number  of  factors,  which  need  not  all  be  different. 
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The  coordinates  of  a  complex  unit  give  the  elements  of  the  first 
column  of  the  corresponding  proper  automorph  ;  and  this  first  colnnin 
determines  the  whole  of  the  automorph.  For  the  second  column  is 
formed  from  the  first,  and  the  third  from  the  second  by  the  matrix 


mr 


(  .     .        h     ) 
1     .     -Sk 
.     1 


acting  on  the  three  elements  of  the  preceding  column.  Thus  the 
scheme  v  includes  circulants  as  a  particular  case.  And,  again^  re- 
calling the  properties  of  circulants,  the  development  of  a  determinant 
formed  by  this  rule  from  the  first  column  x,  y,  z  ia  the  form 
^(xy  y,  z). 

There  are  some  curious  relations  (which  may  be  useful)  arising^ 
from  the  nature  of  the  matrix  /3.     For  instance,, 

<>  .  /3  (a?,  y,  r)  =  6  .  *  (x,  y,  z), 

so  that,  if  (x,  y,  z)  is  B,  i*epresentation  of  m,  then  we  have  a  represen- 
tation also  of  1/  .m,  viz.,  f^  («,  y,  z).  The  inverse  matrix  /3~*  may 
also  be  used  to  derive  a  representation  of  m  from  a  known  repre- 
sentation (bx,  y,  z)  of  m6,  in  which  the  first  element  is  a  multiple 
of  6.    We  have,  in  fact, 


and 


O .  /3-'  (6ar,  y,  2?)  =  *  (3^  +  y,  z,  ar), 
* .  p'^  (6ar,  y,  if)  =  -^  <l»  {hx,  y,  z). 


Fundamental  Improper  Automorphs, 
If  0,  Oj,  02  be  the  three  roots  of  the  equation 

we  have  0^  =  21cq  -^pB + ^6*, 

6'= -2A;(;>+«)  +  ^0-(p4-l)O', 


where  ?  =  ±  A;\/— 3/A,    2/)+ 1  =  6gr/fc.* 

Assig^ng  one  of  these  values  to  g,  the  other  value  of  q  and  the 


♦  If  *  -  0,  y  =  0,  and  fl^+p^\  -  0. 
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corresponding  value  of  ;p  are  —5,  —  j?— 1.     Therefore 

These  relations  are  merely  a  particular  form  of  the  well-known 
homographic  relation  between  the  roots  of  a  cubic,  but  it  is  more 
easy  to  obtain  them  by  writing  coefficients  for  ^,  0,  ^,  which  are 
determined  by  the  results  of  the  next  paragraph. 

The  selection  of  one  value  for  q  determines  the  sequence  of  6,  0^,  6„ 
but  it  in  no  wise  identifies  6,  which  may  be  any  one  of  the  three 
roots. 

From  the  above  formulsp, 
»-l-y«i+2^  =  a;+(2A^-|-p^-|-5tf')y-|- [-2A;  (^-|-2;)-|-A^fl-0?  +  l)  ^]  « 

=  x  +  2kqy''2k(p+z)z+(py  +  kqz)e-^[qy''(p  +  l)z'\e^ 


if 


f,i;,{=[l,     2Jcq,     ^2h(p+2)Jx,y,z). 

p,  kq 

q,  -p-1 

Similarly,  if  ic-l-ydj-l-z^  =  K  +  vO-^-Ce", 

f,„',r=[l,     -2^,      2k(p^l)lx,y,z). 

-jj-l,         --kq 

-5>  P 

Now  the  equation    «-|-y6i-|-2f6j  =  f-|-jj6  +{6* 
is  tantamount  to  x+yB  +«6'  =a;  +  iy0,-|-{^. 

But  we  have  f +i7'O+r^  =  aj+y0,+«dJ. 

Hence  the  first  matrix  of  this  article,  which  changes  (a*,  y,  z)  to 
(fi  *7>  {)»  is  the  inverse  of  the  second,  which  changes  (ar,  y,  r)  to 
(f  >  *l\  O'  In  a  similar  way  it  is  found  that  each  matrix  is  the 
square  of  the  other,  and  that  each  is  a  cube  root  of  unity.  Accord- 
ingly they  will  be  represented  by  the  symbols  y,  y*.  The  results 
just  found  enable  us  to  write  down  the  formulsB  of  the  last  article. 
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The  matrices  y,  y*  are  automorphs  of  *,  for,  since 

their  norms  are  equal,  that  is  to  say, 

*  {x,  y,z)  =  ^  (f,  jy,  {)  =  *y  (x,  y,  z). 

Since  they  change  the  0  in  the  complex  factor  ar-hytfj-l-jrfj,  they  are 
improper  antomorphs. 

It  is  sometimes  convenient  to  write  the  automorphs  y,  y*  in  another 
way,  which  displays  the  irrational  elements  (if  any).  Writing 
^  =  —  3r*,  the  symbol  r  is  real  but  in  general  irrational.  In  the 
numerical  example  (p.  195)  it  is  rational,  and  this  is  probably  the 
case  in  most  of  the  cubics  that  occur  in  connexion  with  cyclotomy. 
All  the  elements  of  y ,  y'  can  now  be  expressed  in  terms  of  k,  6,  r, 
and  the  result  is 


y,y'  =  *(2, 


-6k)±^  (.     2**,     -kh). 


-1, 


-1 


b,        2V 
2A;,      -6 


Associated  Automorphs. 

Let  V  be  a  proper  automoi'ph  whose  first  column  consists  of  the 
coordinates  of  the  complex  unit  u-\-vQ'\'%cB-^  and  let  a;-hy6-|-r^  be  any 
complex  integer.  Then,  as  on  p.  186,  the  coordinates  of  the  product 
{u-\'vB'\'W^){x-\'ye'\-zB^)  are  v  (.r,  y,  z). 


Again  (p.  191),  if 


we  have 


y  (a;,  y,  z)  =  (£,  ij,  0, 
i-^nO-^-^e^  ^  x^y6^+ze\. 


Hence  the  complex  integer  in  6  whose  coordinates  are  y  (ar,  y,  z) 
may  be  written  aj-hy^i+z^. 

Hence  it  follows  that  vy  (ar,  y,  z)  are  the  coordinates  of  the  complex 

number  («  + 1?^  -h  %o€F)  {x + yB^  -h  «^J)  ;  while  yu  (a*,  y,  z)  are  the  coordi- 
nates of  (tt+i'^i  +  MJ^)(a;  +  y^i  +  j5^).  In  the  firat  case,  y  increases 
the  subscript  of  6,  and  the  unit  multiplication  is  then  effected ;  in 
the  second  case,  the  action  of  v  corresponds  to  multiplying  a'+ytf+s^ 
by  the  complex  unit,  and  the  subsequent  action  of  y  increases  by  1 
the  subscript  of  every  6, 
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Tlie  axLtomorphs    most  nearly  related  to  v  may  be  shown  in  a 

diagram:- 

V  vy  vy 

yvy*  yv  yvy 

y'vy  y'vy'  y*v 

and  the  preceding  explanations  will  make  it  easy  to  see  that  the  first 
colnmn  contains  the  proper  automorphs,  the  second  contains  improper 
antomorphs  of  the  y-kind,  and  the  third  improper  automorphs  of  the 
y'-kind.  The  antomorphs  of  the  first,  second,  and  third  rows  corre- 
spond to  the  complex  units  u-|-r^-hi£7^,  u-hrtfj-l-wfif,  and  t*-|-t;tf,-|-t^^J, 
respectively.  It  follows  that  no  two  of  the  nine  antomorphs  can  be 
equivalent. 

The  automorphs  v,  y  satisfy  the  identity 

t*y  vyvy  =  ny'vy'vy*  =  1, 

which  differs  from  the  similar  identity  for  the  elliptic  modular 
function  group  only  by  containing  a  periodic  automorph  of  the  third 
instead  of  the  second  order.  The  proof  of  the  identity  comes  from 
the  observation  that  vyuy  vy  (ar,  y,  z)  are  the  coordinates  of 

that  is,  of  « -h  y^ + «^, 

so  that  vyvyvy  (oj,  y,  z)  =  («,  y,  z)  ; 

and  so  for  vy'vy'vy*. 

The  identity  shows  that  the  cube  of  every  improper  automorph 
is  1 ;  this  is  visible  on  writing  out  the  cube,  say  yvy  yvy  yvy.  It 
proves  that  the  product  of  two  proper  automorphs  is  independent  of 
the  sequence  of  the  factors.     This  comes  by  multiplying  the  equation 

yuyvy  =  y'l/y'vy     (=  v"*) 

by  the  multipliers  indicated  below,  on  the  left,  and  then  changing 
the  association  of  the  factors  as  is  allowable. 

1    ...  yi/y* .  y*vy  =  y*vy  .  yvy*, 

y'  ...  y  V  .  yvy'  =  yvy*  .  v, 

y    ...  y*  y'vy' .  v  =  v .  y*vy*. 

But  any  other  pair  of  automorphs  in  the  scheme  are  not  commuta« 
tive.     If  we  denote  by  ta  any  one  of  the  automorphs,  then  any  pair  of 
VOL.  XXVII. — KO.  647.  0 
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automorphs  in  the  table  (extended  if  need  be)  are  consecutive  auto- 
morphs  (i.)  in  a  horizontal  line,  as  w,  wy ;  or  (ii.)  in  a  dexter  line,  as 
w,  >w ;  or  (iii.)  in  a  sinister  line  (w,  y'wy*)  ;  or  (iv.)  in  a  vertical 
line  (w,  y'wy).  It  will  therefore  suflBce  to  prove  that  each  of  these 
four  pairs  gives  different  products  when  the  sequence  of  the  factors 
is  altered. 

Since  yw,  wy  are  two  automorphs  in  the  scheme,  they  are  different. 
Hence,  if  we  multiply,  as  indicated  on  the  left,  and  then  reassociate 
the  factors  suitably,  the  inequation 

toy  ^  yw, 

we  obtain         w     ...  w.wyijfcwy.cD (i.), 

...  w  ia .  yw  ^  yuf .  w      (ii-)» 

w"^  ...  w"*          yw~*  ijfc  w~*y. 
But  since                                    «'*  =  y*wy'wy', 
the  last  equation  gives    w.y^wy*  rjfc  y*wy*.w   (iii-)* 

For  automorphs  in  the  same  column  it  is  necessary  to  take  the 
column  separately.     For  the  second  column  the  inequation 

y^wy^uy*  ^  v* 

gives  y*  •  •  •  y  •  y'vy^  :jfc  y'vy* .  yu, 

y  ...y  uy.yu  ^  yv.vy, 

...  y'  y'wy' .  vy  ^  vy  .  y*vy', 

and  similar  results   follow    for    the    third    column    by  using   the 

inequation  ,    , 

yvy  vy  ^  v  . 

There  is  an  interesting  speculation  concerning  the  three  proper 
automorphs  v,  yuy',  y'vy  (or,  say,  for  shortness  v,  y,  w)  which  is 
connected  with  these  results.  We  know  that  the  powers  of  any 
proper  automorph  are  commutative  in  a  product ;  and  the  question  is 
whether  v,  v,  w  can  be  represented  as  powers  of  one  of  them.  Now, 
if  J/  =  V*,  we  have  also  w  =  !»*  and  v  =  w*,  so  that  7i'  =  1.  But  h 
obviously  cannot  be  1,  and  therefore  the  only  values  for  this 
exponent  are  the  imaginary  cube  roots  of  1,  viz.,  y,  y*.  If  we  agree 
to  define  the  symbol  v^  by  the  equation  v^  =  y,  then  any  product 
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and,  supposing  v  to  be  a  fnndamental  automorph,  every  proper  anto- 
morph  of  the  form,  is  a  power  of  a  fundamental  automorph  whose 
exponent  is  a  cubic  integer.  There  is  thus  a  doubly  infinite  series. 
For  the  forms  in  which  two  factors  are  imaginary  the  exponent  is  a 
real  integer  and  there  is  a  singly  infinite  series  of  automorphs. 

The  onits  u+vO+wB^^  U'{'vdi-\-wO^,  u-^vBi-\-wO^  are  connected  in 
the  same  way.  In  Eisenstein*s  great  memoir  on  cubic  forms  much 
use  is  made  of  the  "regulator,"  viz.,  the  expression  log  J.— y  log  B; 
where  A,  B  are  two  conjugate  factors  of  the  form,  and  log  J.,  logjB 
mean  the  logarithm  of  the  absolute  valaes  oi  A,  B.  As  the  use  of  a 
complex  exponent  has  been  fruitful,  it  seemed  worth  while  to  notice 
the  extension  to  matrices. 

There  is  one  point  to  which  reference  may  be  made.  In  the 
numerical  example  following,  the  automorphs  include  fractional 
elements.  It  will  be  found,  however,  that  in  no  product  of  the 
automorphs  does  the  common  denominator  exceed  9,  and  this  fact 
leads  to  Eisenstein*s  proof  of  the  existence  of  units  (and  therefore 
automorphs)  with  integral  elements.  There  are  two  reasons  for 
using  the  automorphs  with  fractional  elements  (with  the  property 
that  the  common  denominator  in  all  powers  and  products  has  a 
superior  Hmit).  In  the  first  place,  the  integral  elements  are  liable  to 
be  inconveniently  large,  or  the  first  automorph  with  integral  elements 
is  a  power  of  the  fractional  automorph,  and  the  exponent  may  be 
any  integer  less  than  8",  where  n  is  the  common  divisor.  In  the 
second  place,  the  number  m  of  which  a  representation  is  sought 
generally  contains  extraneous  factors,  especially  in  cyclotomic 
problems  (for  example,  aj*— Sy*  =  4p,  and  the  form  that  follows) 
which  are  also  the  factors  of  the  common  denominators  of  the 
fractional  elements  of  the  automorphs.  So  far  from  being  a 
hindrance,  the  presence  of  fractions  with  such  denominators  is  a  real 
help  to  the  calculator. 

Numerical  Example, 

In    the    determination    of    a    7-ic    complex    prime,    a    factor  of 
j9(=  14/i  +  l),  the  following  equation  is  to  be  solved : — 

^(«,  y,  z)  =  a^-|-7t/^-189x;»-|-1892/'2;-63«^aj-62/;8'-21ajy'  =  216p. 

The  equation  for  6  is  6»-2ie— 7  =  0, 

A;  =  -7,     6=7,     6«-|-4A;»,  =  A,  =-27.49,    r  =  21. 

The  equation  f or  ^  is        3^  =  -  28  -  » -h  20«, 

giving  3aj'  =  3ic~28z,     3y'=3y-;5,     3/=  2z. 

0  2 
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These  give  integral  values  for  x\  y ,  z ,  only  if  ii;  is  a  mnltiple  of  3 
(which  is  actually  the  case  in  the  present  problem).  The  transformed 
form  is 

Automorphs  y  =  ^  (  3,     li,     66  ),     y*  =  J  (  3,     14,     70  ) 


V  = 


HI. 


1, 

0, 


0, 

1, 
1. 


a,     7 

1,    1 

(p,  q)  =  H-h  -I), 

7),  'vy  =  Hi.    7, 

1,    3, 


1,      7 

r,    2 


21 
I 


or    §(-2,1), 

21),    «y'  =  i(r,    7,    28), 


1, 


14 

2 


1.     2, 


7 
3 


ywy'  = 


^(1%  7,  14),  yv  =  i(17,  70,  329),  yvy=i(I7,  77,  371), 
Z,  4,  35 
1,  f,    4 


2;  6,  36 

1,    2,    22 


2.    1,    11 
1,    4,    16 


Av  =  i(.ll.    7,    7),  y'»y'  =  i(ll,4&,  224),  A  =  i<;il,  56,  246). 

T,    8,    25 

r,   r,  15 


1,  ro;  28 
r,  1,  ID 


1,    2,     14 
1,    2,    13 


Geometrical  Theory. 

A  point  P  whose    rectangulai'   coordinates  (a;,  y,  z)   satisfy  the 

equation  ^ ,  .       . 

^  (x,  y,z)  =  l 

is  upon  a  cubic  surface ;  and  every  point  on  this  surface  with  integral 
coordinates  {x,  y,  z)  corresponds  to  a  unit  .T-hyS+zO*  and  vice  versa. 
The  surface  has  three  real  asymptotic  planes 

where  6,  ©i,  0,  are  real  irrational  roots  of 

e»  +  3A;6l~6  =  0. 


It  is  clear  that,  of  the  three  units  corresponding  to  any  point  P,  all 
or  only  one  must  be  positive.     The  surface  consists  of  four  sheets  for 
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which  the  three  nnits have  the  signs  +  +  +;   H ,  — | — , h, 

respectively.  The  first  may  be  distinguished  as  the  "positive" 
sheet.  Of  the  eight  compartments  into  which  space  is  divided  by 
the  asymptote  planes,  that  one  which  contains  the  axis  of  x  also 
contains  the  positive  sheet,  which  it  meets  at  the  "  vertex "  A, 
coordinates  1,  0,  0.  This  compartment  is  separated  from  each  of  the 
other  occupied  compartments  by  an  edge.  The  tangent  plane  at  the 
vertex  (1,  0,  0)  is  given  by  the  equation 

x  —  2kz  =  1. 

Consider  now  the  section  of  the  surface  by  a  plane 

X—  2kz  =  m. 

This  plane  not  being  parallel  to  any  of  the  asymptote  planes,  the 
section  will  always  have  three  asymptotes  that  in  general  form  a 
triangle.  When  m  is  greater  than  1  the  plane  cuts  the  positive 
sheet,  and  the  curve  consists  of  an  oval  inside  the  triangle  with  three 
infinite  branches  (from  the  three  negative  sheets)  in  the  outward 
angles  of  the  triangle.  The  curve  has  three  diameters,  the  medians 
of  the  asymptote  triangle,  which  meet  at  the  point  where  the  axis  of 
X  pierces  the  plane.  If  the  plane  moves  till  m  =  1,  the  oval  in  the 
curve  shrinks  up  to  an  acnode,  at  the  vertex  A  of  the  surface.  These 
sections  are  two  of  the  species  added  by  Stirling  to  Newton's 
Enunieratio.  When  m  is  between  0  and  1,  the  triangle  is  empty  and 
the  infinite  branches  remain  (Newton's  22nd  species) ;  when  m  =  0, 
the  asymptotes  are  concurrent  (Newton's  32nd  species) ;  and  when  m 
becomes  negative,  the  triangle  is  empty  and  the  infinite  branches  are 
separated  from  the  triangle  by  its  sides  (Newton's  23rd  species). 

Consider  now  a  point  P,  (a;,  y,  z)  on  the  unit  surface,  and  its  con* 
jugate  points  whose  coordinates  are 

y  (a?,  y,  z)  =  aj-3Ajz-|-(2%-6z)/2r,     -\y^{hy^2Vz)l2^, 

-iz-|-(2%-6z)/2r, 
y'  (aj,  y,  z)  =  the  same  with  —  r  for  r. 

It  is  then  seen  that  x—2kz 

has  the  same  value  for  the  three  conjugate  points  P,  yP,  y*P,  so  that 
these  points  lie  upon  a  plane  parallel  to  the  tangent  plane  at  the 
vertex,  viz.,  the  plane 

x—2kz  =  const. 

A  second  relation  common  to  the  three  points  can  also  be  found  by 
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direct  substitation  or  bj  determining  the  volnme  of  tetraliedron 
0,  P,  yP,  y*P,  namely, 

(x-21cz)  (ky'-hyz-Jc'z')/2r, 

This  Yolnme  is  the  same  for  each  of  the  three  points,  and  one  of  its 
factors  is  also  constant.  Hence  the  three  points  lie  upon  the  cylinder 
whose  axis  is  the  axis  of  x, 

—  ky*  +  hyz + Jc^sf  =  const., 
which  can  be  written  (2%— 6z)*-|-3r'2;*  =  const., 

and  is  seen  to  be  elliptic. 

The  geometric  construction  of  the  two  points  yP,  y*P  conjugate 
with  a  given  point  P  now  becomes  very  simple.  Let  ABG  be  the 
asymptote  triangle  on  the  plane  through  P,  parallel  to  the  tangent 
at  the  vertex.  Then  P  will  be  a  point  inside  or  outside  the  triangle 
according  as  it  is  on  the  positive  sheet  or  one  of  the  negative  sheets. 
Through  P  draw  lines  parallel  to  the  sides  of  the  triangle,  upon 
which  mark  points  P',  Q',  B',  respectively,  so  that  the  middle  points 
of  PP*,  QQ\  BB'  are  the  middle  points  of  the  segments  intercepted 
by  the  triangle.  A  similar  construction  at  P',  or  Q',  or  Bfj  or  all  of 
them,  will  give  two  new  points  Q,  B,  Then  P,  Q,  B  are  conjugate 
points,  and  so  likewise  are  P',  Q\  Bf. 

The  proof  comes  out  thi^s.  The  six  points  are  on  the  cubic  curve 
because  the  intercepts  between  the  cubic  and  two  asymptotes  on  a 
line  parallel  to  the  third  are  equal.  Hence,  P  being  on  the  curve, 
P',  Q',  2?',  and  therefore  also  Q,  iJ,  are  on  the  curve. 

Similarly  for  the  conic,  observing  that  the  medians  of  the  triangle 
ABG  are  diameters  of  the  conic  conjugate  to  the  sides  they  bisect,  it 
is  seen  that  the  six  points  are  on  the  conic. 

The  medians  AF,  BG,  CH  divide  the  triangle  into  six  parts  with  a 
common  vertex  at  (X,  the  centix)id.  The  effect  of  y  is  to  transpose 
the  asymptote  planes  cyclically.  Hence  A  becomes  P,  B  becomes  0,  O 
becomes  A,  while  ff  is  unchanged.  Hence  the  triangles  CfBF^  ffCG^ 
O'AH  are  conjugate,  and  any  point  in  ffBF  has  one  conjugate  in 
(yCO  and  the  other  O'AH.  But  this  is  equivalent  to  the  mode  of 
distributing  the  six  points  into  conjugate  sets,  as  is  seen  at  once 
from  a  figure. 

As  another  application,  consider  a  point  [7,  coordinates  (u,  t?,  to) ; 
P,  as  before,  the  point  (or,  y,  2),  and  examine  the  effect  of  v,  the 
proper  automorph  with  t«,  v,  w  for  its  first  column.     This  automorph 
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determines  a  homogeneous  strain  in  space ;  and,  since  it  is  proper, 
the  tliree  edges  of  the  asymptote  system  remain  unchanged.  The 
point  A  (1,  0,  0)  comes  to  U;  the  plane  containing  P,  yP,  y*P, 
which  was  parallel  to  the  tangent  plane  at  J.,  when  transformed,  con- 
tains the  points  vP,  vyP,  wy'P,  and  is  parallel  to  the  tangent  plane 
at  27,  the  new  position  of  A.  In  the  same  way,  using  the  automorph 
yv,  we  find  that  the  plane  of  the  points  yvP,  yvyP,  yi/y*P  is  parallel 
to  the  tangent  plane  at  y  U. 

It  may  be  noted  that  the  fundamental  units  must  be  represented 
by  points  on  the  negative  sheets,  unless  indeed  there  are  no  points 
with  integral  coordinates  upon  these  sheets.  For,  if  (t*,  r,  w)  is  on 
the  positive  sheet,  the  three  conjugate  units  are  positive.  Hence 
every  power  has  three  positive  conjugates,  and  cannot  lie  on  a  negative 
sheet  because  units  on  a  negative  sheet  have  two  of  the  conjugates 
negative. 


Exa/mphs  illustrating  Lord  Rayleigh's  Theory  of  the  Stability  or 
Instability  of  certain  Fluid  Motions.  By  A.  E.  H.  Love. 
Bead  January  9th^  1896. 

In  papers  published  in  the  Proceedings,  Vols.  xi.  and  xix.,  Lord 
Rayleigh  has  discussed  the  oscillations  possible  in  a  stream  of  fluid 
flowing  between  two  fixed  planes,  which  arise  from  difference  of  spin 
(or  molecular  rotation)  in  different  parts.  He  has  especially  attended 
to  cases  where  the  spin  changes  discontinuously  at  certain  planes 
between  the  boundaries.  A  difficulty  occurs  in  these  solutions 
through  the  fact  that  the  places  where  the  stream- velocity  is  equal 
to  the  wave- velocity  are  singularities  of  the  integrals  of  the  differ- 
ential equation  on  which  the  small  varied  motion  depends.  This 
difficulty  Lord  Rayleigh  has  sought  to  evade  in  a  recent  paper  (Proc, 
Nov.,  1895).  It  was  felt,  however,  that,  in  the  case  of  continuously 
varying  spin,  the  complete  discussion  of  the  problem  for  a  particular 
law  of  velocity  would  be  desirable.  The  present  paper  contains  such 
a  discussion  as  appears  possible  (without  solving  the  differential 
equation)  of  a  case  where  there  are  two  separated  singular  places 
of  the  integral.      The   general  conclusion  seems  to  be  that  wave- 
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motions  of  Lord  Rayleigh's  type  can  only  occur  in  some  very  special 
cases,  and  that  his  method  does  not  avail  for  the  determination  of  a 
criterion  of  stability  when  the  disturbance  is  of  a  general  character. 
Some  further  examples  are  given  in  which  the  exact  analytical 
form  of  the  disturbance  can  be  calculated  for  a  definite  wave- 
velocity. 

1.  A  steady  motion  of  fluid  in  the  plane  (a;,  y)  is  possible  in  which 
the  stream -lines  are  parallel  to  a  fixed  line,  the  axis  x,  and  the  velocity 
of  the  fiuid,  everywhere  parallel  to  this  axis,  is  independent  of  x, 
and  is  any  difEerentiable  function  of  y.     Suppose  U  is  this  velocity. 

The  fluid  may  be  bounded  by  two  lines  parallel  to  the  axis  of  a;,  and 

^  __ 

between  these  lines    —  |  —   is  everywhere  finite.     This  quantity  is 

dy 

the  spin  (or  molecular  rotation)  of  the  fluid  at  any  point,  and  it  is 
variable  only  with  y,  and  we  shall  suppose  it  to  be  a  differentiable 

function*  of  y.     We  shall  suppose  that  U  and   ^—  are  given  for  all 

values  of  y  between  the  two  limiting  lines  which  contain  the 
fluid. 

We  seek  now  to  determine  a  motion  of  the  fluid  which  shall,  at  all 
times,  and  for  all  points  between  the  given  boundaries,  differ  very 
little  from  the  steady  motion  just  described.  Suppose  U'\-u  and  v 
are  the  component  velocities  parallel  to  x  and  y  in  the  varied  motion, 
and  suppose  that  u  and  v  are  at  any  one  time  each  less  than  some 
g^ven  arbitrarily  small  quantity  c  for  all  values  of  aj,  and  for  all 
values  of  y  between  the  given  boundaries,t  and  further,  suppose  that 
u  and  V  do  not  tend  to  increase  indefinitely  with  the  time ;  then  the 
quantities  u  and  v  are  always  small,  of  the  order  e  at  most,  and  the 
steady  motion  is  stable.  For  the  investigation  of  such  varied 
motions,  the  equations  determining  u  and  v  are  reduced  to  linear 
equations  by  rejecting  all  terms  that  involve  their  squares  or  pro- 
ducts, or  higher  powers,  and  then  it  may  be  assumed  that  u  and  v 
are  proportional  to  simple  hainnonic  functions  of  the  time,  with  a 
peiiod  to  be  determined.  If  the  equation  determining  this  period 
has  only  real  i*oots,  the  motion  is  stable. 


*  The  case  in  whioh  d  r^dy  is  discondnuous  has  been  sufficiently  considered  by 
Lord  Rayleigh  in  the  papers  already  cited. 

t  This  limitation  excludes  a  priori  the  solutions  discussed  by  Lord  Rayleigh  for 
which  df/dy,  and  consequently  «,  becomes  infinite.  For  the  limitation  itseU,  qf. 
Routh*s  Treatise  on  the  Stability  of  Motion,  p.  1. 
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2.  In  the  problem  before  us  the  quantities  u  and  v  are  to  be  deter- 
mined from  the  equation  of  continuity,  and  the  condition  that  the 
spin  of  any  element  is  independent  of  the  time.     The  former  gives 

?!f  -L  _  —  0 
dx     dy 
and  the  latter  gives 

|(^+0+(P+«)|-(^+0+«'|-(^+0  =  o, 

vt  Ox  oy 

where  Z,  =  —  \  dU/dy,  is  the  spin  in  steady  motion,  and  {, 
=  J(9t;/3a;— 3M/9t/),  is  the  added  spin  at  any  point.  By  the  process 
already  sketched  this  reduces  to 

a^4+s^^o (1), 

vt  Ox        oy 

We  shall  now,  following  Lord  Rayleigh,  suppose  that  the  varied 
motion  is  a  wave-motion  with  wave-length  2w/k  and  velocity  F,  so 

u  =  Ui  cos  K(x'-Vt  + a),     u  =  Vj  sin  ic  (a;— F^H- a) (2), 

where  Ui  and  Vj  are  functions  of  y  only.  The  equation  of  con- 
tinuity then  becomes 

-.^,+  1^=0    (3), 

oy 

and  the  equation  (1)  for  the  varied  spin  becomes 

since  £=  |  cos  ir  (aj— F^-ho)  f  ict'i— ^  j. 

We  may  suppress  the  suf&x  attached  to  v^  and  we  see  that  v  satisfies 
the  equation 

"'-'^(|--)-0'=» <*'• 

The  further  conditions  which  have  to  be  satisfied  are  that  v  =  0  at 
the  two  fixed  boundaries,  i.e.,  for  two  particular  values  of  y. 
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3.  In  order  that  the  disturbance  may  be  propagated  by  waves  in 
the  manner  supposed  it  must  be  possible  to  assign  a  real  quantity  V 
so  that  a  function  v  may  exist  which  (i.)  satisfies  the  differential 
equation  (4)  for  all  values  of  y  in  a  certain  real  interval,  (ii.)  vanishes 
at  the  limits  of  this  interval,  (iii.)  is  finite,  and  has  a  finite  and  con- 
tinuous differential  coefficient  in  this  interval.  Further,  in  order 
that  the  method  may  apply  to  an  arbitrary  initial  disturbance,  it  is 
necessary  that  there  should  be  a  series  of  such  quantities  Vr,  and, 
associated  with  each,  a  function  Vr  of  such  a  character  that  an 
arbitrary  function  of  y  can  be  expanded  in  a  series  of  the  form 

which  converges  in  the  given  interval.  The  quantities  Vr  are  required 
to  exist  for  all  real  values  of  r. 

Lord  Bayleigh  has  proved*  that  it  is  impossible  to  satisfy  the 
differential  equation  and  the  boundary  conditions  with  a  complex 

value  of  F,  if  -^—  is  one-signed  between  the  boundaries  ;  and  he  con- 

eluded  that,  under  this  condition,  the  steady  motion  expressed  by  U 
must  be  stable.  It  appears  however  that  this  conclusion  required 
additional  justification,  inasmuch  as  there  is  no  evidence  to  show  that 
every  disturbance  will  be  propagated  by  waves  in  the  manner 
supposed.  Lord  Bayleigh  has  further  remarkedf  that  it  is  impossible 
to  satisfy  the  differential  equation  and  the  boundary  conditions  with 

any  value  of  V  for  which  U—  V  and  — —  have  the  same  sign  every- 
where between  the  boundaries.  ^ 

We  can  construct  an  example  for  which  — —  is  one-signed,  and  for 

which  [7— F  has  the  opposite  sign  for  values  of  y  between  the 
boundaries,  by  taking  for  U  any  quadratic  function  of  y,  and  for  F  a 
real  constant  such  that  the  roots  of  27—  F  are  two  values  of  y  between 
which  the  boundaries  of  the  fluid  lie. 

4.  Let  U  =  ^t/»-|-2jBy-|-  C, 

and  U-V  =  A(y-a)(y-b), 

and  let  the  boundaries  of  the  fluid  he  y  =  hi  and  y  =  h^;  and  to  fix 


*  Proe,,  VoL  xi.,  p.  69. 
t  L.e.y  p.  70. 
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ideas  take  6  >  A|  >  ^  >  a  ;  then  the  differential  equation  becomes 

(y-a)(y-6)  (^ -«»».)  =2«  (5). 

When  K  is  given  we  have  only  one  parameter  to  dispose  of,  viz.,  F, 
and  this  is  given  bj 

V  =  iA  (6-o)'+  ^^ (6), 

80  that  the  parameter  which  is  in  our  power  is  6— a,  the  snm  of  the 
roots  (6  + a)  being  given. 

We  transform    the  equation    to   one  with  fixed  singularities  by 
changing  the  independent  variable  from  y  to  y\  where 

y-h     y-l    ^'^^ 

t.c,  by  putting  y  =^  (b  —  d)  y+a.     We  then  have 

and  the  interval  within  which  it  is  to  be  solved  is  such  that 

l>y'>0, 

but  the  interval  does  not  extend  so  far  as  y  =  0  or  y  =  1. 

Writing  now  X*  for  ic*  (6  — a)',  we  see  that  we  have  to  seek  for  real 
values  of  X  for  which  the  differential  equation 

By"       y'(i-y')  ^' 

can  be  satisfied  by  a  value  of  r  which  vanishes  for  two  values  of  y 
lying  in  the  interval  1  >  y'  >  0.  The  limiting  values,  h{  and  hj,  of  y 
are  given  by 

A(=  (;^,-a)/(6-a)  =i  {l-(a  +  6-2?^)/(6-a)}, 

«  =  (A,-a)/(6-a)=i{l-(a  +  6-2A,)/(6-a)}, 

so  that  they  depend  on  h^,  h^,  and  on  the  parameter  (6— a)  in  quite 
definite  ways. 
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5.  It  is  useless  to  attempt  to  solve  the  dilEerential  equation. 
Solutions  in  series  can  of  course  be  obtained,  but  they  afford  no 
criterion  for  determining  the  roots  of  v.  We  can  however  use  an 
intuitional  method*  by  comparing  the  above  equation  (8)  with 

This    equation    may  be    regarded  as  the  equation  of  motion  of  a 

particle,  which   moves  in    a  straight  line   under    the   action  of  a 

repulsive  force  \^x  proportional  to  its  displacement  x,  and  an  attrac- 

2 
tive  force  — -x    also    proportional  to  a?,  but  variable  with  the 

t  (1  t) 
time  t.  At  a  certain  time  ^o  (=  ^i)»  ^^^  particle  is  passing  through 
the  origin  with  a  finite  velocity,  and  we  wish  to  discover  whether  the 
forces  can  be  so  adjusted  that  before  f  =  1  it  may  have  returned  to 
the  origin.  We  cannot  determine  the  time  that  the  particle  would 
take  to  describe  any  distance  x,  or  to  return  to  the  origin,  but  we 
may  use  the  principle  that  any  increase  in  the  strength  of  the  attrac- 
tive force  or  decrease  in  the  strength  of  the  repulsive  force  would 
shorten  the  period  that  must  elapse  before  it  returns  to  the  origin. 
We  can  now  show  that  at  least  one  of  the  limiting  values  must  lie 
near  to  ^  =  0  or  ^  =  1.  Suppose,  to  take  an  example,  that  the  in- 
stant of  starting  is  ^  =  ^,  we  can  see  that  the  particle  will  not  have 
returned  before  t  =  ^;  for  during  this  interval  the  sti-ength  of  the 
attractive  force  is  constantly  less  than  -^-j  and  the  particle  would  not 
return  in  less  time  than  \ir^2  if  the  strength  of  the  attractive  force 
were  constant  and  had  its  greatest  value.  More  generally,  if  the 
particle  starts  at  time  ^^j(=€),  and  returns  at  time  ^i(:J>l— c), 
the  time  taken  to  return  to  the  origin  is  not  greater  than  1— 2c. 
The  maximum  strength  of  the  attractive  force  is  2/^c  (1  —  e)] .  The 
period  is  greater  than 


SO  that  this  quantity  is  certainly  <1— 2c.     Further  we  have 

X  =  ic  (b-a)  =  K  (a -1-6- 2^) /(I -2c), 


*  Suggested  by  Elem's  discussion   of    Lam6*s   equation  in  his  lithographed 
VmrUtungm  uber  limare  DifferentialgUiehungm  der  zweitm  Ordnungy  Gottingen,  1894. 
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and  we  hence  find  that 

In  the  case  where  k  is  small,  i.e.,  for  very  long  waves  in  the  hydro- 
dynamical  problem,  e  <  J  and  for  greater  values  of  k  still  smaller 
valnes  of  e  are  required. 

Again,    let    us    suppose  the  particle  starts  at  time  ^o  ( ^  ^)  ^^^ 
returns  at  time  ti  (=  1— «)  ;  then,  just  as  before,  we  find 


€< 


This  discussion  shows  that  equation  (8)  with  the  conditions  v  =:  0 
when  y  =  h{  and  when  y  =hi  cannot  be  satisfied  unless  either  h{  is 
very  near  0  or  A^  is  very  near  1.  In  general  we  can  only' satisfy 
these  conditions,  either  by  taking  a  very  near  to  /14,  or  by  taking  b 
very  near  to  A,. 

The  results  here  obtained  are  by  themselves  sufficient  to  show  that 
in  many  cases  the  problem  can  have  no  solution.  We  have  found 
that  either 

— ^- ^  >  a  quantity  >  }, 

b—a 

^  a+b-2h,  ^  ^  quantity  >  f . 

0—  a 

The  former  of  these  gives 

6~a<|(a-|-6— 2^),     ' 
but,  since  b—a  >  A, — ^i, 

we  must  certainly  have 

^-/*,<f(a+6-2U 

or  3A,  +  6fei  <  4(a-|-6). 

In  like  manner  the  inequality 

a+6-2A,  ^  i 

leads  to  11^3-3*1  <  4(a-|-6). 

We  conclude  that  there  are  some  restrictive  conditions  on  /ij,  A,  in 
order  that  a  solution  may  be  possible,  and  the  character  of  these 
would  appear  to  be  that  the  breadth  of  the  stream  must  not  exceed 
one  or  other  of  cei*tain  limits  depending  on  the  given  quantity  (a-|-6). 
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6.  Bnt  now  sappose  these  conditions  are  satisfied,  and  consider  the 
velocity-time  curve  of  the  motion  of  the  particle.  Let  ns  sappose 
that  X  is  sufficiently  small  for  the  resultant  force  on  the  particle  to 
be  attractive  throughout  the  interval  1  >  ^  >  0.  Since  the  attractive 
force  has  minimum  strength  when  /  =  ^,  this  requires  X'<8.  Then 
the  velocity  constantly  diminishes  until  the  particle  returns  to  the 
origin,  and,  as  we  shall  see  in  §  8,  the  velocity  becomes  in  general 
positively  or  negatively  infinite  at  ^  =  1.  The  curve  has  therefore 
an  asymptote  ^  =  1.  Further,  we  shall  prove  in  §  8  that  when  the 
velocity  is  infinite  the  displacement  remains  finite  and  thus  the  area 
between  the  curve  and  the  asymptote  is  finite.  Now  the  area  con- 
tained between  the  curve,  the  t  axis,  and  two  ordinates  t  :=^t^  and 
t  =^ti  is  the  space  passed  over  between  these  times.  If  then  the 
particle  starts  from  the  origin  at  time  t^  with  a  finite  positive 
velocity,  it  may  happen  that  there  is  a  value  ^i(<l)  of  /  for  which 
the  positive  area  between  t^  and  the  point  where  the  velocity  vanishes 
is  equal  te   the  negative  area  between  this    point  and  ^|.      Since 

—  =  0    when  x  =  0,    the  points  ^o  ^^^  ^i  niust  be  points  on  the 

velocity- time  curve  where  the  ordinate  is  a  maximum  or  a  minimum. 
Thus  \  must  be  chosen  so  that  the  distance  between  a  maximum  and 
the  next  minimum  ordinate  may  be  k  (h^—  h^)/\,  and  the  area  between 
the  maximum  ordinate  and  the  point  where  the  velocity  vanishes 
must  be  equal  te  the  area  between  this  point  and  the  minimum 
ordinate  (see  Fig.  1).  It  may  be  possible  te  secure  the  satisfaction 
of  these  conditions  when  ^,  h^  are  suitably  chosen,  but  it  may  be 
impossible.  We  shall  proceed  on  the  supposition  that  one  value  of  X 
has  been  chosen  which  satisfies  all  the  conditions. 


Fig.  1. 


7.  It  is  next  important  to  inquire  whether  the  conditions  can  be 
satisfied  by  more  than  one  value  of  X.     In  the  first  place  we  show 
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that  if  the  particle  can  return  once  to  the  origin  with  any  value  of  X 
it  cannot  return  for  any  greater  value  of  X.  For  the  period  in  which 
it  is  required  to  return,  being  k  (Aj  — ^i)/X,  is  diminished  by  increasing 
X ;  but  the  period  in  which  it  does  return  is  certainly  increased  by 
increasing  X,  since  X'  is  the  strength  of  the  repulsive  force.  In  the 
next  place  we  observe  that  a  diminution  in  the  value  of  X  increases 
the  time  in  which  the  particle  is  required  to  return  to  the  origin,  but 
diminishes  the  period  in  which  the  pai*ticle  does  return  once  to  the 
origin.  If  then  with  one  value  of  X  the  particle  can  return  once  to 
the  origin  with  any  smaller  X  for  which  the  conditions  can  be 
satisfied,  it  must  return  more  than  once.  Thus,  if  more  than  one 
value  of  X  can  be  chosen  which  satisfies  all  the  conditions,  with  these 
different  X*8  the  particle  returns  to  the  ori^n  once,  twice,  three 
times,  and  so  on.  Hence  these  values  of  X  form  a  discrete  series  of 
diminishing  quantities.  But,  since  X  <t  fc.'(^,  — ^i),  there  is  only  a 
finite  number  of  possible  values  for  X. 

Hence,  going  back  to  the  hydrodynamical  problem,  it  is  proved 
that,  though  there  may  be  a  finite  number  of  values  of  V  for  which 
the  differential  equation 


<-^'(i -•)=?• 


has  a  solution  r,  which  vanishes  when  y  =  ^i  and  when  y  =zh^^  there 
cannot  be  an  indefinite  series  of  such  values.  It  follows  that,  though 
there  may  be  particular  types  of  disturbance  which  can  be  propagated 
by  wave-motion  in  the  manner  supposed,  this  cannot  be  true  for  a 
general  disturbance. 

Further,  since,  as  we  have  seen,  possible  values  of  X  cannot  exist 
for  arbitrary  values  of  h^  and  ^,  there  will  not  be  such  wave-motions 
unless  some  (unknown)  relations  subsist  between  the  constants  in  U 
and  the  ordinates  ^|,  h^  of  the  boundary  lines. 

We  conclude  that  so  long  as  the  wave- velocity  differs  from  the 
stream- velocity  at  all  points  between  the  boundaries  there  will  be 
wave-motions  of  the  kind  supposed  only  for  some  special  types  of 
disturbance,  and  with  the  breadth  of  the  stream  subject  to  some 
restrictions. 

We  shall  see  presently  that  the  application  of  the  method  is  still 
more  restricted  when  the  wave- velocity  is  allowed  to  become  equal  to 
the  stream- velocity. 
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8.  Before  passing  on  to  examine  bow  onr  results  are  modified  if 
either  of  the  roots  of  Z7—  V  lies  between  the  boundaries  y  =  Aj  and 
y  =zh^^  it  will  be  convenient  to  investigate  the  character  of  the 
solutions  of  the  differential  equation  in  the  neighbourhood  of  the 
roots  of  U—  V,     Taking  the  equation  in  the  form 

ay'«       ""    y(i-yr 

we  observe  that  in  the  neighbourhood  of  y'  =  0  there  is  one  particular 
integral,  say  Vj,  which  can  be  expanded  in  powers  of  y\  the  first  term 
being  the  term  of  degree  unity  in  y.     We  may  write 

then  the  differential  equation  gives  us 


from  which 


^s  =  -  ^i» 


n  [(n-3)^^_i— (n-l)^,]-hX'(^,_2-^«.8)  =0,     n  =  4,  5,  ... . 

We  may  assign  an   arbitrary  value    to  g^  and  then  all  the  other 

coefficients  are  determinate. 

There  is  also  a  particular   integral,  say  Vj,  which  cannot  be  so 

expressed,  but 

V,  =  Vilogy +v, 

where  v  is  a  series  of  the  form 

in  which  Aq  is  different  from  zero.     The  differential  equation  gives  us 
3y^      \y(l-y)         /  y     dy      y'^ 


+  2  (^o+S  ^.y'»)  +  (1 -2/')  [2  I  nsf,y"-»-|  ^,/-»]  =  0, 
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from  which  2Aj+Sr,  =  0, 

2*,-X\+3gr,-<,,  =  0, 

6h,+X\+5gt-Sgt  =  0, 
12ht-4ht-\%+7gt-5g,  =  0, 

».[(n-l)A,-(n-3)A..,]-X'(A,.,-A,.,)  +  (2«-l)!/,-(2«-3)<,,.,=0, 

n  ^^  O)  O)  ...  . 

This  work  is  the  application  to  our  particular  equation  of  a  known 
general  theory.*  It  is  further  known  that  the  series  Vj  and  v  con- 
verge when  l>y'>  — 1,  the  other  singularity  of  the  differential 
equation  being  at  y'  =  1,  but  they  do  not  converge  for  the  value 
y  =zl.  There  will  in  like  manner  be  two  particular  integrals  which 
in  the  neighbourhood  of  y'  =  1  can  be  expressed  in  the  forms 

<7i(i-y')+f7i(i-y)'+...+^»a-yr+..., 

and  log(l-yO[^ia-yO+9'2(l-2/T-h...+^„(l-yr+...] 

the  coefficients  being  clearly  the  same  as  before,  on  account  of  the 
complete  symmetry  of  the  differential  equation  with  respect  to 
y'  =  0  and  y  =z  1.  The  series  here  given  converge  when 
1  >  1— y  >  —  1,  i-e.,  when  2>y>0. 

We  notice  that  neither  solution  becomes  infinite  at  the  singu- 
larities, but  t?j  has  an  infinite  diffei'ential  coefficient  at  y'  =  0.  Thus, 
in  general,  dv/dy  is  infinite  at  the  singularities,  but  v  is  finite. 

9.  The  results  just  found  may  be  interpreted  in  accordance  with 
the  intuitional  method  in  which  y  is  replaced  by  the  time  t,  and  v  is 
regarded  as  the  displacement  of  a  particle  which  moves  in  a  straight 
line  under  a  repulsive  force  and  an  attractive  force.  The  particle 
will  generally  have  infinite  velocity  at  the  instants  ^  =  0  and  ^  =  1 
(supposing  the  time  of  motion  to  include  those  instants),  but  it  may 
have  a  finite  velocity  at  one  of  these  instants,  and  in  that  case  it 
must  be  at  the  origin  at  that  instant.  Further,  before  the  time  f  =  0, 
and  after  the  time  ^  =  1,  the  force  is  repulsive,  so  that  if  the  particle 


♦  See  e.ff.  Scblesinger,  Handbuch  der  Theorie  der  Hnearen  DiffereniialgUiehungeny 
Bd.  I.,  Leipzig,  1896. 

TOL.  XXYII. — NO.  S^S.  P 


210      Mr.  A.  E.  H.  Love  on  Lord  RayleigVa  Theory  of   [Jan.  9, 

is  moving  through  the  origin  at  time  ^  =  0  with  a  finite  velocity  it 
can  never  have  been  at  the  origin  before,  and  if  the  particle  is  moving 
through  the  origin  at  time  ^  =  1  with  a  finite  velocity  it  can  never 
return  to  the  origin.  Again,  since  the  constant  \  of  the  v,  solution 
must  be  different  from  zero,  we  see  that  the  particle  can  never  have 
infinite  velocity  when  at  the  origin. 

Taking  as  before  the  supposition  that  the  force  never  becomes 
repulsive,  the  velocity-time  curves  in  the  cases  where  the  velocity  is 
finite  at  ^  =  0  and  ^  =  1  respectively  are  of  the  forms  shown  in 
Fig.  2  and  Fig.  3,  so  that  it  appears  probable  that  X  may  be  so  chosen 


Fio.  2. 


Fio.  8. 


that  in  the  first  the  area  between  ^  =  0  and  t^t^  (  <  1)  shall  vanish, 
and  in  the  second  that  the  area  between  ^  =  f^  ( >0)  and  ^  s  1  shall 
vanislu 


10.  Going  back  now  to  the  hydrodynamical  problem,  if  we  take 
a  =  7*1,  6  will  be  fixed  since  a+6  is  given.  We  shall  suppose  that 
h>h^.  Then  the  solution  corresponding  to  v^  with  its  differential 
coefficients  remains  finite  when  y  -rzhy^  and  throughout  the  range 
h2>y>hi,  and  it  appears  probable  that  the  value  of  V  which  makes 
a  =  ^4  will  make  v  vanish  for  some  definite  values  of  ^  <  6.  But  it 
is  not  certain  that  this  will  be  the  case  ;    and,  if  it  does  so  happen. 
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the  values  of  h^  will  be  thereby  fixed,  and  may  not  include  the  given 
value  of  h^.  Thus  there  will  be,  with  given  17  (=  Ay*  +  2By-{-  (7),  at 
most  a  finite  number  of  definite  breadths  of  stream  for  which  a  dis- 
turbance of  wave-length  k  can  be  propagated  by  waves  in  the  manner 
supposed  with  a  wave-velocity  equal  to  the  value  of  U  on  one  of  the 
boundary  lines.  Further,  as  in  the  preceding  case,  the  disturbances 
which  can  be  so  propagated  will  not  be  arbitrary  disturbances  of 
wave-length  k  but  quite  definite  disturbances.  Like  results  follow  if 
we  take  6  =  h^, 

11.  Any  other  supposition  as  to  the  relative  situation  of  a,  6,  h^,  A, 
may  be  similarly  disposed  of.  Without  going  through  all  the  work 
we  shall  tabulate  the  results : — 

(b>  a  >  h^>h^] 
(i.)  -I  y.     No  disturbance  possible.     (This  is  the 

(hi>  h^>  b>  a) 

supposition  disposed  of  by  Lord  Rayleigh  in  Proc,  Vol.  xi.,  p.  70.) 

(ii.)  6  >  ^,  >  ^  >  a.  At  most  a  finite  number  of  values  of  V  for 
any  i:,  so  that  special  types  of  disturbance  only  are  capable  of  being 
propagated  by  waves  in  the  manner  supposed. 

(iii.)  6  >  ^,  >  ^„  ^1  =  a.  No  value  of  V  unless  /t,  has  one  of 
certain  definite  values,  and  possibly  no  value  of  V  for  any  h^.  So 
that  at  most  this  would  g^ve  a  finite  number  of  values  of  V  when  h^ 
has  one  of  certain  definite  values  ;  i.e.,  at  most  there  are  a  finite 
number  of  special  types  of  disturbance,  in  streams  of  special 
breadths,  which  can  be  propagated  by  waves  in  the  manner  supposed, 
with  7=  U{h,). 

(iv.)  b  =  ^„  h^>  hi>  a.     This  case  is  exactly  like  the  preceding. 

(v.)  6  <  A„  h^>  hi  >  a.  In  this  case  dv/dy  can  only  be  finite, 
when  y  =-b,  if  r  vanishes  there,  and  then  v  cannot  vanish  for  any 
greater  value  of  y,  so  that  in  particular  it  cannot  vanish  for  h^. 
Hence  there  is  no  solution. 

(vi.)  a>  h^y  b  >  \>  h^.  This  case  is  like  the  preceding,  and 
there  is  no  solution. 

(vii.)  a  =  ^,  6  =  A,.      Since  the  value  of  v  which  makes  dvjhy 

finite  at  a  vanishes  at  a,  and  is  finite  and  different  from  zero  at  &, 

there  is  no  solution. 

f2 
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12.  The  case  where  U  is  b,  linear  function  of  y  is  very  simple. 
Suppose  as  before  that  the  boundaries  are  y  =  /^  and  y  =z  h^,  Tlie 
differential  equation  becomes 


dy' 


-K^V  =  0 


(9), 


and  a  solution  vanishing  when  y  =  ^,  is 

r  =  J.  sinh  k  (y—hi), 

but  we  cannot  make  it  vanish  also  when  y  =  ^j.  In  this  case  it  has 
been  suggested  that  a  possible  wave-motion  might  be  found  by  taking 
V  equal  to  the  value  of  U  at  one  line,  y  ^=  a  say,  between  h^  and  h^. 
Then  the  differential  equation  (9)  need  not  be  satisfied  when  y  ^  cl. 
We  should  then  have  to  take 

V  =  A  sinh  k  (y  —  hi),     a  >  y  >  h^^ 

r  =  J9  sinh  k  (h^—y),     \>  y  >  a. 

To  make  v  and  dvj^y  continuous  at  y  =  a,  we  should  require 

A  sinh  V  (jci  —  h^  =      B  sinh  k  (^j— a), 

A  cosh  K  (a— hi)  =  —  B  cosh  k  (hi— a), 

and  these  cannot  be  satisfied  when  7^,  is  different  from  h^.  Thus 
there  would  be  in  this  case  no  disturbance  which  could  be  pro- 
pagated by  waves  in  the  manner  supposed.  Yet  the  example 
afforded  by  initial  disturbances 

• 

-M  =  C  (2y— /ii — ^2)  cos  Kx, 
V  =z  kG  {y  —  hi)  (y  —  h^)  sin  kx, 

shows  that  some  varied  motion  is  possible  which  initially  is  periodic 
in  X  with  given  wave-length.  Lord  Rayleigh's  method  does  not  avail 
for  the  discovery  of  thi^  motion,  nor  for  determining  whether  the 
original  steady  motion  is  stable  for  this  type  of  disturbance. 

13.  In  the  examples  hitherto  discussed  there  has  either  been  no 
solution,  or  we  have  been  able  to  show  that  the  solution,  if  it  exists, 
corresponds  to  a  special  type  of  disturbance,  but  we  have  not,  in  any 
case  where  there  could  be  a  solution,  found  the  explicit  form  of  the 
solution.  In  the  examples  now  to  be  g^ven  the  exact  analytical 
form  of  V  will  be  obtained  when  U  has   a  definite  form,  and  V  has  a 
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particular  value.  We  observe  that  the  differential  equation  depends 
only  on  U—  V.     Writing  W  for  this,  the  equation  is 

97"""^  37^  ^  ^' 

If  the  form  of  TT  is  assigned  so  that  this  equation  can  be  solved,  it 
is  only  necessary  to  determine  whether  the  boundary  conditions  can 
be  satisfied. 

(a)  Let  W=  A  sin/i  (y—a)  ; 

then  V  =  OsinX  (y— ^),     where     X'  =  fi* — ic*, 

and,  if  X  (^  -  hi)/ir  =  an  integer,  we  have  a  solution.  Thus  there  are 
in  this  case  solutions  corresponding  to  every  integral  value  of  s  which 
is  such  that  H'^—s^Tr^/(h^—hiy  is  positive. 


WLe.  '^-^4(^} 


dy\    y 

and  if  fi'— ic*  is  positive,  and  =  X'  say,  we  have 

dy\  y  J' 

If  X  is  suitably  chosen,  v  can  vanish  when  y  =  h^,  and  when  y  =z  h^. 
In  fact  this  requires 

tanX(/ii-^)  =\(h,-h^)/{l-\-\%hi). 

This  equation  has  an  infinite  number  of  real  roots,  but  only  such  of 
them  may  be  taken  as  make  /x^— X'  positive. 

In  this  case  the  singular  point  y  =  0  may  be  included  in  the 
interval  between  the  boundai*ies  if  the  latter  are  suitably  chosen. 
We  must  then  take  C^  =  0,  and  the  boundaries  ^j,  h^  must  be  roots 
of  the  same  equation  of  the  form  tan  X^  =  \h.  Thus  if  /i,  =  —  A,  =  ^ 
any  value  of  X  ( :t>  /i)  which  satisfies  this  equation  gives  a  solution. 
It  is  to  be  noted  here  that  TT  =  0  at  y  =  0,  and  v  also  =  0  at  y  =  0 ; 
"but  the  limits  for  y  are  not  necessanly  y  =  0  and  y  =  ^,  in  contrast 
-with  the  case  where  U  was  a  quadratic  function,  for  which  we  found 
that,  if  a  zero  of  U—V  is  included  in  the  region  occupied  by  fluid, 
it  must  lie  on  the  boundary. 
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On  Boltzmann'8  Law  of  the  Equality  of  Mean  Kinetic  Energy  for 
each  Degree  of  Freedom.  By  S.  H.  Bubbury.  Beceived 
December  31st,  1895.  Read  January  9th,  1896,  and  Bubse- 
qaentlj  received  April  22iid,  1896.  [Commanicated  by  the 
Council.] 

1.  The  following  investigation  is  based  on  the  assumption  that  if  a 
great  number  of  molecules  are  moving  in  any  large  space,  and  if  the 
velocities  of  translation  of  any  group  be  denoted  by  Uj  ...  w.,  tjj ...  t?«, 
Wi..,to^  (and  they  may  have  also  other  velocities,  e.^.,  of  rotation 
^1 ...  q^),  then  the  chance  that  at  any  instant  these  velocities  riiall 
lie    within    assigned    limits     Ui...U|  +  ^^9  &c.,    is   proportional  to 
e'^^dui  ...  dw^dji  ...,  in  which  Q  is  a  quadratic  function,  containing 
squares  of  the  velocities  multiplied  by  certain  coefficients,  and  also 
containing  the  products  UiU^,  &c.,  rit-^,  <&c.,  WiWf,  <&c.,  of  the  transla- 
tion   velocities.      In    other    words,   I  assume  that  the   translation 
velocities  are  generally — i.e.,  always  except  in  the  limiting  case  of 
an  infinitely  rare  medium — correlated.     In  order  completely  to  prove 
the  permanence  of  such    a   distribution  of  velocities,  it  would  be 
necessary  to  show  (1)  that  it  would  not  be  destroyed  by  diffusion, 
which  I  hope  to  do  hereafter ;  and  (2)  that  it  will,  if  certain  conditions 
be    satisfied    among    the    coefficients    in   Q,    not   be  disturbed   by 
encounters    between    the   molecules.      The    object    of   the  present 
investigation  is  to  find  what   relations  must  exist  among  the  co- 
efficients in  Q  in  order  that  the  distribution  may  not  be  disturbed 
by    encounters.      If   we  denote  by  Wj,  w„  <fcc.,  the  velocities  before 
encounter,  and  by  u{,  Mj*  &c.,  those  after  encounter,  we  have  to  find 
what  the  relations  among  the  coefficients  must  be  in  order  that  when 
Ui,  u,,  <&c.,  are  expressed  in  terms  of  m[,  t^,  <&c.,  according  to  the 
known  laws  of  an  encounter,  Q  shall  be  the  same  function  of  u^,  f4y 
Ac.,  as  it  was  of  Uj,  u,,  &c.     That  is,  it  must  be  unchanged  in  form. 
I  confine  myself  now  to  the  case  in  which  the  molecules   are,  or 
behave  as,  rigid  elastic  bodies,  and  I  shall  use  the  term  '^  collision"  for 
"  encounter."     In  that  case  it  is  as  convenient  to  use  "  velocities  "  as 
*'  momenta."     The  characteristic  of  collisions  between  elastic  bodies 
is  that,  if  two  colliding  bodies  have  between  them  n  degrees  of 
freedom,  there  are  n  — 1  linear  functions  of  their  n  velocities  which 
remain  unchanged — let  them  be  Si,  /S,, ...  S^.i — and  one,  i?,  which  re- 
mains unchanged  in  absolute  magnitude,  but  changes  sign.     It  is 
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then  possible  to  express  the  n  velocities  concerned  in  the  collision  in 
terms  of  Sj,  ...  /S^.i,  JR.  If,  when  they  are  so  expressed,  Q  contains 
R  only  in  the  second  degree,  then  evidently  Q  is  the  same  function 
of  the  post-collision  velocities  «[,  &c.,  as  of  the  pre-collision  velocities 
fix,  <&c.,  because  both  8i,  ...  jS„.i  and  22'  are  the  same  functions  of 
tfi,  <&c.,  as  of  t^i,  &c.  That  then  is  the  condition  of  which  we  are  in 
search.     We  now  deal  with  four  cases. 


2.  Case  J.  The  molecules  are  equal  elastic  spheres, — Two  colliding 
spheres  having  between  them  six  degrees  of  freedom,  there  are  five 
linear  functions  of  the  velocities  /Sj,  ...  S^  which  remain  unchanged. 
Four  of  these  are  the  component  velocities  of  the  two  spheres  in  the 
common  tangent  plane  at  collision,  which  need  not  concern  us.  Let 
the  normal  velocities  be  u^,  u^  before  collision,  and  u(,  ui  after.  Then 
we  have,  by  conservation  of  momentum. 


or 


i^j-|-w,  =  u'l  +  ui  =  jSI 
tij  — w(  =  v^—u^  J 


(1). 


By  conservation  of  energy, 


11  s         s 


and,  from  (1)  and  (2),       UiH-t*!  =  mJ  4-ti„ 


(2), 


and 


Ui—u^  =  JB  =  mJ— wj ; 


whence 


«>-     2 


In  this  case  let 


«i  = 


S-E 


Q  =s  ai{u^+v\+w\)  +  a^{u\+v\'\'w\)'{'&c. 


-|-6i,(t*i«,+Vit;,+ii7iW,)+&c. 
+  6i,  (ttjiij-h  Vi  v,-f- Wi«?8)  +  Ac. 
+  6„  («,w,+t?,t?,+tr,ii7,)-f-&c. 
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Substitute  for  u.,  u»  their  values   — ^r —   and  — - —  .     That  makes 

*  2  2 

4 


+  ^ 


2 


ti,+  &C. 


In  order  that  Q,  so  expressed,  may  contain  B  only  in  the  form  JB',  we 
have  the  necessary  condition  a^zn  a^^  and  similarly  aj  =  a,,  <&c. 

A  further  necessary  condition  is  6i,  =  6„.  That  is  that,  if  the  two 
spheres  to  which  the  suffixes  1  and  2  relate  collide  with  each  other, 
then  h^  =  5|s,  h^^  =  &14,  &c.  And  evidently  a  sufficient  condition  is 
thatall  the  -^-s  are  equal.  But,  if  h^y  b^^^  <&c.,  be  functions  of  the 
distance  between  the  spheres  to  which  the  suffixes  relate,  it  may 
conceivably  be  the  case  that  the  difference  6ij— &»  becomes  evanes- 
cent when  spheres  (1)  and  (2)  are  close  together,  as  in  collision 
they  must  be,  Tv-ithout  making  them  genei*ally  equal.  The  absolute 
equality  of  all  the6^s,  though  sufficient,  may  not  be  necessary. 

3.  Case  II.  Two  sets  of  unequal  elastic  spheres. — Let  their  masses 
be  m,  M  respectively,  and  their  velocities  u,  r,  w,  Z7,  F,  W,  i-espec- 
tively.  The  treatment  of  this  case  is  the  same  as  that  of  Case  I., 
except  that,  in  lieu  of  u+U  ^=  S  for  conservation  of  momentum,  we 

taVe  ,^xr  rt 

mu-\-MU=  8, 


and,  as  before. 


whence 


S-bMB      jT      S-mB 


and,  in  order  that  Q,  when  u,  U  are  expressed  in  terms  of  8  and  B, 

may  contain  B  only  in  the  second  degree,  we  require  that  j—  shall 

dH 

vary  as  B. 

That  is  ^|^  +  |g^oci2. 

du  dB     dU  dB 
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Now,  if  u,  IT  relate  to  two  colliding  spheres,  and  f*|,  Vj,  iVi,  tTj,  Fj, 
Wi  to  other  type  spheres  of  either  class  respectively,  we  have 

+  b  (uu^ + Wi  +  tvwi) 


whence 


dQ 
du 

du 
dB 


=  2att+/3ir+6ui+/3C7i, 


M 


M-\-m^ 


also 


dQ^ 
dU 

dU_ 
dB 


2^[7+/3ti+J9iri+/3tt„ 


m 


3f+m 


Therefore 


^  =  — ^  (2o3f-w/3M-2^/n-if/3[0 
dB      M+m 


also 


i> 


B=^U'-U, 


dQ 


and  in  order  that  for  all  values  of  the  variables  -~  may  vary  as  JB, 
we  must  have 

2aM—mfi  =  2Am-MP,     or     2alf  —  2^m +/3  Jf^=^  =  0, 

ii  m 

I  have  here  assumed  all  the  /3*s  to  be  equal,  and  similarly  for  the  J?'s 
and  6's.  This,  however,  may  be  more  than  is  necessary,  as  in  the 
case  of  equal  spheres.  I  have  also  assumed,  as  proved  in  Case  I., 
that  all  the  m's  have  the  same  a,  and  all  the  If' s  the  same  A, 
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4.  If  j8  be  negative,  it  follows  that,  if  M>m,  J.<a,  or  the  greater 
mass  has  in  this  distribution  the  gre&teT  mean  kinetic  energy.  This 
is  contrary  to  Boltzmann's  law,  but  it  is  a  necessary  consequence  of 
the  existence  of  the  coefficient  /3.  If  Boltzmann's  law  be  assumed  as 
an  axiom,  we  must  then  draw  the  conclusion  that  in  the  permanent 
state  fi  must  be  zero.  But  Boltzmann*s  law  has  never  been  proved, 
except  upon  assumptions  which  are  tantamount  to  assuming  jS  =  0. 
And  I  hope  to  show  later  that  under  certain  circumstances  j3  cannot 
=  0.  It  has,  of  course,  always  been  known  that  if  the  entire  mass  of 
molecules  has  any  visible  motion,  e.g.^  the  earth's  motion  in  space, 
the  molecules  of  gpL'eater  mass  have,  taking  this  motion  into  account, 
the  greater  mean  energy.  I  have  only  extended  this  to  the  case 
where,  not  the  entire  mass,  but  only  portions  of  it  too  small  to  be 
isolated,  have  some  common  motion,  which  is  implied  by  the  existence 
of /3. 


5.  Oase  HI.     Any  number^  say  n,  sets  of  unequal  spheres. — Let  their 
masses  be  m|, ...  m^. 

Let  Q=  aiU^  +  a^u^-{-...-\-a^Un'\-aiV^  +  &c. 

+Ai  (wiWa)  +^8  (t*iWa)  +&C. 
-h  6ii  Ui  u{  +  6jj  Wj  u^2  +  <fcc. 
n  .n— 1 


We  have  then  to  satisfy 


2 


equations  (A)  of  the  form 


2apm^-'2a,mp+ftpg  {m^—m^  =  0, 


and  » .  n  —  1  equations  (B)  of  the  form 

If  any  one  /3,  as  /3i„  be  given,  we  can,  by  the  equations  B,  find  every 
other  j3  in  terms  of  it  in  the  form 


For 


Hpp  —        Pnt 


also 


whence 


7W^ 


TW-l    Dl| 
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and,  snbstitating  these  in  equations  (A),  we  caA,  if  any  a,  as  Oj,  be 
given,  find  every  other  a ;  for  instance, 

2aimj— 2aaWi+/3i,  (w,— mi)  =  0 

determines  a„  and  so  on.  So  that,  as  in  every  other  case,  there  are 
among  the  coefficients  in  Q  two  arbitrary  ones,  one  a  and  one  /3,  and 
the  rest  are  determinate. 

6.  Let  US  now  revert  to  the  case  of  two  sets  of  spheres  of  masses  m 
and  M  respectively.  Let  there  be  in  any  space  n  spheres  m,  and  N 
spheres  M.     The  x  velocity  of  their  common  centre  of  gravity  is 

NM'\'nm 

T 

The  energy  of  this  motion  shall  be  -^,     Then 

T.^     [S  (MU+mu)]' 
3       *       NM-^nm 

The  whole  energy  of  the  motion  in  a;  is 

Similar  expressions  hold  for  y  and  z,  v,  F,  <fec.  If  therefore  2V  be  the 
kinetic  energy  of  relative  motion, 

Tr=  T-T.  =  i  [ifS  ([7«+  7'+  TT*)  +m2  (u'W+to')] 

*  NM-j-nm 

M^ 


^     ss  ( 0,  p, + r,v, + w,w,) 


NM+nm 


'  22  {UpU,  +  VpV^  +  WpW^) 


NM+nm 
Mm 


22(l7tt+Ft;+Trt(7), 


NM-\-nm 

the  last  three  terms  including  all  products  of  the  form  indicated  that 
exist  in  T,, 

If  now  we  make  Q  =  T+x^n  where  x  is  any  constant  whatever^ 
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we  shall  find  that  this  form  of  Q  satisfies  the  condition  of  Case  II. 
<p.  217). 

For  in  this  case  let 

T+x^r  =     ^S  {TP-^-  F'-h  TF^)  +aS  («'  +  t;*-f-M^ 
+ -B2S  (  UU'  +  VV  +  WW') 

-\-  6SS  (uu  +  vv  -h  unv') 
+i3SS(Crw-hFt;+TrM;). 

Then  we  shall  have 


2^=^^"-^mT^' 


2a  =  ml-|-x- 


m 


NM-^nm^ 


B  =  -     ^'X     , 

NM-\-nm 

and  these  satisfy  the  conditions  (p.  217). 

7.  The  index  Q  in  the  form  now  presented  is  analogous  to  the 
T+icTr  of  my  first  paper.  We  saw  reason  in  that  paper  to  attribute 
to  If  a  value  f  irc'p,  where  p  is  the  number  of  molecules  (equal  spheres) 
in  unit  volume,  and  f  kT^  represents  the  increase  of  pressure  arising 
when  the  molecules,  from  being  material  points,  become  spheres  of 
finite  diameter.  It  is  not  difficult  to  attribute  to  x  an  analogous 
value  for  two  sets  of  sipheres,  and,  if  that  be  done,  I  think  that,  at 
least  for  small  values  of  x — ^-Q-y  ^  x'  ^^*  ^^^  X  ^®  negligible — 
Q  =  T+x^r  represents  the  true  distribution  of  velocities  in  the  per- 
manent state. 

8.  Case  IV,  Two  sets  of  rigid  elastic  bodies  of  any  hiiid, — Let  m  be 
the  mass,  A^  B,  C  the  principal  moments  of  inertia  for  a  body  of  one 
set,  m\  A\  By  0'  for  the  other  set ;  and  suppose  a  collision  to  take 
place  between  an  m  and  an  m'.  If  we  suppose  for  a  moment  m  to  be 
at  rest,  and  to  move  fi'om  rest  under  the  impulses  given  by  the 
impact  of  m\  the  velocities  with  which  m  moves  off  would  be  as 
follows.     Hefer  the  system  to  axes  instantaneously  coinciding  with 
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the  principal  axes  of  m.  Let  x,  y,  z  be  the  coordinates  of  P,  the  point 
of  contact  at  collision;  X,  ^,  v  the  direction  cosines  of  the  normal 
at  P.  Let  u  be  the  velocity  assumed  by  the  centre  of  inertia  of  m 
(which  is  parallel  to  the  normal  at  P),  and  w„  w^,  w,  the  angular 
velocities  assumed  by  m  round  its  principal  axes  ;  also  let 

yy-'fiZ=p^ 

iiZ — px  =  q, 

fix—\y^  r. 

Then,  by  known  methods,  we  obtain  the  equations 

Aiiij^—'mjpu  =  0, 

Bw^—mqu  =  0, 

C*»>^—7nru  =  0. 

If  the  motion  of  in  be  not  from  rest,  let  Z7,  tl„  O^,  O,  be  velocities 
before  colTlsion  corresponding  to  w,  ui„  «y,  «,  after  collision.  Evi- 
dently the  velocities  of  the  centre  of  inertia  of  m  in  the  common 
tangent  plane  are  unchanged.     Then  we  shall  have  for  w 

A  (co,— O,)  -mp  (w—  ?0  =  0, 

B  K-0,)  -riiq  (m-  [7)  =  0, 

G  («.-0,)-mr  (u-CT)  =  0. 

Similarly,  for  m\    A'  (d^-O;)  -m'p  {u-  W)  =  0, 

p'((.i;-n;)-rwV(t*'-cr')  =  o, 

We  have  then,  in  addition  to  four  components  of  translation 
velocity  in  the  tangent  plane,  the  following  seven  linear  functions  of 
the  velocities  unchanged,  namely. 


''  > 


and 


mpu^Aw^   =  S^=    mpU  —  ACl, 

mqU'-Btfy    =  5^,  =    mqU  —BQ^ 

mru—  Cw.    =  S^=    mrU  —  CO, 

m>V-^  «;   =55  =  mp'U'-A'n: 

mYu-^B'io:  =  /Sf^  =  rnqXr-Btl', 

the  first  of  which  expresses  conservation  of  momentum. 


(I-), 
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Hence  we  have  the  system  of  seven  linear  equations 

mp(u—U)  -il(w,-n,)  =0 

mq  (m-  U)  -B  K-Oy)  =  0 


...(H.) 


among  the  eight  quantities  n—  Z7 ...  «^—  O!.     And  to  these  comes,  by 
conservation  of  energy,  the  eighth  equation 

m  (m+  U){u-  U)  +m'(M'+  U')(u-  IT)  +^ (w,+0,)(«.-0,)  +  &c.  =  0, 


and  we  can  now  equate  the  determinant  to  zero  in  the  form 


m 
mp 
mq 
mr 


m 


-A 


-B 


-0 


Tnq 


0  / 


-A' 


-J5' 


-0' 


m 


tTfT    m'(w'+[r)     ^K+O,)      CTK-fOO 


=  0. 


and  therefore,  separating  the  accented  from  the  unaccented  terms 
in  the  last  row, 


E  =  D  = 


m      m 
fnp 
mq 
mr 

mp 


A 


B 


C 


f  / 


A' 


f    0 

mq 


0  0 
m,r 


B" 


G' 


mu    mu     Aug    Bu^     C*m>.     A'w',    Bw'^     (Tiw^ 

If  Di  be  the  minor  formed  by  omitting  the  first  column  and  last  row, 
D,  that  formed  by  omitting  the  second  column  and  last  row,  and  so 

'  B  =  muBi  -f-  m'uD^ + Aw^D^  -f-  Ac. 
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Also,  from  the  system 

mit-f-mV  =  jSi, 

mpu  —Awg  =  5,, 

mqu  —  B«y  =  Sj, 

mwDi+rnVDj-hifec.  =  i?, 

expressing  tt,  Ac.,  in  terms  of  S^ ...  /S^y,  E,  we  find 

dE  "  i)'     dR^B'     ~dR  "  ^' 
and  so  on. 

Now  let      Q  =  a  («* + r'  +  ?(;'^)  +  a  (u"^  +  r'*  +  w/»)  +  /3  (wt*' + tw'  +  tvw') 

and  let  it  be  required  to  find  the  i*elations  which  must  subsist  among 
the  coefficients  a,  a\  fi,  a.,  al,  in  order  that  Q,  when  expressed  as  a 
function  of  8i  ...  8j,  B,  may  contain  B  only  in  the  second  degree; 

that  is,  that  -j^  may  vary  as  jB  for  all  values  of  w,  u\  Ac.     We  have 

dB 

dQ  _  dQ  du      dQ  du^      « 

dB      du  dB      du    dB 

that  is,        ^  =  (2au  +i3«')  ||  +  (2aV + /3«)  ^, 
with  similar  terms  for  the  v's  and  ti^'s, 


<2tt  . 


and  — 5  is  found  from  the  linear  equation  expressing  u  in  terms  of 
B  and  Si...  8j^  and  so  on,  that  is   j^  =  tT'  ^^-j 


whence 


D  fl  =  (2au + i3t*')  Di  +  (2a  u  +  /3u)  D,  +  Ac. 
dB 


+  2a.  (uld^Dj  +  Bw.D.-hCw.Dj) 
But  evidently,  by  inspection  of  the  determinant, 


m 


mDj  =  —  rnD^,     or     I?j  = >  Di, 


tji 


so 


D^=(2a-:^,^)wA+(2a-^'/3)u'A+&c. 

+2a.  (^«.D,+-B<.;,D4+C«.D5) 
+  2a:  {AW^B.-^B'wlDj^  Crwll),). 
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Also,  as  we  have  seen, 

DB  =  muD^  +  m'u'D,  +  Au,Dj^  +  &c. 

Comparing  coefficients  of  wDi,  m'D,,  &c.,  in  -^  and  B,  our  condition 

dM 

reqnires  that 

2a-^/3:m  ::2a'-  — ^:m', 

or  2a7n'—mfi  =  2a'm— m'/3. 

Also  that  2a-  — ,/3  :  m  ::  2a.  :  1, 

or  2am'— m/5  =  2a.  wm', 

and  similarly  2am' ^ml3  =  2almm'. 

Hence  our  result  is 

2am'  — m/S  =  2a'm— m'|3  =  2a,  mm'  =  2almm' 

or  a.  =  al (1)^ 

2am'-2a'm+/3(m'-m)  =0 (2), 

and  2a.mm' — 2a'm  +  m'/3  =  0 

or  2a,7?im' 


/-2a'm  +  m'/3  =  0]  .gx 

i'-2am'-\-mfi  =0} 


So  that  among  the  five  coefficients  a,  a',  /5,  a.,  al,  two  only,  namely, 
/3  and  one  other,  are  arbitrary. 

9.  I  have  applied  the  proof  only  to  rigid  elastic  bodies ;  but  it 
would  apply  equally  well  to  any  material  systems,  provided  that  the 
momenta  before  encounter  are  connected  with  the  momenta  after 
encounter  by  linear  equations  of  the  form  I.  and  II.  of  Article  8. 

10.  If  /3  be  negative  and  m  =  m',  we  see  that  a,>a  or  a\  and 
therefore  the  mean  energy  of  rotation  is  less  than  that  of  translation. 
This  is  an  unavoidable  result  of  the  existence  of  /3,  that  is,  of  the 
translation  velocities  being  correlated.  If  it  can  be  shown,  as  I  think 
it  can,  or  if  it  be  true,  that  in  a  dense  medium  they  must  be 
correlated,  then  the  supposed  law  of  equality  of  kinetic  energy  for 
each  degree  of  freedom  is  nothing  more  than  a  special  property  of  a 
very  special  system — that,  namely,  of  the  infinitely  rare  gas.  If,  on 
the  other  hand,  /3  has  no  existence  however  dense  the  medium,  then 
writers  on  the  kinetic  theoiy  have,  as  it  seems  to  me,  unnecessarily 
restricted  the  generality  of  their  own  theory. 
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Thursday,  Fehrnary  Vifh,  1896. 

Prof.  M.  J.  M.  HILL,  F.R.S.,  Vice-President,  in  the  Chair. 

Miss  Chisholm  was  admitted  into  the  Society. 

The  Chairman  i^ead  the  opening  paragraphs  of  a  paper  entitled 

Geodesies  on  Qnadrics,  not  of  Revolution,"  by  Prof.  Forsyth. 

Prof.  Elliott  gave  an  account  of  a  paper,  by  Mr.  A.  L.  Dixon,  on 

The  Potential  of  Cyclides." 

Mr.  Love  communicated  a  paper  on  "  Solid  Ellipsoidal  Vortex,"  by 
Mr.  R.  Hargi*eaves. 

Dr.  J.  Larmor  and  Lt.-Col.  Cunningham  took  part  in  a  discussion 
on  the  last  paper. 

Prof.  Hill  (Mr.  Jenkins,  Vice-President,  pro  tern,  in  the  Chair) 
and  Mr.  Tucker  made  short  impromptu  communications. 

The  following  presents  to  the  Libraiy  were  received : — 


it 


i( 


4( 


Proceeding^  of  the  Royal  Society,"  Vol.  lix.,  No.  353. 

**  Beiblatter  zu  den  Annalender  Physik  und  Chemie,"  Bd.  xix.,  St.  12  ;  Bd.  xx., 
St.  1  ;  Leipzig,  ISQ.Vge. 

**  Mitteilungen  der  Mathematischen  Gresellschaft  in  Hamburg,"  Bd.  m..  Heft  6 ; 
1896. 

**  Nyt  Tidsakrift  for  Matematik,'*  A.,  Aarg*.  vn.,  Nob.  6-7  ;  Copenhagen,  1895. 

**  Proceeding*  of  the  Physical  Society  of  London,"  Vol.  xin.,  Pt.  13,  No. 
63,  December,  1895  ;  Vol.  xiv.,  Pt.  1,  No.  64,  January,  1896. 

**  Revue  Semestrielle  des  Publications  Mathematiquea,"  Tome  nr.,  Pt.  1  ; 
Amsterdam,  1896. 

**  Wiskundige  Opgaven  met  de  Oploeaingen,"  N.  Roeka,  Deel  vi. ;  Amsterdam, 
1894-6. 

*'Monatsheftefiir  Mathematik  and  Physik,"  Jahrgang  xi.,  1895,  Hefte  1-12  ; 
Wien,  1895. 

**  Bulletin  de  la  Soci^tc  Math^atique  de  France,'*  Tome  xxm.,  Nos.  9,  10  ; 
Paris. 

**  Bulletin  of  the  American  Mathematical  Society,"  2nd  Series,  Vol.  n.,  No.  4  ; 
New  York,  1896. 

**  Tokyo  Mathematical-Physical  Society,"  Maki  No.  7,  Dai  3. 

"  Rendiconto  dell*  Accademia  delle  Scicnze  Fisiche  e  Matematiche,"  Serie  3, 
Vol.1.,  Fasc.  12;  Napoli,  1895. 

**  Annali  di  Matematica,'*  Serie  ii..  Tome  xxiv.,  Fasc.  1 ;  Milano. 

**  Atti  della  reale  Accademia  dei  Lincei — Rendiconti,"  Vol.  iv.,  1895,  Fasc.  12, 
Sem.  2  :  Vol  v.,  1896,  Fane.  1,2;  Roma. 

»*  Educational  Times,"  Febniary,  189H. 
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*' Transactions  of  the  Royal  Irish  Academy/*  Vol.  xzx.,  Pts.  15-17  ;  Dublin, 
1895. 

**  Proceedings  of  the  Royal  Irish  Academy,"  Vol.  in.,  No.  4  ;  December,  1896, 
Dublin. 

**  Acta  MathemnticA/'  xx.,  1  ;  Stockholm,  1896. 

"Journal  fiir  die  reine  und  angewandte  Mathematik,'*  Bd.  gxti.,  Heft  1 ; 
Berlin,  1896. 

*'  Annals  of  Mathematics,"'  Vol.  ix.,  Nos.  4,  5,  May-July,  1895  ;  UniTersify  of 
Virginia. 

**  Indian  Engineering,'*  Vol.  xvni.,  Nos.  25,  26  ;  Vol.  xix.,  Nos.  1-3  ;  Decem- 
ber 21,  1895,  to  January  18,  1896. 

*•  Euclid's  Elements  of  Geometry,"  by  H.  M.  Taylor,  Books  i.-vi.,  zz..  xn., 
8vo ;  Cambridge,  189.5. 

**  Catalogue  of  Scientific  Papers  (1874-1883)  compiled  by  the  Royal  Sooiefy  of 
Jy^ndon,**  Pet  Zyb,  Vol.  xi.,  4to ;  London,  1896. 

Cayley,  A. — "Collected  Mathematical  Papers,"  Vol.  ix.,  4to;  Cambridge, 
1896. 

*'  On  the  Numerical  Factors  of  a"—  1,"  by  C.  E.  Bickmore.  From  the  author. 
Offprint  from  **  Messenger  of  Mathematicn,"  Vol.  xxv.,  pp.  1-44. 

'*  American  Journal  of  Mathematics,'*  Vol.  xvm.,  No.  1  ;  Baltimore,  1896. 


The  Putenfial  of  CijcUthn,      By  A.  L.   Dixon.      Received  and 

Read  February  13t]i,  1896. 

In  this  paper  1  propose  to  find  an  expression  for  the  potential  of 
certain  classes  of  cyclides,  both  as  solids  and  shells,  and  in  particular 
to  consider  the  case  of  the  anchor  ring. 

The  fii'st  part  contains  the  necessary  analysis,  and  the  rest  the 
application  to  cyclides,  which  are  throughout  considered  as  being 
given  by  equations  in  pentaspherical  coordinates,  in  which  form 
they  have  been  investigated  by  Darboux  and  Casey. 

The  expressions  found  have  a  marked  analogy  with  the  usual  form 
of  the  potential  of  an  ellipsoid,  viz., 

of  wliich,  indeed,  tlicy  may  ho  rop^arded  as  a  p^enei'alization. 
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The  method  of  proof  for  the  case  of  a  solid  is  to  find  two  functionB 
Vo  and  V^,  such  that 

V'Fo  =  0,     and    v'F,  =  -4^^, 

and  such  that  at  the  surface  of  the  solid  Fq— K  and  its  first 
differential  coefficients  vanish  ;  with  corresponding  modifications  in 
the  case  of  a  shell. 

I  have  added  as  an  appendix  a  direct  proof  of  a  theorem  analogous 
to  the  well  known  one  **  that,  two  confocal  homoeoids  of  equal  mass 
being  given,  the  attraction  of  one  at  any  point  of  the  other  is  equal 
to  the  attraction  of  the  other  at  the  corresponding  point  of  the  one.*' 

Part  I. 

1.  Take  any  number  of  variables  ic„  a^,  «„  <fec.,  and  write  V  for 
the  operator 

CUT,       dx^      ax^ 
S  for  the  function 

2                        2^ 
0-1-         ^1         -I ^«   -  -h    A—   -h 

a,-fA      Oj-f-A       Oj-fA 

where  C  is  any  constant ;  P  for  the  product  (a|-|-A)(a,  +  A)  ...,  I'' for 

F  (    ^1  ^a  ^«  \ 

\a,-hA      Oj  +  A      Oj  +  A  / 


We  have  obviously      — -  =  --  2 

d\ 


(a  +  A)»' 


—X 


dF  ^dF.   ^,. 


-2 


aj      dF 


a+A   cte 


Then      V'  -^  =  2 


(f»     5'- 


VP 


(^  (a-|-A)='  a  +  A) 


=  -4r 


d\\VP/ 


v'(4lF)=4^V^P  +  2.2,^f^,)f +  PV'4V 
\VP     I        VP  dxXVPj  dx  y/F 

Q  2 
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Now 


=  -2r 


v^P  a  +  A  dx 
VP   d\'' 


/        yP  d\\VP     I 

and  multiplying  by  any  function  of  X,  /  (A),  and  integrating, 

v'f^F./(X)^  =  f-^v'F./(X)<A-4rj/(X)|(5^F).iX. 
Integrating  the  last  term  by  parts,  we  get 

=  fJ^vV./(\)rfX  +  4rJ'/(X)^F.rfX-4r./(X)^F. 

Also  putting  (a,  +  X) — -  for  i^ — which  may  be  done  since  the  only 

dx\ 

condition  for  F  is  that  it  be  a  function  of  — ^ ,  &c. — and  putting 


-and  therefore 


r  w  = 


/w  = 


1 

(oj-hX)- 
X-c 


(«,  +  cXa,+X)' 


where  c  is  any  constant — we  get 


,f  5?^    (X-r.)(a,-hX)  d^F 

^}Vp~ 


a,-fc 


rfdJ, 


(iX 


=   f  _^_  ^«(^-g)KH-X)    <?^^;^^4^  f  ^   ^ 


Jyp 


^1  +  c 


d^i 


«iX 


^  y/P  ai  +  c  ^J' 


Similar  equations  with  the  other  variables  written  for  .r,  can  be 
obtained,  and  by  addition  we  shall  get,  putting 

.  ^  ^  (\  -  c)  (a  H-  X)    (^ 


a-j-c 


d. 


a.r 


V'  I  ^'p  iF .  rfX  ^  f  J^^  v'cP .  rfX  +  4r  I  ^',  V'f  .<J>^-4^'^J-p  SF- 
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2.  Now  let  us  see  what  would  be  the  effect  of  writing  iTF  instead 
of  JP  in  our  original  expression,  that  is,  let  us  find  V  (-tb^"-^)- 


To  do  this  we  must  evaluate  %  , — ^^t^  — : — ,  that  is 


rf.c  v^P     dx 


S 


v-i 


2/-  "- -  2 


dB'^F 


yP      a-hX    d,v 


Now  [putting  Dy  for        j 


i'  i^JKF)  -  [  (^I:'■)("' +^)  />;+...  r  (.r,  D,  F} 


r.S-Ai-'+^^A*' 


d.1',  Ui+c  dj:\ 


and  therefore 


2  _^  J^  a-F)  =  3"  (2  -^  !^')  -  «^-2  (  ^=^  ^1 
a-hX  dj;  V     a  +  A  da;/  (    fli  +  c      da^  } 


Now 


dd  _^2(\-c)  i*_  .v^ 
d\  a-^c      da-*         da:*' 


and  we  get  thei*efore 


a+k  dx^       '  \d\l  \dX  I 


d\ 


We  have  then 


(S^") 


S'-'-^^^'S^l-li 


y-p 


5"F+nV'i"-'p)-4r.  a-F~  (^) 


^  r'a-j'+4r»i^.v'a"-'f-4rj^(^;"2!'), 


yp 


yp 
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and  we  may  write  down  therefore  the  following  series  of  equations 


^   \^P     }  JP 


^P 

s 


-4r 


d  /8 


&-)■ 


dK\y/P 


■  •  •       •  •  • 


••■       •••       •••       ••• 


^'  (S«"^)  =  5^^'^^'^+*  ^'■+''>  "  ^'  V'«-f-4(r  +  n)  ^^  (^3-f)  ; 


yP 


v/P 


yP 


yP 


and  therefore 


2(r-hl)(r  +  2)    4* 


^  yPl  l(r-l-l)    4  ^1 

n!  (r  +  l)(r  +  2)...(r+n)    4-*"/ 


F» 


3.  Now  let  us  take  jP  as  some   power    of   a  linear  fanction   of 


X. 


.T- 


Oj  +  X'    Oj+X 


,  ...,  i.e.,  put  F=  T"",  where 


also  put 


e  =  _^.  .-, 


+ 


a^{a^■k■>^)       a,{ai  +  \) 


I     •  •  •  » 


and  take  c  =  0,  so  that 


c 


dx' 


a 


*  The  series  on  the  left-hand  side  of  this  equation  has  been  already  giveo  by 
Mr.  Dyson  in  his  paper  on  "  Potentials  of  Ellipsoids,*'  Quarterly  Journal,  xxv. 
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5r"  =  w(n-i)!r'-».2 


and  so  the  preceding  formula  becomes 

,      S"      f  ,      m(7n4-l)  \B8      m  (m-H)On-f  2)(m4-3)  /XO-Sf\« 
^  T--/PI  l(r+l)     47**  1.2(r  +  l)(r"-f2)     '  Ut^ ) 


m(m-f  I)fa-h2)rw-h3)(m-h4)r7»-hr>)  /Xf^iS\»  ) 

1.2.3(r4-l)(r-f2j(r  +  3)  U'i'V  / 


=  -4r-^/ 


/i  r    *S"-^ 


d\\T'"^P 


L        "    l.r   "   4T- 

■^  1.2    rOH-l)""    Ur/       *••]]• 


4.  Now 


1  f'     sin-' 
'^  Jo(l~ar 


sin-*^  0  r/<D 


-    (r  being  integral),  when  expanded  and 


^  Jo  {l—arcos^l 
integrated  term  by  tenn,  becomes  tlie  series 

1.3.5...  (2r~l)  r,      m(m-f  1)    _^ 
2.4.6...2r       I  2!     "    2/-  +  2 

m(m-H)(m-h2)(m-h3)  1 .  3 .r* 

^  4!  (2r  +  2)(2r4-4) 

m(m-H)(m-h2)(m-4-3)(m-f  5Vm  +  (>)  1.3. 5  u^'  1 

6!  (2r-f2)(2r+-4)(2r+6)"*/' 


I.e., 


1.3.5...(2r-l)r,     m(m-i-l)  j^      w  fm-f  I)(m4-2)(m-h3)  5*  1 

2.4.6... 2r      I   "^l(r+l)     4  r2(rVl)(r  +  2)        4*"*""7' 

and  so  the  preceding  formula  becomes 


,r'_2 S"  sin-^  0  rf 

^  Jo  v^-P   {T-{-\fi8yo 


d4i  

cos^  j 


(A). 


The  verification  of  this  result  by  the  actual  calculation  of  each 
expression  is,  of  course,  necessary,  and  can  be  effected  without  much 
difficulty. 
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5.  Wnte  this  equation,  for  shortness, 


dB 


^« = -  *  • 


and  let  us  consider  the  value  of  V   I   QdK,  where  i?^  =  0  and  X  is  a 

root  of  the  equation  /S»  =  0.     Assuming  r  ^  1,  we  have  Qx  =  0,  and, 
therefore,  we  get 


when  r  =  1, 


V*  i'  Q  d\  =  U^-^-S, 


dQx  d\ 
dx    dx 


=  0,     when    r>l  ; 


le.  = 


y/P.T, 


m 
X 


dx    dr 


< 


2  dS       g-f  A 
dx  ^       a^ 


yPxT, 


(a-l-A)'  .  ,      . 
Sin  9  d^ 


'lir 


^i\t: 


and  therefore 


^-rQrf\  =  0. 


Also,  putting  0  for  the  lower  limit, 


V'  r  QdX  =  -  B,  =  (4r-2)  ^li;;  fsin"-'^  d^ 
Jo  v-'^o*©   Jo 


K 


-1 


1.8.5...  (2r-l) 2^ 


v/Po'C  2.4.6...  (2r-. 2) 


Further,  the  first  differential  coefficients  of   I    Qdk  with  regard  to 


any  x  are  the  same  as  those  of 


JQ^A,  w 

J  0 


hen  X  =  0. 


];s9i;.] 


J\>h  lit  ml  nf   i_'  1 1  r  I  '(I  !('.<. 


2-^'. 


6.  The  case  when   r  =  0  must    be  investigated  separately.      W€ 
find  in  the  same  way  that 


cos 


«>] 


m 


=  2m(m  +  l)|-f'    ^     ,      -^^BinV^ r—  ...(B) 


Writing  this  as  before, 


we  have 


V'<2=2m(«,+l)g, 


V'      Qdk  =  0, 


\: 


and  we  may  prove  that      v'  I    Q  c^X  =  0. 


Further,  when  X  =  0,  we  have 


i;""""!' 


Qd\; 


-  ^(£f>-^f>-)" =^  «):..= (^r. 


where 


p'  \  a  / 


Part  II. 
7.  The  equation  to  a  system  of  confocal  cyclides  can  be  written 


^  ^JL+JL  +  Jl^+JL^o 


A+X     B+X      0+\      D+X.     E+X 


(L) 


where  X,  Y,  Z,  U,  F,  are  Darboux's  pentaspherical  coordinates,  viz. 
the  powers  of  a  point  with  regard  to  a  set  of  five  mutually  orthogonal 
spheres,  divided  by  the  corresponding  radius,  and  the  two  following 
identical  relations  hold: — 


x'-hyHi^+t^'-hF  =  o 


(1) 


234 


and 


Mr.  A.  L.  Dixon  on  the 


^  +  L  +  A+K  +  Z  =  -2. 


[Feb.  13, 


(2), 


and,  in  addition,      -T  +  -r  +  ~r+~  +  ~T  =  ^ 


(3). 


Bj  means  of  the  relation  (1)  we  can  transform 


^+X      B-\-\      C+X      D  +  X      E+k' 


which  we  will  call  8,  as  follows  : — 


S(^+X)  =  Z.(f±-J-l)+...-HZ7.(f±^-l) 


— -  vs  E  —  A   . 


s  (E+xy  =  y  (^--f)(-g+^)  + ... 

-4  +  X 


X* 


^-il      JE7  +  X 


a-hX'      6  +  X'      c  +  X'      d+X' 
That  is  to  say,  we  can,  if  convenient,  take 


(11.) 


a  +  X      6+X      c+X      d  +  X 
as  onr  standard  form  instead  of  (I.). 

In  general,  when  one  or  more  of  the  variables  are  absent  from  T, 
it  will  be  simpler  to  use  (II.)i  and  so  reduce  the  function  to  one  in- 
volving not  more  than  four  variables. 

In  cases  where  a  coordinate  V  is  present  in  T  but  absent  in  8j  we 
take  the  corresponding  parameter  e  to  be  infinite,  and  put 

o-f- A        0-r  A 


0  = 


a  (a  +  X) 


+  ...+;>'. 
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8.  It  is  easy  to  express  Laplace's  equation  in  terms  of  this  sjstem 
of  coordinates.  If  ^  be  a  homogeneoas  function  of  deg^ree  n  in  penta- 
spherical  coordinates,  i/re  get,  by  direct  transformation  from  rect- 
angular Cartesian  coordinates  (a;,  y,  z), 

and  in  particular,  if  n  =  —  |,  Laplace's  equation  becomes 

We  also  get,  without  difficulty, 

and  dx'-\-dy^-\'dz'  =  \^dX*. 


i 


9.  We  see  from  this  that  we  must  put  m  =  2r  + 1  in  the  expression 
Q  dX  found  in  §  4,  and  that,  if  /3  can  be  determined,  and      Q  d\ 


Jx 


vanish  for  points  at  an  infinite  distance  and  be  continuous,  then 

fQ  dk  will  be  the  potential  for  any  point  outside,  and   I    Q  dX.  for 
X  Jo 

any  point  inside,  a  solid  cyclide  whose  density  at  any  point  is 


/g;-^       1.3.5...  (2r-l)    , 
-/PoT~  2.4.6...  l2r-2)*" 


10.  For  a  thin  cyclidal  shell  we  take  I    Q  d\  from  §  6,  and  now 
I   Q  dX,  will  be  the  potential  for  a  point  outside,  and  I    Q  dX.   for  a 


point  inside,  a  cyclidal  shell  of  surface  density 


^PoT, 


-,  where 


'■-Hi)'-' 


0  -^0 


for  the  density  will  be  equal  to  7—  -r-  (K— l^o)i  where  Vo  is  the  outside 

4fir  an 


•  Cf.  Darboux,  Comptet  Rendut,  1876,  11.,  p.  1037. 
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potential,  and  Vi  the  inside  potential,  for  a  point  on  tlie  surface,  and 
dn  is  an  element  of  length  in  a  direction  normal  to  the  surface  at 
that  point,  and  therefore  (putting  0  for  Ft  — Fo) 


\dnl  ~\dx/       \dvl       \dzl 


=  45  (^)',  since  ^  =  0,  by  (C),  §8. 


11.  Let  us  next  consider  the  determination  of  /3  from  the  equa- 
tion Rf,  =  0,    that  is, 

Jo  s/P{T-(-\dS)^ COS if^y-^ 

If  we  take  /3  =  oo  ,  then  T  is  of  the  same  oi*der  as  -3- ,  if  T  does  not 

contain  F,  XB  is  the  same  as  1,  and  iS  as  —  (S  being  in  the  standard 
form  (II.)  with  only  four  terms),  and  therefore  the  whole  expression 
is  of  the  same  order  as  -^ ,  which  vanishes,  since   y/P  is  of  order 

P*  at  least. 

Similar  considerations  will  show  that  we  may  take  /?  =  00 ,  when 
T  contains  all  five  cooidinates,  whether  8  is  in  form  I.  or  II. 


12.  Further,  the  expression  we  have  found  is  of  degree  — J  in  our 
coordinates,  and  in  general,  therefore,  will  reduce  for  points  at  a  very 

great  distance  to  the  form  — ,  where  C  is  some  constant,  and  we  see 

r 

that,  when  C  has  been  found,  our  expression,  when  multiplied  by 

3f  . 

-pj- ,  where  M  is  the  mass  of  the  attracting  body,  will  give  the  actual 

potential  due  to  the  body  of  mass  M, 


13.  It  is  very  often  convenient  to  take  the  special  system  of  co- 
ordinates in  which  three  of  the  spheres  of  reference  become  the  three 
coordinate  planes  of  the  ordinary  rectangular  Cartesian  system,  so 
that  we  put  X  =  2x,  Y  =  2y,  Z  =  2z,  and 
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and  relation  (2)  of  §  7  becomes 

tr         r 

Any  general  system  can  be  inverted  into  this  special  system,  and, 
since  the  potential  of  a  body  is  known  when  that  of  the  inverse  body 
is  known,  there  would  be  no  loss  of  generality  in  taking  this  as  the 
standard  system. 

IT  is  a  pure  imaginary  quantity  in  all  cases  when  X,  Y,  Z,  V  are 
taken  as  real. 

14.  As  an  interesting  and  important  example  let  ns  consider  the 
case  of  an  anchor  ring  or  tore  of  uniform  density. 


The    Cartesian     equation     of     an 
anchor  ring  is 

where  a  is  the  radius  of  the  circular 
plane  section  made  by  any  plane 
through  the  axis  of  z  (CA  in  the 
figure),  and  c  is  the  radius  of  the 
circular  axis  of  the  ring  in  the  plane 
of  xy.     This  becomes 


> 


«'+y*  +  2'+c'-a«  =  2cs/j^-^^, 


or 


(f^  +  c'-ay  =  4c'(:r^i-y'), 


or  putting 


U  = 


y/c'-ar 


X  =  2^,     Y=2y,     Z  =  22, 


as  in  the  last  pai*agraph, 

U'  (r'-a')  +c'  (X'-f  r)  =  0  ; 

using  the  identical  relation,  this  becomes 
and  the  system  of  eon  focal s  is 


•J:_^S 


M  r.  A .  L.  I  )i\'  >!i  .'//  .'//'' 


[l-Vl..  \), 


15.  Now,  taking 


-T=z  -. 


U 


(c^  +  X;(a»+X) 

y_2aVfX(r'-fa'4-c') 
(c''  +  X)ca«+X)       ' 

80  that  r^  =  2,  and  the  density  is  — ^ ,  and 


e  = 


(c»+X)(a*  +  X)' 


and  also  putting       8  =  - — r  H — ^ 

c  -f-A        a  +A 

_    (x»-hro(x~x') 

(cHXXa^'+X) 

(c^+X)(a^  +  X")         V   ■' 

we  have  the  following  expression  for  the  potential  at  an  external 
point : — 

r-  p  -  (c'  -h  X )  (g'  -h  X)*  (.1^  4-  y')  (X  -  V)  sin'  0  dX  (i<y> 

Jx'Jo  [X(r'  +  a*-fcO  +  2aV-2.X  {(xHy')(X-X')"}*cos  ^]*' 


where 


4(ar^-hyO 


For  an  internal  point  we  have 


r  p  ((^  +  X)(a'-f  X)*  [(r'-hr'~a^)«-4(c^  +  X)(a^  +  y')]sinV(iXd» 

Jo  j«  [A(r'-fa^-|-c')-f2aV-Xi[4(c^4.AXir'  +  y')-(r'+c''-a*)«j*co8^]** 
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16.  As  an  interesting  verification  let  us  find  the  value  of  this  for  a 
point  on  the  axis  of  z,  the  potential  at  any  point  of  which  is  known* 
to  be 


2^r 


sin'  \l/  d\l/ 


"■  J«(«'+y'+c*  +  o'-2av/ar'  +  y'  +  c»C08  4-)* 

_^fi_.„'_  .„«_         ol'.3'...(2n-3)'(2n-l)     a' 
~Bi        ^        "        ■■■  2«.4'...  (2n-2)'(2n)»     2n 


...    j    , 


where 


a 


li'  =  x^  +  7f^c^     and     «  =  "i^  • 


17.  On  the  axis  J^-\-Y^  =  0,  and  therefore  X!  is  infinitely  great,  but 

(c*  +  X)(a*-fX)         A'  (c*  +  X)(a'  +  X)       X'     ' 

and  we  have  therefore 

--(c'-fX)(a'-hX)*7?''(X- XQ  sin^ 0 d\ U 


J*' Jo        X' 


X'  ^^\-h2aV--2X/?  j'^-cos^y 


where     ^  =  12^  +  aV=  i^^ I -f  a^)  and  J?  =  iil^-a^  =  fi^(l -a-). 

Now  in  this  integral  put  X  =  nX',  and  then  put  X'  infinite,  and  we 

get 

p2  f*  f'      (y^  — 1)  sin''^  dud<^ 

Ji  Jo  M  (^-f  i^«  v/tf— 1  cos '♦''^^ 


9  7?"  f *  f ' w^sin^  0  (iw  I 

Jo  jo(l-i-t0(^  +  5*w 


cos  9)' 


cos  ^)' 
,     (putting  1  -\-  u-  for  m) 


w'  cos  <l>  dudtt> 


= _  -4B.  r  r -'^-^ 

J.  Jo(l  +  «')(^  + 


Bill  cos  ^)' 
(integrating  by  parts  with  respect  to  f) 


(l+x'+y'){A  +  Bix)i 

(putting  u  cos  ^  =  a;  and  u  sin  <^  =s  y) 


•  <y.  P»i7.  rr«M»,,  1893,    "  The  Potential  of  an  Anchor  Ring,"  by  Mr.  F.  W. 
Dyson. 
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^       2 


1 


.)•  <l.v 


-ao 


x/l+^(^-1-J?i.r)' 


rfiT 


(il  +  J?wj)»  (!+«'')* 


=  real  part  of  -^      — 


»>         ?» 


3 


f **       cos  B  dft 
Jo  (il  +  ^*tan^)» 


?»         ?> 


8£  f*' 

3fi 


cos  0  dO 


'o   {l+a*-f  (l-a')itaiia}* 


18.  Now   f*'- ^^-^^ =  I 

Jo  {l  +  a»-f(l-a»)«tan^]*       J 


*'    cosiOde 
,  (e*  +  o'e-)» 

J-  e-*'*'coB}e 
Jo  (1 +»'«-"•)'' 


and  therefore  the  real  part  of  this  series  is 


where 


cos  {2n'^i)6coH^0d0. 


But  ^ain(2n-i)^(coa<9)* 

(la 

=  (2n~  i)  cos  (2w— i)  0  (cos  ^)'-  J-  sin  (2n-  J)  0  sin  fl  (cos  $)* 
=  (cos  d)»  {(w-Hl)  cos  (2n+  i)  ^+  (n-f )  cos  (2/i-|)  d]  ; 


and  therefore,  integrating  between  0  and  -    , 


n„  = 


2n~3 

2n  -f  2' 


?f 


M-I 
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«i  =  l^«o  =  ¥      cos  --(cos  0)^ 


dfi 


=  3f 


'''^  (1-2.')J  d,  =  ?  ^2  j^  (l-y)«  y-«  dy 

_  3 v/2  r(|or (i)  _ 9 ^/2 


r(3) 


S-'  = 


32 


and  therefore  the  real  part  of 


8»  f«- 


cnR  0  (id 


241 


3BJo  {l  +  o'  +  (l-o»)itan6}» 


18 


3v/2 


4      B 


jrL  f  1  _.„»_.  „♦      _  2  l'3'...(2n-3y(2n-l)      a"        ) 
^^i     ,a      ,j«  ...     ^-2^4^..(2n-2)'(2n)»     2n+2""3' 


which  identifies  this  foiin  of  the  potential  for  a  point  on  the  axis 
with  that  already  quoted  in  §  16,  and  shows  that  the  actual  ex- 
pression for  the  potential  is 


32  Male  r  p S_8. 


S  sin*  <t>d\d0 


{-xesycosii^}^' 


when  the  density  is  unity. 


19.  The  potential  for  the  surface  of  an  anchor  ring  co veiled  with 
matter  of  uniform  density  will  be  obtained  by  differentiating  the 
expression  found  in  §  18  with  regard  to  a. 

The  expression  found  in  §  6,  viz., 


a 


d<p 


y/p{T-{-\esycos(t>]^' 


is  the  potential  when  the  sui'face  density  is  pix)portional  to  U'^,  i.e., 

to  (oj^  +  y'-hz'-f  c*-aV- 

The  working  out  of  the  potential  of  a  solid  whose  surface  equation 

a         b        c 


will  be  almost  identical  with  that  just  given  for  an  anchor  ring. 
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20.  Returning  to  the  conBideration  of  the  general  case,  we  see  at 
once  that  the  formnlad  of  §§4  and  6  are  immediately  applicable 
whenever  kOS  remains  positive  between  the  limits  of  the  integration, 
or  when  T*  is  greater  than  —XdS,  if  \08  is  negative.  In  the  next 
place,  we  notice  that  the  equation  iS  =  0  in  its  standard  form  (II.) 
can  always  be  so  chosen  that  to  every  point  exterior  to  8  shall 
correspond  one  and  only  one  value  of  X  lying  between  0  and  oo .  For 
the  system  of  confocal  surfaces  will  be  made  up  of  three  distinct 
series,*  separated  from  one  another  and  ended  by  the  limiting  cases 
when  one  of  the  system  becomes  a  portion  of  the  surface  of  one  of 
the  real  spheres  X,  Y,  Z,  F,  and  such  that  through  every  point 
passes  one  of  each  series  ;  and,  if  S^,  the  surface  whose  potential  is 
required,  lie  between  Z  and  V  (for  example)  in  the  series,  we  must 
take  8  in  th%  form  without  Z  or  V  (i.e.,  so  that  X  =  oo  shall  corre- 
spond to  Z  ov  V)  according  as  the  limiting  focal  curve  on  Z  is  found 
to  lie  without  or  within  8^,^ 

Now,  if  8  be  supposed  in  this  form  (without  V),  8  ia  negative  for 
all  values  of  X  between  X',  for  which  iS  —  0,  and  oo ,  for  which  it  has 
the  same  sign  as  —  F^  and  so  the  first  condition  is  satisfied  if  0  is 
negative. 

Also  0  will  be  negative  if  8^  and  F  do  not  intersect,  and  if  Tq  be 
the  square  of  the  distance  of  any  point  from  some  fixed  point  on  F. 

o^  =  —  H h-^  H =  U 

a         a        0         c 

do  not  intersect  F  =  0,  a,  6,  c  must  all  be  less  than  d ;  and,  if 

a^\         ^fe  +  X  c+X  d  +  X 

where  X'^+7'^+Z'^^  jj^\ ^  0, 

0  =  -^  X'2+  -^  Y'«+  ^-^Z'»+  -^,  V 
a-hX  h-{-X  c-fX  d-f  X 

(a-|-X)(d-hX)        "^(fe-fX)(d-fX)        "^(c  +  X)(d-hX)      ' 

and  therefore  0  is  always  negative.  A  particular  case  of  this  is 
that,  if  a  cyclide  has  a  plane  of  symmetry,  its  potential  when  filled 
with  matter  of  uniform  density  can  be  found. 


•  Jiwt  a8  in  the  case  of  confocal  conicoids.  \ 

t  There  is  a  very  useful  table  of  the  forms  of  confocal  cyclides  (and  the  surfaces 

into  which  they  degenerate)  on  p.  66  of  2>w  Jieihenenttrickeluuffen  der  Potential- 

theoriey*'  by  Herr  Maxime  Bocher  (Teubner). 
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21.  Purtlier  there  will  always  be  at  least  one  pair  (Z,  F,  say)  of 
the  spheres  X,  Y,  Z,  V  whose  curve  of  intersection  does  not  cut  Sq, 
and,  just  as  above,  the  formulas  are  immediately  applicable  if  we  take 


!r= 


a 


XX' -h 


YT^ 


where 


a-l-X  6-fA  d-\-\ 


uu\ 


The  corresponding  particular  case  is  that,  if  a  cyclide  have  two 
planes  of  symmetry,  its  potential  when  filled  with  matter  of  uniform 
density  can  be  found. 


22.  As  an  example  of  auother  kind  let  us  suppose  the  density  pro- 
poi*tional  to  V~  K  and  let  uh  take 

a  +  A      6-fX      c  +  X      J  +  X' 


T=  F; 


then 


(^  =  1 


If  we  take  d  greater  than  a,  h,  or  c,  <So  will  not  meet  F,  and   we 
have 


«  =  - 


d-hX 


d  +  Ai      a  +  X  6-hA  c  +  A'     )' 


and,  as  iS  is  always  negative,  it  is  numerically  less  than ; 

therefore  when  X  is  positive  (— X0<Si)*  is  real  and  less  thap  F. 
Therefore  we  have  for  the  potential 

8  sin'  ^d4d\ 


and 


J*'Jo 


yP{F-(-X«Sf)*cos^]* 


If,  however,  we  take  F  very  small  and  X'  very  large  in  this  ex- 
pression, it  vanishes.  Also  we  know  that  S^  consists  of  two  detached 
surfaces,  one  inside  and  one  outside  F,  8i  and  S^,  say.  Thus  the 
above  expression  must  be  the  potential  of  S^  and  S^  together,  the 

density  of  Sj  being  (  —  F)*,*  and  that  of  S,  (I^)*,  and  we  must  change 
the  sign  of  F  on  passing  through  the  surface  F  =  0,  and  8^  and  8^ 
are  inverse  masses  in  the  sense  required  for  Thomson's  theoremf  on 
the  determination  of  potentials  by  inversion,  F  being  the  sphere 
with  regard  to  which  the  inversion  is  made. 


♦  F  is  negative  infiide  the  sphere  F  —  0. 

t  V,  Routti,  Analytienl  Siatici,  Vol.  n.,  p.  80. 
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I  find  similarly  tliat  in  any  case  in  which  8  is  taken  not  to  contain 
y,  while  T  does  contain  it,  the  potential  function  found  vanislies  for 
points  on  "T  =  0,  and  the  sign  of  V  must  be  changed  on  passing 
througb  the  sui-face. 

23.  As  a  particular  case  included  in  the  last  pamgraph,  we  have 
that  the  potential  of  the  hyperboloid  of  two  sheets 

fi_j/!_Z_i  =  o 

a         b  c 

filled  with  matter  whose  density  at  any  point  is  proportional  to  a?'*"  is 


i:i 


VaH-A       b-hX      c  +  X        I         '     ^       

l)j    cos^]" 


a\  /    a? 


JL 


+X     b+\     c+X 


w 


here 


;,  =  (a  +  X)(5  +  X)(c  +  X), 


and  in  which  m  must  be  great^jr  than  i. 

24.  The  potential  of  a  cyclide  the  density  of  whicb  is  an  alge- 
braical function  of  U,  V,  X,  Y,  Z  may  be  derived  from  the  foregoing 
in  the  manner  developed  by  Dr.  N.  M.  Ferrers  in  Vol.  xiv.  of  the 
Quarterly  JmcmnJ,  in  a  paper  entitled  "  On  the  Potentials  of 
Ellipsoids,  &c."  in  which  he  shows  that,  if  V  be  the  potential  of  a 
body  filled  with  matter  of  density  p,  at  any  point,  the  potential  of 

the  same  body  filled  with   matter  of  density  ^  will  be  — ,   if  p 

CLiC  cue 

vanishes  at  the  sui^ace  of  the  solid. 

In  the  case  of  the  functions  considered  in  this  paper  it  is  evident 
that,  if  we  take 

S'  sin-*"  0  d\  d(l> 


=[[ 


Jx  jo  v/P  (T-(-X0S)*cos^]--*' 

and  Jo  ^be  corresponding  function  when  the  lower  limit  is  zero,  we 
shall  havp.  if  r  <t  2, 
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and,  farther, 


fx^'-'^^ 


and  all  its  first  differential  coefficients  equal  to  zero,  when  X  is  pnt 

equal  to  zero,  and  so  a  potential  for  a  density   -~  is  derived.      In 

dl 
order  that  — -  should  be  of  degree  —  i,  I  must  be  of  degree   -\-\. 

This  process,  for  example,  would  give  for  a  density  proportional  to  U 

p  f'  sinV  fZ^fZX    d_  S^ 

JxJo        \^^        dU  {T-(-X^^^)*cos^j*' 


where 


-r  =  2 


aX 


{a^'\)r^' 


and  any  algebraical  function  could  be  built  up  term  by  term,  in  the 
manner  given  by  Dr.  FeiTers. 


25.  The  potential  of  an  attracting  plane  lamina  bounded  by  a 
bicircular  quartic  curve  may  be  deduced  from  that  of  a  solid  cyclide 
by  a  method  also  taken  from  the  same  paper. 

If  we  take  the  equation  of  a  cyclide  to  be 

a'^  h'^  c'^  d?^  ^^    ' 

where    Z  =  0  represents  a  plane,  and    Z=2r,   and   suppose  c*  to 
become  very  small,  then  Z  becomes  very  small  also,  and  we  may  put 

Z*  Z^ 

Z  =  0  in  all  terms  except  — ,  and  we  get  ---  =  o*,  where  <r  =  0  is 

the  equation  to  the  plane  section  of  the  cyclide  by  2?  =  0. 

Now,  if  the  density  at  any  point  of  the  cyclide  be  8^'^f{UVXY), 
the  mass  of  the  solid  prism  which  stands  on  a  small  element  of  area 
a  of  the  plane  base  z  =  0  is 

{afS^-'dz^lafi""^"     i^a-^y'dZ 

and  so  the  potential  of  a  lamina  of  density  proportional  to  &"^f  is 
found. 
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26.  If  r  =  I  and  T,,  is  constant,  we  have  tlie  ease  of  a  uniform 
disc,  and  it  is  curious  that  the  potential  function  for  this  case  reduces 
to  a  much  simpler  form. 

Referring  back  to  §  4,  we  get 


i; 


1 


<$>*  sin  0  dip 


which  is  the  real  part  of 


i 

2 


(\tf)*>v/p[r-(~xtfiSf)*}*' 

and  in  fact  we  may  verify  at  once  that 

V' '- =-Ar 1 I 

(\d)i  yP{T-{ -KdSf  } «  d\  is*  { T- ( -XflS)'} *-l 

and  so,  for  a  uniform  disc  bounded  by  the  cyclidal  curve 


we  have  the  potential  function 


f 


dX 


X  (X0)*^/P{!r-(-X^S;*}*' 


where      T  = 


AX 


+ 


BY       ,        BU       . 


EX 


(^  +  A)r,       (J?  +  X)r,       (D+X)r,      (J&-|-A)r.' 


and 


A-\'\      B^\      X  "^D+X^+X 


We  may  notice  further  that  in  ev&rj  case  when  r  ^^n-\-\^  where  n  is 
an  integer,  the  potential  function  becomes  a  single  integral,  as  the 
integration  with  respect  to  0  can  always  be  effected. 


27.  The  potential  of  a  spherical  area,  cut  off  by  a  cyclide  from  one 
of  its  focal  spheres,  and  loaded  with  attracting  matter,  may  be  ob- 
tained in  the  same  way. 

For,  if,  in  §  25,  we  suppose  Z  =  0  to  be  a  sphere  of  radius  a,  and 
take  r  as  the  distance  from  the  centre  of  any  point,  we  have 

dZ  =  '-^'- . 

a 
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and  for  all  points  for  which  Z  is  very  small  r=:a^  and  we  have 

dZ  =  dr, 

and  the  working  out  will  be  exactly  the  same  as  for  a  plane  area. 

It  may  be  noticed  that  the  curve  of  intersection  of  a  sphere  and  a 
cyclide  may  always  be  considered  as  the  curve  of  intersection  of  a 
sphere  and  a  conicoid,  and,  further,  that  a  cyclide  can  always  be 
described  through  the  intersection  of  a  sphere  and  conicoid  so  that 
the  sphere  shall  be  a  focal  sphere  of  the  cyclide. 

For,  if  Z  =  0  be  a  given  sphere,  we  have  nine  ai'bitrary  constants 
left  in  the  equation 

a         0         c         a         e 

and,  by  substituting  a^+t/'+i^,  from  Z  =  0,  we  can  reduce  this  equa- 
tion to  one  of  the  second  degree  in  x,  y,  z. 

Cyclidal  Gyluiders, 

28.  The  formulee  of  §§4  and  6  can  also  be  used  for  infinite 
cylinders  on  plane  bicircular  quarfcics  as  bases.  For,  if  we  choose  as 
coordinates  the  power  of  a  point  with  regard  to  four  mutually 
orthogonal  circles,  divided  by  the  corresponding  radius,  the  only 
difference  will  be  that  we  shall  have  four  coordinates  instead  of  five, 
and  that,  instead  of 


we  shall  get 


dX' 
2 ^   d^     .     -J  1      d 


dX' 


r,    dX 


and  that  therefore,  instead  of  putting  m  =  2r  -H  ^  as  in  §  9,  we  must 
have  m  =:  2r. 


Part  III. 


If  P  and  P  he  two  corresponding  points  on  two  confocal  cyclidal 
shells  S  and  8',  whose  equations  are 


X'  +,ZL  +  _?L  +  X  =  o 


and 


a+X      6-fX      c  +  X      d+X 


o+X'    6  +  X'     c  +  V     rf-hX' 
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and  which  are  loaded  with  matter  the  dentity  of  which  at  any  point  it 


then  the  ratio  of  the  potential  of  8  at  P^  to  the  potential  of  S'  at  P  is  a 


-k 


r*' 


constant  multiple  of  the  ratio  of  Yi   to  V, 

Take  any  point  Q  on  S,  and  let  X„  X„  X,  be  the  parameters  of  the 
tliree  confocals  through  Q,  and  ds^^  dt,  elements  of  length  on  the 
surface  at  Q  in  the  directions  of  A,  constant  and  A,  constant  respec- 
tively, so  that  the  element  of  area  ds^  ds^  is  a  rectangular  element. 
Then  we  have  d^  =  \^dX}  in  general 


where 


Also,  since 


^kV^d^-^'dfi'+dC^-dv^ 
f  =  X/F,   n  =  r/7,  Ac. 


a+X      6+X      c+X      d  +  X  (a+X)(6-hX)(c+X)(d+X) ' 

wo  have  e  =  («+X0(a4-A,)(a  +  X^)  ^  ^^  ^  . 

(6— a)(c— a)(a— a) 


and  therefore 

and  therefore 

where 

and 


2^  =  -^ 
dXj       o  +  ^  J 


,  <&c.,  <&c.  ; 


rf^j  =  FPjrfX,, 


p:=s 


(a  +  X,) 


.:♦ 


<^,  =  FP.dXj; 


and  therefore  the  potential  of  the  element  of  mass  at  Q  on  a  unit 

mass  at  P'  is 

V^PT'P^PidX^dX^IPQ, 


But 


P:  = 


P'  =  - 


(X,-X.)(X,-X,) 


(a  +  X,)(6+X,)(c+X,)(i+X)' 
(X,-X,)(X,-X.) 


(nf  +  X,)(6  +  X,)(c  +  X,)(rf  +  X,)' 
(Sec. ; 


180o.] 


I\>f'  iih<tJ  of  (^i/rli\ji\< 


'219 


and  therefore 


where 


]\J 


i'  s  


A 


=  _L(X,_X,), 


Tjr, 


ir=v^(o-hX)(6  +  A)(c  +  A)(d+X); 


and  therefore  the  potential  of  mass  at  Q  at  P*  is 


'TjT, 


Also,  if  we  take  the  point  Q'  on  8'  corresponding  to  Q  or  iS,  the  para- 
meters of  the  confocals  thi-ongh  Q'  are  X(,  A,,  X, ;  and  therefore  the 
potential  of  the  element  of  mass  at  Q'  at  P  is 


But  we  know  that 


t    » 


and  therefore  the  theorem  is  true  for  every  element  of  mass  at  corre- 
sponding points  on  the  two  confocal  cjclides  S  and  B\  and  therefore 
for  the  whole  shells. 

To  make  the  analogy  with  conicoids  more  complete  it  is  easy  to 
show  that  the  thickness  of  the  shell  between 

a        0        c 


and 


+ 


y 


P 


a(l  +  «c)       6(1+k)      c(1-H*:) 


+  F«=0, 


where  k  is  small,  is  proportional  to 

■  ^  -  -        \ 


{-W 


♦  Cf.  **  A  Theorem  for  Confocal  CyolidcR  corresponding  to  Ivory's  Theorem," 
Froe,  Lond.  Math.  Soe.^  Vol.  xxiv. 
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Central  Quadrics.     §§  1-16. 

1.  One  of  the  best  known  properties  (Joachimstahrs)  of  any 
geodesic  drawn  upon  an  ellipsoid  (or  upon  any  central  quadric)  is 
represented  by  the  equation 

2?D  =  constant  =  A;*, 

where  p  is  the  perpendicular  from  the  centre  on  the  tangent  plane  at 
the  point,  and  D  is  the  length  of  a  central  semi-diameter  parallel  to 
the  direction  of  the  geodesic  through  the  point ;  the  quantity  k  is 
constant  along  the  geodesic. 

But  an  equation  of  precisely  the  same  form  characterizes  lines  of 
curvature  upon  central  quadrics,  the  difFerence  between  the  two 
arising  in  the  value  of  the  constant  k  for  the  particular  curve.  Yet 
even  this  difference  disappears  when  the  equation  is  used  in  a  form 

current  along  the  curve.  The  property,  thus  stated,  does  not  dis- 
tinguish between  a  geodesic  and  a  line  of  curvature ;  it  might, 
indeed,  belong  to  curves  of  other  classes  passing  through  the  point. 
A  question  is  thus  suggested  as  to  the  curves  which  are  determined 
by  either  of  the  equivalent  equations 

pD  =  constant,    — -  (pJ^)  =  0. 

ds 

2.  Taking  the  quadric  in  the  form 

«       p       y 

and  denoting  the  tangential  direction  of  the  curve  through  a;,  y,  z^ 
by  Ij  nif  w,  so  that 


It^OO.]  (n'(>(J(.^n's  on  (/nati rics,  not  of  JicroJ xt ion. 


'JO  I 


where  dashes  imply  differentiation  with  regard  to  the  arc  s^  we  have 


a: 


,s 


£ 


a'  "^  /3*  "^  y*  "  i?" ' 


-  +--f +-  =0. 

a  /i         y 


P  +  m'  +  n'    =  1. 


Prom  these  we  have 


Ix 


a 


^    ,  mv  ,  nz 


/^ 


«       p       y 


11      ,    tW-TWr      ,    WTl 

q       p        y 

a        3         y 


T  =_ 


1^, 
2?   dff ' 


whence,  if  we  use  the  characteristic  equation  in  the  form 

l_  dp        I    dn_Q 
p    d6       D    ds 


we 


,            j,DH  ,     ,Il^m  ,    ,1)%  pH        pm        p^n 

have     I  — +w  -5-+«  =  —    a^— ^y-     *  ^• 

a  fS  y  a:  Ir  y* 


Again,  we  have 


«  ^   13 


,  wjs'   ,  Vx  ,  niy  ,  nz       r^ 
+  —  +  — +-^+  —  =  0, 

y      a       p       y 


that  is, 


and 


I hw  -^  +w  —  =  — 1  ; 

a  p  y 

VI  +  1)17111   +    w'n    ^  0. 


There  are  thus  three  equations  to  determifie  l\  m\  n\  and  they  will 
determine  these  quantities  uniquely  unless  they  are  not  independent 
of  one  another. 
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When  we  solve  them,  we  have,  as  the  coeflRcient  of  V,  the  quantitj 


t 

m 

n 

1 

a 

/3' 

y 

X 

y 

z 

» 
a 

ir 

7 

I, 


VK      n 


which  is  equal  to 


—  -  {xmn  (/3-y)  +  ynZ  (y  — a)  -^-zlm  (a—fS)]  =  -^  0,  saj. 
apy  ^  '         a/by 


The  value  of 


a/3y 


er  is 


=  -!"(^f  +  ?)'^(f-f)-»'"(v-^) 


Now     1  +  -/Ti  +  ^  = { 

a'       (y       y*  a  \ 


m^ 


nz\  ,  mi^  ,  ns 


/3*    •  ? 


/3    U         /3  /       y  V  a         y  /  ' 


and  therefore  the  coefficient  of  — jj'D*  is 


Also  the  quantity  -^B^mn  I -^  j  is  equal  to  —p^I)^  multiplied  by 

/  1         1  \mn    n,(X  __L\!?^a.«4. /i._  Jl\^^ 

D* 
Hence  the  whole  expression  for  — j-  0^  is 


■■^f-(i- 


.  /  1         1  \(mn   ,  .    n'      \ 


py 


-(-J4){r:."-7^)! 
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But 

and 

and  therefore 


tun    1  .   n' 


mz  /mt^      nz\ 


oy 


a/3y 


=  -p*If 


X 


a'^y 


e, 


BO  that,  as  J)  does  not  vanish,  we  have* 


ir  a 

2 

and  similarly                      Qm  =  —  9  ^  -^ 

• 

D^   y) 

3.  If  0  does  not  vanish,  we  have 

I    m  71    J 

ir         y          z 
a         fi         y 

which  are  the  equationsf  of  a  geodesic  through  a;,  y,  z. 

Bnt,  if  0  vanishes,  the  equations  do  not  determine  l\  m\  n, 
that  case,  we  have 

X7)xn  (/3  — y)+ynZ  (y— o)H-2?Zni  (a— /3)  =  0, 
or,  what  is  the  equivalent, 

-"' 0>-r)  + ^(y-a)+ -  (a-/3)  =  0. 

I  VI  n 


In 


This,  together  with 


^j^mj^'}l^Q\ 


a 


P      y 

V  ^  m^  -ir  7i^=:\] 


•  Seo  Srilraon'R  Solid  Geometry^  SrdeditioD,  p.  353,  note. 
t  FroHt'n  Holid  Oeomilry^  3rtl  cd.,  p.  314. 
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snffices  to  determine  the  (two)  sets  of  values  at  x,  y,  z  for  Z,  m,  n. 
That  these  two  sets  correspond  to  the  lines  of  curyatore  can  be  seen 
easily  as  follows.  The  direction  of  either  of  the  lines  of  curvature  is 
normal  to  a  confocal ;  so  that,  if  ^  be  a  root  (other  than  zero)  of  the 
equation 


^    .  j(! 


+ 


-f 


a-tt       /3— «       y-tf 


=  1, 


the  direction  cosines  X,  ^,  v  of  the  line  of  curvature,  that  is  normal 
to  the  0  confocal,  are  proportional  to 

JL 


Hence 


a — (p     fi  —  <f»     y — ^ 

-f  (/3-r)  +  -"-  (y -a)  +  -'-  (a -/I) 


is  proportional  to 

03-y)(o-^)  +  (y-a)(/3-^)  +  („-/3)(y_^), 


that  is,  it  vanishes ;  and 


a        />        y 


is  proportional  to 


^       .       y' 


+ 


a  (0-9)      /3(^-^)      r(y-^)' 


that  is,  to 


so  that  it  vanishes.     Hence  the  two  sets  of  values,  determined  for 
Z,  m,  n,  correspond  to  the  lines  of  curvatui'e. 

Consequently,  the  equation 


determines  either  a  geodesic  or  a  line  of  curvature.     When  taken  in  the 
form  ,  2 

it  determines  either  a  geodesic  or  one    of   the  lines  of  curvature 
according  to  the  value  of  k. 
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The  only  exception  is  wlien  both  sets  of  equations,  viz., 


X 

a 


r)i 


n 


and 


fl      y 
e  =  o, 


1/' 


are  satisfied.  This  circamstance  occurs  when  the  geodesic,  deter- 
mined by  the  former,  touches  a  line  of  curvature,  determined  by  the 
latter ;  at  the  point,  /,  m,  n  have  the  same  values.  And,  in  fact,  the 
quantity  A;,  which  is  the  parameter  of  a  geodesic,  can  be  equal  to 
the  parameter  of  some  line  of  curvature,  which  accoi*dingly  is  touched 
by  the  geodesic. 

4.  But,  though  the  discrimination  between  the  geodesic  and  the 
line  of  curvature  cannot  be  made  by  tlie  explicit  form 

it  can  be  secured  by  introducing  into  the  differential  equation  the 
ellipsoidal  surface-parameters.  Denoting  these  by  X,  and  Xj,  the  roots 
(other  than  zero)  of  the  equation 

a—Ofi-Oy-O 

a^  =  A  (a-X,)(a-A,), 
y'=B(/3-X,)(/3-A,), 
s^  =  r(y-X,)(y-A,), 

where,  if  Q  denote  («— /3)(a— y)(/3  — y). 


we  have,  as  usual, 


tlien 


nA  =  a(/3-7), 
nB  =  /3(y-«), 

ar=y(a-/^) 


I 


2r>(;  Prof.  A.  ]{.  Kursytli  "n  I'Vb.   lo, 

they  satisfy  the  equations 

A+B+r  =  o,     A+B^r^^Q 

o      p      y 

Now  _2f  =  A.{(^Vl^  +  (^'V^>}, 

ds  Wfi-Xx)    ds^Vp-X^I    ds  j' 

da  My-X,/    ds      \y-A,/    d«  )' 

\  a        p        y  / 

\a6'/       Caa  — A,  J        \(w/        Caa^A,) 

But,  taking  pD  =  ^•', 

1        .'»•''       v''      ij'* 
we  have  —  =  '—  +  --  +  -, 

Lr        a         p        y 

sothat  •l!  +  ^  +  l!  =  ^=4-, 

a        13        y       A^A^k        AjA, 

say,  whei'e  B  =  ^^  ; 

and,  in  the  case  of  an  ellipsoid  for  which  a  >  /3  >  y, 

o>(^>7. 
Thus  the  second  equation  is 

AjA,       \d6  f        \  a  a— Aj  )        \  (i^  /        la  a  — A,  ) 
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Now 

a  — Aj 


a(p-y)a-X,      /3  (y-a) /3-A,      y  (g-^)   y-X. 
D        a-\  □       /9-X,  D 


y-\ 


\(K-K) 


(a-X,)(/3-X,)(y-A,)' 


2A 


a-A,        (a-A,)(f3-X,)(y-A,)' 


x,-x. 


A  g — X, 

a   -"^"(a-XOC/i-XOCy-X,)' 


5  A  **""^i  — 


A,-X, 


a  a-X,        (a-X,)03-X,)(y-X,) 


Hence,  Writing  2dA,  =  {  („_,_)^'_';(y_;^)  }  *  A. 

^={(a-X,)(t;t')(y-X.)r'^'- 
the  equations  are 

KdsJ       KdsJ     XjX, 

Introdncing  a  quantity  EX,  defined  for  X  =  Xj  and  X  =  X,  by  the 
equation 

EX  =  -X  (a-X)03-X)(y-X)(5-X), 
we  have,  on  solving  these  equations 

.-^  =  (».-x,,(f.)V 

and  therefore  i  (A,-\)'  (^)*  =  —  B\, 


80  that 


'(^-^^^^i^^- 


Similarly, 

YOL.  XXYII. — HO.  651. 


i  (K-K)  ^  =  x;  ^"^- 


8 
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Consequently, 


dk, 


d\,     _ 


^y/RX,      2y/R\ 
ds_ 


k^  =  du 


=  du 


the  final  form  of  the  differential  equations  ;    it  agrees  with  the  form 
given  by  Weierstrass*  in  1861,  obtained  by  other  considerations. 

5.  These  have  been  deduced    on    the   supposition   that    the  two 
equations  involving  — — *,     -^  could  be  solved  properly.     If,  however, 

the  curve  under  consideration  be  a  line  of  curvature,  we  have  either 

X,  =  constant     or     A,  =  constant. 

When  A,  is  constant,  dAj  vanishes  ;  and  so  ^  =  X,.     The  length  of  the 
arc  is  given  by 


ds 


Similarly,  when  X,  is  constant,  dA^  vanishes  ;  and  so  ^  =  X,.     The 
length  of  the  aixj  is  given  by 

,f  X.(X,-g)  )« 

'^-n(a-X,)(/^-X.)(y-XOi    '^'- 

From  the  earlier  investigation  it  appeared  that  the  equation 
pD  =  constant  represents  either  a  geodesic  or  a  line  of  curvature ;  it 
consequently  follows  that  the  proper  equations  of  a  geodesic  are 


_Xj^X|  X,  d\^ 


2v/ia,     2v//ex, 


=  0 


d\. 


+ 


d\     _ 


2  >/iJ!X,      2  y/'lD^ 
X,Aj 


-  =  du  > , 


=  du 


where 


iJ!X  =  -X(a-X)()3-X)(y-X)(5-X), 


♦  Oes.  Werke,  t.  I.,  p.  262. 
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and  X|,  \  are  the  (non-zero)  roots  of 


+ 


J^.+ 


a-«    /3— e>    y— e 


=  1. 


6.  When  the  given  quadric  is  an  ellipsoid^  ^^  P^  7  aire  all  positive  ; 

take 

a>j3>y>0.  • 

Let  X,  determine  the  confocal  hyperboloid  of  two  sheets,  and  A,  the 
oonfocal  hyperboloid  of  one  sheet ;  then  we  have 

a>Xi>/3,    j3>A,>y. 

Further,  du  must  be  real,  and  therefore  both  ^X,  and  BX,  most  be 

positive.     Taking  account  of  the  limits  between  which  X^  and  X, 

must  lie,  we  find  that  i^Xj  is  positive  if  Xj  >  8,  and  that  i2X,  is  positive 

if  X,<^  ;  so  that 

X,>^>X,. 

The  only  conditions  other  than  these  to  which  ^  is  subject  are 

a>^>y. 

They  are  covered  by  what  precedes ;  hence  the  whole  set  of  con- 
ditions is  ,  ^ 

a>X,>|^^|>X,>y>0. 

Three  cases  occur,  according  as 

(I.)  s  =  0, 
(II.)  5  <  /3, 

(ill.)  a  >  /3. 

As  regards  the  form  of  (he  carve,  we  have 

In  the  first  case,  when  ^  =  j3,  we  have 

p^D^  =  ay ; 

the  geodesic  passes  through  an  umbilicus,  and  therefore  also  through 
the  centrally  opposite  umbilicus. 

s  2 
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In  each  of  the  other  two  cases,  the  geodesic  touches  a  line    of 
curvature.     At  any  point  on  its  course,  we  have 


p'  = 


a0y 

A.  A,' 


80  that 


5  = 


^KK 


D* 


When  a  geodesic  touches  a  line  of  curvature  on  a  hyperboloid  of  one 
sheet,  D  is  the  same  at  the  point  of  contact  as  for  the  line  of  curva- 
ture, that  is,  D*  =  Xi ;  and  hence  at  that  point 

a  =  x, 

</3. 

Hence,  in  the  second  case,  when  o</3,  the  geodesic  touches  a  line  of 
curvature  lying  on  the  confocal  one-sheeted  hyperboloid ;  and  it 
undulates  between  the  two  lines  of  curvature  that  constitute 
the  complete  intersection  of  the  ellipsoid  and  the  confocal 
quadric. 

When  a  geodesic  touches  a  line  of  curvature  on  a  hyperboloid  of 
two  sheets,  D  is  the  same  at  the  point  of  contact  as  for  the  line  of 
curvature,  that  is,  i)*  =  A, ;  and  hence  at  that  point 

Hence,  in  the  third  case,  when  a>/3,  the  geodesic  touches  a  line  of 
curvature  lying  on  a  confocal  two-sheeted  hyperboloid  ;  and  it  undu- 
lates between  the  two  lines  of  curvature  that  constitute  the  complete 
intersection  of  the  ellipsoid  and  the  confocal  quadric* 

In  the  case  of  the  oblate  spheroid,  for  which  a  =  j3,  the  first  of  the 
above  classes  gives  rise  to  the  meridians ;  the  second  of  them  gives 
rise  to  the  non-meridianal  g^eodesics,  the  course  of  which  is  well 
known ;  the  third  of  them  gives  rise  also  to  the  meridians,  as  a 
limiting  form. 

Likewise  for  a  prolate  spheroid. 


*  Of.  Cayley,  Coll,  Math.  Fapen,  Vol.  vl,  No.  426. 
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7.  The  differential  relations  of  the  geodesies  can  he  replaced  hj 
expressions  in  terms  of  periodic  functions. 

(i.)  In  the  first  case,  when  ^  =  /3,  the  g^eodesics  pass  through  the 
umbilici.  As  we  take  the  lines  of  curvature  from  AB  to  [7(7,  which 
lie  on  hyperboloids  of  one  sheet,  the  quantity  A,  increases ;  and  as  we 


r 

f 

p        \ 

t- 

0              ^— ^ 

V 

_^ 

take  the  lines  of  curvature  from  OB  to  UA,  which  lie  on  hyperboloids 
of  two  sheets,  the  quantity  X^  decreases.  Hence  at  P,  for  the  geodesic 
UP  in  the  direction  UPj  we  have 

dX^  is  negative,    dki  is  positive. 

Also  we  take 

yjBX:  =  (X.-/?)  [X,  (a-X.)(X.-y)}*  =  (X.-/3)  ^A^, 

^EX;  =  (/3-.X,)  {X,  (a-X,)(X,-y)}»  =  08-X,)yA,. 

Moreover  at  U  we  have  Xj  =  )3,  X,  =  )3.  Hence  at  P  the  equations  of 
the  geodesic  UP  in  the  direction  UP  are 

p    $     dJB      [^  _e_  de^ 
dO       (^     I       dO 


=  0 


r__L_  dO     r    I 


0  ve 


=  2tt 


=  C— 


where  » is  chosen  so  as  to  vanish  at  U,  and  the  arc  $  is  measored 
from  U, 

The  first  two  equations  can  be  replaced  hj 

'^'_J_JO__Q 


i: 
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where  0  has  eontmuons  real  valaes  from  Xj  to  A,,  and  in  the  former 
the  principal  value  of  the  integral  is  to  be  taken.  The  first  expresses 
the  relation  between  X|  and  A,  along  the  geodesic ;  for  the  explicit 
form  of  the  relation,  elliptic  integrals  of  the  third  kind  are  necessary. 
In  the  second  equation,  the  integral  is  elliptic  of  the  first  kind. 

(ii.)  In  the  case  when  ^<  j3  and  the  geodesic  nndnlates  between  the 
two  lines  of  cnrvatnre  that  are  the  complete  intersection  of  the 
ellipsoid  and  a  confocal  hyperboloid  of  one  sheet,  the  equations  can 
be  replaced  by  expressions  inyolving  hyperelHptic  functions.     We 

a>X,>/8>S>X,>y>0; 


and  we  take 


a 


u 


=  P*+  p'     dd 


Odd  \ 
2^/Ee  I 


where  a  is  an  arbitrary  constant ;  it  is  unnecessary  to  associate  an 
arbitrary  constant  with  u.     Now  introduce  two  new  quantities,  viz., 


a-/3f*  =  tt,=  r*+r  -^=^  dd 

ifi       iy  2^/B^       J 


these  quantities  Uj  and  u,  being  the  arguments  of  the  hyperelHptic 
functions  in  Weierstrass's  theory.*     We  take 


%y  ^»  «i»  Oi*  ^4  =  «» /5,  ^,  y,  0 ; 


and  then  we  have 


(a-X.)(a-X.) 

(/8-«)(y-a) 
(«-/3)(y-i3) 


(«i-o»)(a»-o») 

(a,-X,)(a,-V  ^Q^zlatt  («.,  «,), 
(a,-o,)(a,-a,)      '"  /3-y     '  ^'*"  "'^• 


y       (y-«)(r-^)     («,-a,)(a.-«.)     '' ^-y '*'•  ^''"  ""^ 


*  Cht,  Wirk$t  1. 1.,  pp.  133-152,  pp.  297-365  ;  the  special  care  required  is  given 
by  «  -  2. 
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Thus  the  eqaations  of  a  geodesic  are  given  by 


X  = 


y  = 


z  = 


V^a  oZq  (a- 


yt«,  a—fiu)  ' 
yt«,  a-/3u) 


^  » 


— ytt,  a-/3t*) 


where  a  and  ^  are  the  arbitrary  constants  which  can  be  deteiauined 
by  assigning  any  two  points  on  the  ellipsoid  as  points  through  which 
a  geodesic  is  to  be  drawn  and  u  is  the  parameter  of  the  curve  so 
drawn. 


Again, 


fiy        (a4-ai)(a4— a,) 


1.      1      dU_^     1     dU 
where  U  is  the  integral-function  defined*  by  the  equation 


r  =  £'-Hp^-^)jg_-y)c^. 


2'/^ 


Thus         A,A,=/3y+y^+/3^. 


But 


dU  =  -—  dt*i  -h  ^—  (iu„  in  general, 

ai7 .  ^au 


=  —  ( y  5—  "^fi-^—  )  ^>  ill  the  present  case ; 


and  therefore 


ds- 


dU  .  .^317^ 


=  dU—fiydu. 


♦  Weientraos,  /.e.,  pp.  887-346. 
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Consequently 

the  right-hand  side  being  taken  between  the  values  of  u  at  two 
points  on  the  geodesic,  expresses  the  length  of  the  arc  between  those 
points. 

[Added  March  16th,  1896. — The  result  can  be  obtained  also  as 
follows  : — By  the  equations  in  §  4,  we  have 


dX^ 


dA, 


so  that 


Now 


as  before.] 


— V r V,  say, 

A,  — Aj 

du  =  (A,-X,)  e. 

2-/BX;  2yEX, 

=  e  {A,(X,-i8)(X,-y)-X,(A,-y3)(X,-y)} 
=  \,A,(X,-A,)^+/Jy(A,-\,)0 
=  '^Wdu-\-fiydu 
=  (fo  +  /3ydtt, 


(ill.)  In  the  case  when  ^>/3  and  the  geodesic  undulates  between 
the  two  lines  of  carvature  that  are  the  complete  intersection  of  the 
ellipsoid  and  a  confocal  hyperboloid  of  two  sheets,  the  result  can 
similarly  be  expressed  in  terms  of  hyperelliptic  functions.     We  now 

a>X,>a>j3>A,>7>0, 


and  we  take 


Then  introducing 


"»  ^,  /3,  y,  0  =  Oo,  Oi,  a,,  a,',  a^. 


^ 


ii. 


2v^ 


(id 


dJB 


BO  that 


Ui  =  a— yu,     tt,  =  a— ft*, 
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we  eaailj  find 


X  ^ 


y  = 


-^tt) 


-^t*) 


z  =  ya^(a— ytt,  a— ^w) 


In  these  expressions  a  and  8  are  the  two  arbitrary  constants ;  they 
can  be  determined  by  any  two  points  through  which  the  geodesic 
passes.     And  u  is  the  current  parsemeter  of  the  geodesic. 

To  find  the  arc,  we  introduce  the  integral-function  [7,  where 


Ji      J,       2v/Ee 


and  then  the  arc  between  any  two  points  is  equal  to 

[[7-/371*], 

between  the  limiting  values  of  u  that  determine  the  two  points.* 

It  has  been  assumed  throughout  that  a>/3>y.  Special  casea 
arise  when  a  =  j3,  viz.,  an  oblate  spheroid,  and  when  /3  =  y,  viz.,  a 
prolate  spheroid.  The  corresponding  formulae  then  belong  to  elliptic 
functions.t 

8.  If  numerical  approximations  are  desired,  they  can  be  obtained, 
as  pointed  out  by  Weierstrass  in  his  paper  already  quoted,  by  using 
the  double  theta-functions.  The  Abelian  functions,  that  occur  in 
the  preceding  solution,  are  expressible  as  quotients  of  these  theta- 
functions  in  forms  substantially  agreeing  with  results  first  given  by 
Bosenhain ;%  and  when  once  the  parameters,  being  small  quantities 
lor  a  surface  nearly  spherical,  are  determined,  expansions  can  be 
obtained  to  any  degree  of  accuracy  required. 


*  For  the  ninhilical  geodesies,  see  a  paper  by  Cayley,  '*  On  the  Geodesies  on  aa 
BUipaoid,"  CoU,  Math.  Taper* ^  Vol.  vn.,  478.  For  IJbe  general  geodesies  on  an 
ellipfloid,  the  paper  by  Weierstrass,  referred  to  in  §  4,  should  be  consulted  ;  also 
two  papers  by  (&yley,  CoU,  Math.  Papers,  Vol.  vm.,  608,  611. 

t  For  the  case  of  an  oblate  spheroid,  see  a  paper  by  the  author,  Mtttenger  of 
Uathmmtiet,  VoL  xxv.  (1896),  pp.  81-124. 

}  *'  M^moiie  snr  lee  fonotions  de  deux  variables  et  k  quatre  p^odes,"  Mim.  det 
&mma  JStr.,  t.  n.,  p.  361 ;  the  memoir  is  dated  1846. 
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9.  When  the  given  qnadric  is  a  hyperholoid  of  one  sheets  we  have 

a>/3>0>y. 
The  roots  of  the  equation 

must  oorrespond  to  an  ellipsoid  and  a  hyperboloid  of  two  sheets. 
For  the  former,  we  have 

both  of  oonrse  being  negative ;  for  the  latter,  we  have 

a  >  Xj  >  /3. 

In  order  to  have  real  geodesies,  both  ^|  and  BX^  mnst  be  positive. 
The  former  is  positive  if  d<X|,  the  latter  if  d>A, ;  so  that 

Combining  the  inequalities,  we  have 

->x.>p>5»j>x,. 

There  are  seven  cases,  viz., 

(I.)   B>fi>0>y, 
(II.)   5  =  /3>0>y, 

(III.)  /3  >  a  >  0  >  7, 

(iv.)  /3>a  =  0>y, 

(v.)  /3  >  0  >  «  >  y, 

(vi.)  /3>0>a=y, 

(vii.)  /3  >  0  >  y  >  a. 

10.  To  discriminate  these  cases,  we  consider  the  configuration  of 
the  surface  in  the  immediate  vicinity  of  z,  y,  «,  and  compare  it  with 
the  central  section  bj  a  plane  parallel  to  the  tangent  plane  at  the 
point.  The  generators  are  parallel  to  the  asymptotes  of  the  central 
section ;  the  angles  between  the  generators  are  bisected  by  the  Knes 
of  cnrvatnre,  which  are  parallel  to  the  axes  of  the  central  section ; 
and  that  angle  between  the  generators  in  which  the  ellipsoidal  line 
of  cnrvatnre  lies  corresponds  to  that  angle  between  the  asymptotes 
in  which  the  real  part  of  the  cnrve  of  the  central  section  lies,  say,  the 
ttUemal  angle  of  the  asymptotes. 
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:and  in  the  present  case  X^  is  positiye,  X,  is  negative.     Hence,  when  i 

is  positive,  D*  is  negative ;   and  the  direction  of  the  geodesic  lies 

within  the  external  angle  of .  the  generators.     When  ^  is  zero,  D  is 

infinite  ;  and  the  direction  of  the  geodesic  is  one  of  the  generators. 

When  ^  is  negative.  If  is  positive ;  and  the  direction  of  the  geodesic 

lies  within  the  internal  angle  of  the  generators. 

If  a  geodesic  can  cross  the  principal  section  in  the  plane  je  =  0,  we 

have  there  . 

X,  =  y. 

Now,  at  any  point, 

T^  ds       \y-\/     (fo       \y-X,/    ds  ' 


and 


d\  _     2^/Bk,         dX^_     2\/EX, 
ds       \(X,-X,)'     ds       X,(X,-X,)' 


where  the  positive  value  has  to  be  assigned  to  the  real  radicals 
y/BKi  and  v^-BX,,  that  is. 


I 

•B^  =  V'-A,  (a-X.)03-AO(y-AO(«-X,). 
Substituting  and  then  making  X,  =  y,  we  have 

^       y(y-Xi) 

Now  r  is  negative,  as  is  also  y— X^ ;   thus  the  first  radical  on  the 

right-hand  side  is  real.     Again  —  y,  a— y,  /3— y  are  positive  ;  hence, 

dz 
if  ^  >  y,  the  value  of  —  is  real.    In  this  case,  the  geodesic  crosses 

ds 
the  principal  section  under  consideration. 

If  ^  =  y,  then  ^  =  0   at  the  point ;    in   this   case  the  geodesic 

touches  the  principal  section  but  does  not  cross  it. 

If  ^  <  y,  then  —  is  imaginary ;  that  is,  the  geodesic  cannot  meet 

ds 

ihe  principal  section. 
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11.  In  the  figure,  OiO{  and  O^Oisre  the  generators  at  the  point  0 ; 
they  give  the  directions  of  the  geodesies  corresponding  to  ^  =  0. 
This  is  Case  (iv.). 


/ 


The  lines  BxB^\  and  J?s^  are  lines  equally  inclined  to  the  genera- 
tor ;  they  give  the  directions  of  the  geodesies  through  0  correspond- 
ing ix)  dss  p.    This  is  Case  (ii.)- 

For  any  direction  lying  within  the  angles  BfiB^  and  'B[  OBi^  w& 
have  S>fi.  Thus  Case  (i.)  gives  geodesies  through  0  whose  direc- 
tions lie  within  one  of  the  two  regions  marked  (i.)  ;  one  special  line 
is  the  geodesic  which  touches  the  hyperboloidal  line  of  curvature 
through  0,  the  value  of  B  then  being  A^. 

For  any  direction  lying  within  one  of  the  angles  BiOOj,  B^OO^^ 
BiOOt,B\OQ\,  we  have  /3>^>0.  Thus  Case  (in.)  gives  geodesies 
through  0  whose  directions  lie  within  one  of  the  four  regions 
marked  (in.)* 

The  lines  Oi  0[  and  (7,0s  &i^  lines  equally  inclined  to  the  generators ; 
they  give  the  directions  of  the  geodesies  through  0  corresponding  to 
^  =  y.    This  is  Case  (ti.). 

For  any  direction  lying  within  one  of  the  angles  0,0(7i,  0[00{^ 
0^00^  OiOOiy  we  have  0>5>y.  Thus  Case  (v.)  gives  geodesies 
through  >  0*  whose  directions  lie  within  one  of  the  four  regioiks 
marked  (v.). 

For  any  direction  lying  within  the  angles  CiOOi  and  0,0(7i,  we 
have  i<y.  Thus  Case  (vii.)  gives  geodesies  through  0  whose  direc- 
tions lie  within  one  of  the  regions  marked  (vii.)  ;  one  special  l|ne  is 
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the  geodesic  which  touches  the  ellipsoidal  line  of  cnrvatnre  through 
0,  the  value  of  8  then  heing  A,. 

Geodesies  through  0  whose  directions  lie  within  (but  not  on  the 
boundary  of)  either  of  the  angles  OiOG^  and  0{00i  cross  the 
principal  elliptic  section  of  the  surface  when  they  are  continued. 

The  two  geodesies  through  0  whose  directions  are  the  lines  Oi  0{ 
and  Of  0%  at  that  point  touch,  but  do  not  cross,  the  principal  elliptic 
section. 

Geodesies  through  0  whose  directions  lie  within  (but  not  on  the 
boundary  of)  either  of  the  angles  CiOGi  and  G^OOt  do  not  meet 
the  principal  elliptic  section  of  the  surface.  Each  of  them  touches 
an  ellipsoidal  line  of  curvature,  determined  by  the  value  of  3 ;  and 
extends^  on  either  side  of  this  point  of  contact,  towards  infinity  away 
from  the  principal  elliptic  section.  By  this  extension  of  the  geodesic 
is  implied  a  curve  at  every  part  of  which  the  characteristic  geodesic 
property  is  possessed ;  but  the  length  of  the  arc  of  this  curve  between 
any  two  points  of  it  is  not  necessarily  the  shortest  surface-distance 
between  the  two  points. 

12.  The  course  of  the  geodesic  can  be  indicated  by  expressing  the 
coordinates  of  any  point  on  it  in  terms  of  a  single  parameter.  The 
expressions  in  Cases  (i.),  (iii.)>  (▼•)>  (j^^-)  require  hyper-elliptic 
functions  as  in  two  of  the  cases  on  the  surface  of  the  ellipsoid ;  in 
Cases  (ii.)  and  (vi.))  elliptic  functions  and  elliptic  integrals  of  the 
third  kind  occur;  in  Case  (iv.))  ^^^  expressions  are  algebraical. 

13.  When  the  given  quadric  is  a  hyperboloid  of  two  sheets,  we  have 

o  >  0  >  /3  >  y. 

The  roots,  other  than  zero,  of  the  equation 

a--.d      fi-e      y-^d 

must  correspond  to  an  ellipsoid  and  a  hyperboloid  of  one  sheet. 
For  the  former,  we  have 

both  of  course  being  negative ;  for  the  latter,  we  have 

In  order  to  have  real  geodesies,  we  must  have  BX^  positive,  a  con- 
dition which  is  satisfied  if  ^  <  X^ ;  and  we  must  have  ii'X,  positive,  a 
condition  which  is  satisfied  if  ^>A^  so  that 

Xi  >  5  >  X,. 
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Combiniiig  these  ineqnalities,  we  have 

a>0>/3>X,>  IjI  >X,. 
There  are  three  cases,  viz., 

(I.)  y  =  ^, 
(II.)  r  >  ^, 

(ill.)  y  <  ?. 

14.  The  cases  are  similar  to  those  that  occur  in  the  ellipsoid. 

The  first  represents  a  geodesic  passing  through  an  umbilicus,  but, 
with  a  single  exception,  not  through  the  other  umbilicus  on  the  same 
sheet ;  beyond  these  points,  it  extends  towards  infinity. 

The  second  represents  a  geodesic  touching  one  ellipsoidal  line  of 
curvature  and  extending  towards  infinity  in  both  dilutions. 

The  third  represents  a  geodesic  touching  one  line  of  curvature  that 
lies  upon  a  confocal  hyperboloid  of  one  sheet  and  extending  towards 
infinity  in  both  directions. 

The  last  two  require  hyper-elliptic  functions  for  the  explicit 
expression  of  the  variables  along  the  course  of  the  curve ;  the  first, 
for  the  same  purpose,  requires  elliptic  integrals  of  the  third  kind. 

15.  It  is  unnecessary  to  consider,  in  any  detail,  geodesies  on  a  co7ie 
or  cylinder ;  their  characteristic  equation  for  such  a  surface  can  be 
deduced  from  the  property  that,  when  a  developable  surface  is 
developed,  the  geodesic  gives  rise  to  a  straight  line  on  the  developed 
surface.     Thus,  for  instance,  on  a  cone  we  should  have 

r  sin  0  =  constant ; 

where  the  constant  is  the  parameter  of  the  geodesic,  r  is  the  distance 
of  any  point  on  it  from  the  vertex  of  the  cone,  and  f  is  the  angle 
between  the  direction  of  the  geodesic  at  the  point  and  the  generator 
through  the  point. 

Non-Centeal  Quadrics.     §§  16-22. 

16.  When  the  quadric  is  paraboloidal,  its  equation  can  be  taken  in 
the  form       *  ,         , 

a         c 
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Wlim  the  pai&boloid  is  elliptic,  we  bare 

a>c>0; 
when  it  is  hyperbolic,  we  have 

o>0>c. 
The  oonfocal  paraboloids  are  givBa  by 

a  cnbic  eqnation  in  k  for  each  point  z,  y,  z.  One  root  is  zero ;  let  the 
others  be  k,  and  k^  of  which  k^  is  aBsnmed  the  greater.  Then  0,  k^, 
k,  are  the  roots  of 

4.ia~k){c-k)ix-k)-y'{c-k)-^{a-k)=0. 
It  is  easily  seen*   that  the  roots  are  separated  by  as ,  a,  c,  — oo . 
Hence  is  the  case  of  the  elliptic  paraboloid  we  have 

OD>A;i>a>ft,>c>0; 
A,  determines  an  elliptic  paraboloid  and  ib,  a  hyperbolic  paraboloid. 
And  in  the  cam  of  the  hyperbolic  paraboloid,  we  have 

OD  >  fc,  >  fl  >  0  >  e  >  i, ; 
k,  and  k^  determine  elliptic  paraboloids. 

17.  The  intersections  of  the  confocal  surfaces  are  lines  of  curvature 
on  each  of  tbem. 

Consider  first  the  elliptic  paraboloid. 


*  Frost'fl  Solid  Otometry,  p.  139. 
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Its  intersection  with  the  confocal  elliptic  paraboloid  in  a  corre 
one  quarter  of  which  is  JB;  when  this  carve  is  orthogonally  pro- 
jected on  the  plane  of  yz,  it  becomes  the  ellipse 


TL + ^_=:4 

This  cnrre  is  the  whole  of  the  real  intersection  with  the  confocal 
elliptic  paraboloid. 

The  intersection  with  the  confocal  hyperbolic  paraboloid  consists 
of  two  curves.  One  half  of  one  of  them  is  00,  the  other  half  of  it 
being  on  the  negative  side  of  the  plane  xx  ;  and  the  other  carve  is 
the  refleiion  of  this  carve  in  the  plane  of  xy.  When  these  cnrves 
are  orthogonally  projected  on  the  plane  of  yg,  they  become  the  two 
branchea  of  the  hyperbola 

The  two  real  carves  constitnte  the  whole  intersection  with  the  con- 
focal hyperbolic  paraboloid. 

Xow  consider  the  hyperbolic  paraboloid.  Its  intersection  with  the 
confocal  elliptic  paraboloid  determined  by  &,  consists  of  two  carves ; 


-  =  4. 


one  is  QOPB, ...,  and  the  other  is  the  reflexion  of  this  curve  ii 
plane  of  a.  When  these  carves  are  orthogonally  projected  on 
plane  of  ys,  they  become  the  two  branches  of  the  hyperbola 

These  two  (real)  onrves  oonstitate  the  whole  intersection. 
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The  intersection  with  the  confocal  elliptic  paraboloid  determined 
by  ft|  consists  of  two  curves;  8PT .,.,  8^ FT',,,  are  halves  of  them, 
the  other  halves  being  their  reflexion  in  the  plane  of  xz.  When 
these  curves  are  orthogonally  projected  on  the  plane  of  yz^  they 
become  the  two  branches  of  the  hyperbola 


y 


+ 


=  -4 


a  (a— A;,)      c{c  —  k^ 
These  two  (real)  carves  constitute  the  whole  intersection. 


18.  Take  any  point  on  a  paraboloid  and  consider  the  geodesies 
through  the  point.  If  Z,  m,  n  denote  the  direction  of  the  curve  there, 
if  p  be  the  perpendicular  from  the  vertex  upon  the  tangent  plane  at 
the  point,  and  if  D  denote  the  length  of  the  chord  through  the 
vertex  parallel  to  the  geodesic  direction,  then*  we  have 

constant  along  a  curve.  And,  by  an  investigation  similar  to  that  con- 
tained in  §§  2  and  3,  it  can  be  proved — the  analysis  is  not  reproduced 
here — that  the  equation 


is  WD  I 


ds  \p 

determines  upon  the  pai*aboloid  either  a  geodesic  or  one  of  the  lines 
of  curvature  through  the  point.  If  then  the  quantities  k^  and  k^  be 
introduced,  the  lines  of  curvature  are  given  by 


ds  '      ds 


0; 


the  equation 


wn)      ' 


or 


d  (l^\  _ 
ds\p' 


p'D 


=  constant, 


when  transfoimed,  will  then  represent  a  proper  geodesic.     Now 

p*        ^4a*      4c*' 

4-  =  -     +     -  ; 
Vac 


♦  Froefa  Solid  Geometry,  p.  320. 

vol..  xxvri. — NO.  552.  t 
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hence  the  equation  characteristic  of  geodesies  is 


Farther,  it  is  only  upon  the  elliptic  paitiboloid  that  the  umbilici 
are  real.     They  are  given  by 


a?!  =  a—c,     yi  =  0,     Zj  =  2  >/c  (a—c)  ; 
also,  for  any  direction  in  the  tangent  plane  at  an  umbilicus,  we  have 

-2Z-|--^=0, 
c 


so  that 


Va—c 


Thus 


a—c 


c 


1- 


rn. 


a 


so  that 


a         c 


a 


And 


1+  ^  +  - 


1 
4c* 


a 


hence  for  a  geodesic  through  an  umbilicus  the  constant  is 


^  Jl  =  JL 

c     a         c 


If  therefore  6  =  c,  the  geodesic  passes  through  an  umhilicus. 


19.  To  use  the  parameters  of  the  confocal  paraboloids,  we  have 


so  that 


,/  =  ^ft(a-k,)(a-k;)  ^ 


e,  —  a 


.1  =  4  cilzi*i)  (£rAl  J 


a—c 
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and  then 


4a      4c 


=  A^  +  A:,— a— 


c. 


With  these  values,  we  have 


4a' 


4(? 


fCt  Km 

ac 


so  that  the  equation  of  the  geodesic  is 

aa     1 


a         c         b    k^k^ 


J_.  =  ± 


k^k^ 


where 


/.       ac 


and  f  =  a  for  a  geodesic  that  passes  thi'ough  an  umbilicus. 


Now   Z,  w,  n,  =  -— ,   "i^ ,  -r^ ,  i*espectiv6l y ;  th 

a«      a«     a&* 

ds        ds  ' 


us 


V  c—a  {  V  a  — Ac,    dd       V  a— «,  a*  ; 

/    c     (     ;c— /f,  dA:,  ,      /c— /f,  dA;, ) 


Substituting  these  values  in 

Z*  +  m*  +  w'=  1, 

we  find         ^i(fe,~fe,)     /^^^iV,       K(K--k,)     fdk^Y 
(a-A;i)(c-Ar,)Vd«y  ^  (a-A;,)(c-^i)  Vc?*/ 


=  1; 


and  substituting  them  in 


a        c        K^ic^ 


we 


find         (fe.-fc.)       /^fcA',        (fc.-fc.)       /dM'^    / 
(a-/ci)(c— /fj)  vd«y       (a— Ar,)(c— ^,)V<fo/        A^jA:, 


Let 


K,  =  k,(k,^a)(k,^c)(k,-'f)] 
K,^k,{k,-u)ik,^c){k,-f)j' 


T    2 
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then,  when  these  equations  ai-e  solved  for  f  -j-^  j    and  (  "t^  ) .  we  have 

as 

as 
Hence  the  equations  of  a  geodesic  upon  a  paraboloid  are 


dk, 


V  + 


dk 


VK^       \/Kf 


=  dn 


—    -—    —  d 

which  correspond  in  form  to    those   obtained  in  §  5  for  a  central 
qnadric. 

It  wonld  have  been  possible  to  deduce  these  results  from  the 
results  in  the  case  of  a  central  quadric  by  changing  the  origin  to  a 
vertex  of  tlie  latter  and  then  passing  to  the  limiting  case,  in  which 
two  of  the  semi-axes  are  made  to  increase  without  limit  subject  to 
the  customary  conditions. 

20.  In  the  case  of  the  elliptic  paraboloid,  we  have 

/f,  >  a  >  /tj  >  c  >  0. 
Hence,  in  order  that  the  geodesies  may  be  real,  we  must  have 

that  is,  A-,  >/>A-, ; 

and  therefoi-e  the  aggregate  of  conditions  is 


A;,  >  ('[\>k,>c>0. 


■f 
There  are  therefore  t)iree  distinct  classes  to  consider,  viz., 

(!.)/=  a, 

(II.)    /<  (7., 

(ill.)  />  a. 
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Thej  correspond  to  the  three  classes  in  the  case  of  an  unruled  central 
quadric. 

For  the  first  of  these  classes,  we  have  /  =  a ;  the  geodesic  passes 
through  an  umbilicus  (but  not  through  the  other  umbilicus)  in  the 
finite  part  of  the  surface. 

To  discriminate  between  the  other  classes,  a  simple  method  is  to 
trace  the  course  of  a  geodesic  through  the  variations  of  ki  and  k^. 
We  have 

's/Ki      \/h.^ 

and  therefore      -r-'  =  . — V  v^^i»      ,  ^  =  i — W  y/^t- 

du        A-,  — Afj  du        ki  —  k^ 

Thus  k^,  for  finite  values  of  ki,  can  be  a  maximum  or  a  minimum, 
only  when  jBCj  =  0 ;  and,  for  all  other  values,  K^  must  be  positive. 
The  only  possible  i*oots  of  Ki  are 

ki=a,     A;,  =/; 
and,  for  values  of  ki  that  are  not  roots, 

(i,-a)(fc,-/) 
must  be  positive. 

Hence  when />  a,  the  only  possible  root  is  k^=.f\  and  all  other 
admissible  values  of  A;,  must  be  greater  than  /.  When  /<  a,  the  only 
possible  root  is  A;|  =  a  ;  and  all  other  admissible  values  of  A'^  must  be 
greater  than  a. 

Again,  k^  can  be  a  maximum  or  a  minimum  only  when  iiC,  =  0 ; 
and,  for  all  other  values,  -K*,  must  be  positive.     The  only  possible  roots 

and,  for  values  of  A^,  that  are  not  roots, 

must  be  negative. 

Hence  when  />a,  the  only  possible  root  is  A;,  =  c ;  all  other 
admissible  values  of  k^  must  lie  between  c  and  a.  When  /<a,  both 
A^  =  c,  k^^-f  are  possible  roots ;  all  other  admissible  values  of  k^ 
lie  between  c  and  a. 

Moreover,  A:,  =  c  refers  to  the  (confocal)  parabola  in  the  plane  z=0^ 
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where  the  two  curves  of  intei-section  of  the  given  paraboloid  with  the 
confocal  hyperbolic  paraboloid  coincide  and  become  the  (doubled) 
parabolic  section  OB... . 

21.  These  inferences,  when  combined,  lead  to  the  main  result,  as 
follows. 

When/>a,  the  geodesic  touches  the  line  of  curvature  AB,  and, 
from  the  point  of  contact,  extends  to  infinity  in  both  dii'ections  away 
from  the  vicinity  of  the  vertex  0. 

When  f<n,  the  geodesic  touches  the  line  of  curvature  CD,  and 
the  other  line  of  curvaturo  which,  with  CD,  forms  the  complete 
intersection  of  the  given  paraboloid  with  the  confocal  hyperbolic 
paraboloid.  The  geodesic  undulates  between  these  two  lines,  and,  in 
passing  from  the  vicinity  of  0,  extends  to  infinity  on  both  sides  of 
the  plane  ^  =  0. 

When  /  =  a,  the  substitutions 

A?!  =  c  sec'  ^„    where     ^^  > ^i  >  cos~*  -- , 


a 


A:,  =  c  sec^  ^„ 
transform  the  equations 


.-1  f 


»» 


cos"^  —  >  0j  >  0, 
a 


so  that  the  integmls  can  be  expressed  in   terms  of  logaiithmic  and 
trigonometric  functions. 

When/>a,  the  transfonnation 

1-^ 


k=f 


1 


-/-/ 


a 


and,  when  /<a,  the  transformation 

1- 


k  z=  a 


/ 

transform  the  integrals   into    elliptic    integrals  (in  Jacobi's  form) 
having  their  moduli  determined  as  the  quantities 


(iB=iiy  and  (-J=^y 

\/a—  ac/  \fl/— /c  / 


in  the  respective  cases. 
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22.  In  the  case  of  the  hyperbolic  paraboloid^  we  have 

^>a>0>c>A;,. 
In  order  that  the  geodesies  may  be  real,  we  must  have 

that  is,  K>f>K\ 

and  therefore  the  aggregate  of  conditions  is 


^i>  ( 


a>0>c 
/ 


>  A-,. 


There  are  therefore  seven  distinct  classes  to  consider,  viz., 

(i.)  Z:,  >/>a>0>f>Ar„ 

(II.)  A:i>/=a>0>c>^j, 

(m.)  fci>a>/>0>c>A;j, 

(iv.)  ^>a>/=0>c>Ar„ 

(v.)  A:,  >a>0>/>c>A;„ 

(vi.)  Z:,>a>0>/=c>  Ar„ 

(vii.)  k^>a>0>c>f>k^. 

They  correspond  to  the  seven  classes  in  the  case  of  a  ruled  central 
quadric. 

The  regions  in  the  vicinity  of  a  point  on  the  surface  to  which  the 
respective  classes  belong  can  be  determined  in  the  same  manner  as  in 
the  case  of  the  hyperboloid  of  one  sheet.     Thus  in  the  figure  the 


"2--. 


A 


q; 
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lines  GjG[  a>nd  G^G2  are  the  generators  thit)agh  the  point  P ;  these 
give  the  geodesies  corresponding  to  Case  (iv.). 

The  lines  A[Ai,  A^Ai  give  directions  through  P  on  the  surface  that 
determine  the  geodesies  corresponding  to  Case  (ii.). 

The  lines  OiOu  C^Oi  give  directions  through  P  on  the  surface  that 
determine  the  geodesies  corresponding  to  Case  (vi.)- 

Every  geodesic  through  P  belonging  to  Class  (i.)  has  its  direction 
at  P  lying  within  (but  not  on  the  boundary  of)  one  of  the  angles 

Every  geodesic  through  P  belonging  to  Class  (iii.)  has  its  direc- 
tion at  P  lying  within  (but  not  on  the  boundary  of)  one  of  the 
angles  A^FG,,  A^FO^,  A\FG\,  A^FG:,, 

Every  geodesic  through  P  belonging  to  Class  (v.)  has  its  direction 
at  P  lying  within  (but  not  on  the  boundary  of)  one  of  the  angles 
C,FG,,  G,FC,,  C[FGu  G'.FCl 

Every  geodesic  through  P  belonging  to  Class  (vii.)  has  its  direction 
at  P  lying  within  (but  not  on  the  boundary  of)  one  of  the  angles 
C.FGi,  G^FO{. 

Every  geodesic  through  P  that  has  its  direction  at  P  lying  within 
(but  not  on  the  boundary  of)  one  of  the  angles  C,P(7„  C{PCi  will, 
when  produced,  cut  and  cross  the  principal  section  of  the  surface  by 
the  plane  2  =  0. 

The  two  geodesies  through  P  having  CiFC{  and  C,P(/J  as  their 
directions  through  P  will,  when  produced,  touch,  but  not  cross,  this 
principal  section  of  the  surface. 

And,  lastly,  no  geodesic  through  P  having  its  direction  at  P  lying 
within  (but  not  on  the  boundary  of)  one  of  the  angles  CiFCi,  G^FC[ 
can,  however  far  it  may  be  produced,  meet  this  principal  section  of 
the  surface. 

The  difEerential  equations  of  Classes  (i.),  (iii.),  (v.),  (vir.)  require 
the  introduction  of  elliptic  integrals  for  their  integration ;  those 
belonging  to  Classes  (ii.)  and  (iii.)  can  be  integrated  by  logarithmic 
and  circular  functions ;  and  those  belonging  to  Class  (iv.)  can  be 
integrated  by  algebraical  functions. 
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The  Continuity  of  Pressure  in  Vortex  Motion.^  By  R.  Ua&gbeaybs, 
M.A.  Received  February  3rd,  1896.  Read  February  13th, 
1896.     Received,  in  recast  form,  May  15th,  1896. 

The  eonstmctive  part  of  this  paper  is  based  on,  and  forms  an 
extension  of,  the  third  section  of  Helmholtz's  "  Vortex  Motion,"  which 
is  entitled  "  Space  Integration."  In  that  section  the  velocities  are 
obtained  as  solutions  of 

dy       dz ' 

with  two  similar  equations  and  the  equation  of  continuity,  where 

(,  i|,  ([are  understood  to  be  assigned  functions  of  x,  y,  z  which  satisfy  the 

condition 

^   ,    ^  ^  a;  _  Q 

dx      dy      dz 
and  at  the  surface  of  the  vortex  make 

Zf-l-7wi|  +  w4:  =  0, 

these  conditions  defining  a  kineniatically  possible  spin.  Dependence 
on  time  is  not  excluded,  as  the  parameters  occurring  in  the  functions 
^»  I*  {»  or  those  defining  the  configuration  may  be  functions  of  time ; 
but,  as  the  time  does  not  appear  explicitly,  it  seems  proper  to  describe 
the  velocities  obtained  in  this  av  ay  as  instantaneous  values  which  may, 
under  certain  circumstances,  become  functionally  complete.  The 
special  feature  of  Helmholtz's  potential  method  is  that  it  gives 
values  of  the  velocities  continuous  at  the  surface,  and  with  the  dis- 
continuity in  their  first  differential  coefficients  proper  to  the  change 
from  rotational  to  iri-otational  motion;  the  use  of  the  method  is 
therefore  exactly  equivalent  to  the  assumption  that  no  slipping 
takes  place  at  the  vortex  surface. 


*  As  orig^inally  read  this  p«iper  formed  part  of  a  oonuntmioation  to  the  Society 
on  an  EUipsoidal  Vortex.  The  object  of  the  section  was  to  explain  on  general 
grounds  why  a  certain  process,  directed  to  securing  continuity  of  motion,  g^ye  also 
continuity  of  pressure  in  an  identical  manner.  The  theorem  in  its  general  shape 
not  being  essential  to  the  work  on  the  ellipsoidal  vortex,  it  seemed  desirable  to 
remove  it  from  an  environment  of  ellipsoidal  harmonics,  and  the  author  availed 
himself  of  the  x>ormission  of  the  Council  to  print  under  a  separate  title,  and  to 
incorporate  some  additional  matter. 
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I  propose  to  apply  the  same  method  to    the    ensuing  phase  of 
the  motion,  and  in  this  way  to  find    the  instantaneous    values   of 

-TT »  TT »  "77 »  which  will  be  found  to  be  such  as  secure  the  continuity 
cU     at     at  "^ 

of  pressure  at  the  surface.  In  its  simplest  form  we  may  enunciate 
the  theorem  as  follows  : — Corresponding  to  any  kinematically  possible 
distribution  of  spin  within  a  closed  surface  at  any  instant,  there 
exists  a  continuous  motion  of  infinite  liquid  with  continuous  pressure, 
such  that  within  the  surface  the  motion  is  rotational  and  has  the 
given  spin  at  the  instant,  and  outside  the  surface  the  motion  is  irro- 
tational.  In  effect,  we  know  the  instantaneous  i^ate  of  deformation 
of  the  voi*tex  surface,  and  the  instantaneous  rate  of  alteration  of 
vortex  distribution ;  hence  we  infer  the  instantaneous  acceleration, 
and  so  the  pressure.  The  discontinuities  in  the  differential  coeffi- 
cients of  velocity  and  pressure  are  also  examined  directly  from  the 
hydrodynamical  equations,  and  the  results  shown  to  be  in  conformity 
with  the  Helmholtz  solution.  As  regards  pressure,  the  discontinuity 
first  appears  in  the  second  differential  coefficients,  and  has  the 
character  which  belongs  to  the  discontinuity  in  the  potential  of  a 
volume  distribution  of  matter,  where  there  is  an  abrupt  change  of 
density  in  crossing  a  surface.  Finally,  the  results  are  applied  to  the 
oscillations  of  a  vortex  about  a  state  of  steady  motion,  and  it  is 
shown  that,  when  a  solution  gives  continuity  of  velocity  at  the 
disturbed  surface  and  satisfies  the  condition  that  the  surface  of  the 
vortex  always  contains  the  same  particles,  the  continuity  of  pressui*e 
is  ipso  facto  secured. 


1.  Denote  components  of  velocity  within  the  vortex  by  u,  r,  w  and 
without  it  by  n\  v\  w' ;  take  L,  3f,  'N  for  internal  and  L\  M\  N*  for 
external  values  of  the  vortex-potentials,  and  suppose  the  liquid  to 
extend  to  infinity. 

At  a  surface  of  separation  of  rotational  and  irrotational  motions, 
the  first  differential  coefficients  of  L,  X', ...  are  continuous,  and  there- 
fore also  the  components  of  velocity.  The  second  differential  co- 
efficients present  discontinuities  of  the  type 


da?  dsf  '     dxdtj  dxdy 


,   ..., 


/,  m,  n  being  direction>cosines    of  the  normal  to  the  surffice  (see 
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Kirchhoff,  Vorlesungen  iiher  Mechanik,  p.  179).     Hence  we  obtain,  by 
difEerentiating 

ay        dz  ay        dz 


du        du  cti  /     r  \  ^**        du  n      f      r  \ 

du        du  n      /      y  \ 

~-  .  —  __=:—  2n  (??if  —  Mij) 
dz       dz 


...(1), 


and  similar  expi*essious  for  v  and  u\  representing  the  diseontinnities 
of  the  first  differential  coefficients  of  the  components  of  velocity. 
Hence  immediately 

du  ,     du   ,      du       C    /  du     ,    ,  du    ,     ,du  1 
u  -J-  +1'  ,-  +it' <  n  — -  +v  -—  -i-w  — -,  > 

dx        dy  dz       K      dx  dy  dz  ) 

=  —  2(/M  +  w«?-}-«M')(mC— wij) (2a), 


or,  if  the  origin  of  coordinates  be  moving  with  velocities  «o,  v^  w^, 
we  may  write 

/  \  du  ,  /  V  du  ,  f  V  du 


da? 


C  >.  *        >.  diC  ,  /  /        V  Jw'  .  f   »        \  du  7 


dy 
=  — 2  {Z  (m— Wo)  H-wi  (r— ro)  +  n  (i(?— w^)}  (mC— niy) 


=  —  2  [7  (m^*— ni;),  say 


(26), 


The  surface  condition  for  translation  of  the  vortex  without 
change  of  shape  is  that  TJ  should  vanish ;  but,  if  U  does  not 
vanish,  a  change  of  shape  accompanies  the  translation,  the  rate  of 
extension  along  the  normal  being  measured  by  U.  Denote  by 
u-^fdt,  ...    the  velocities   at   x,  y,  z  and    time    t  +  dt,    due    to   the 

altered  vortex,  which  has    l+^dt  in  lieu  of  £,  and  which,  apart 

dt 

from  mere  translation,  extends  to  a  noi*mal  distance  Udt  beyond  its 
original  surface.  It  is  clear  that  /,  ^,  h,  the  components  of  the  in- 
stantaneous acceleration,  are  derived  fi-om  vector  potentials  of  volume 
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distributions  with  densities  ^t-  -7- »  .t-  %-  »  tt-t.^  and  surfacre  distri- 

2r  at     2ir  at     2ir  at 

bations  with  densities  r;—,  -  — ,  7—  ,  exactly  as  u,  v,  w  from  L,  M,  N. 

2r     27r     2w 

The  volume  distribution  gives  no  discontinuity  to  /,  /^  at  the  surface, 

but  only  to  their  differential  coefficients ;   but,  if  i^,   0,  H  be  the 

potentials  of  the  surface  distributions,  we   have  discontinuities  in 

their  first  differential  coefficients  of  the  type 

dx        ax 


As  the  parts  contributed  to  /,  /'  are 


dJJ  _  dU 
dy       dz 


and 


dJV^da 
dy        dz 


we  derive 


f-f  =  2U  (mi-n,l) 


(3). 


and  two  similar  equations.     Adding  to  (2&) 

=  /+  («'-«.)  ^  +  (.v-v,)  ^'  +(«/-«'.)  ^'    ...(4), 

which  at  once  gives  — -  =  -  ^  ,  ...  at  the  surface.     The  adjustment  of 

cur        ax 

pressure  then  turns  on  the  choice  of  a  constant,  and  in  fact  assigns  a 
value  for  the  difference  in  the  pressures  at  infinity  and  at  some  fixed 
point  within  the  vortex,  in  terms  of  the  constants  of  the  configura- 
tion, analogous  to  the  relations 

„  2pk'a'      n  2pi»a'6« 

for   Hill's   spherical  vortex  and  Kirchhoff'a  elliptical  voi-tex.     The 

dl 
value  of  —,  the  instantaneous  change  in  f,  is  given  by 

dx        dy        dz         dx        dy         dz^ 

as  a  function  of  or,  y,  r,  and,  the  densities  of  both  volume  and  surface 
distributions  being  given,  /  and  f  are  fully  defined. 

To  meet  a  case  like  that  of  Kirchhoff's  ix)tating  vortex,  the  axes 
may  be  taken  as  rotating  with  angular  velocities  0|,  f^j,  6,.     Then  in 
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(26)  we  must  write  u^—yO^-\-zOt  in  lieu  of  u^  on  both  sides  of  the 
eqaation,  so  that  the  form  of  U  is  modified.  As  the  new  form  of  U 
occnrs  aUo  in  (3),  (4)  remains  true  with  the  corrected  values  of 
«»f  v^  ^0-     '^^^  ^®w  form  of  the  hydrodynamical  equation  is 

p   ax  ax 

and  the  last  terms  obviously  do  not  affect  the  continuity. 

Helmholtz  takes  account  of  csises  where  the  fluid  does  not  extend  to 

dP 
infinity,  but  has  some  external  boundary,  by  adding  a  term  -r—  to  the 

ax 

value  of  u,  P  satisfies  V'P  =  0,  within  and  without  the  vortex,  and  has 
no  discontinuity  at  the  vortex  surface.  Its  function  is  to  reduce  to  zero 
or  to  an  assigned  value  the  normal  velocities  at  the  external  bound- 
ary, and  it  is  completely  defined  by  this  boundary  condition  and  the 

equation  V'P  =  0.  Equations  (1)  and  (2)  are  unaltered  by  this 
term.  At  the  end  of  time  dt  its  function  is  to  reduce  to  an  assigned 
value  the  normal  velocities  given  by  u-^-fdt  at  this  external  boundary, 

/  having  the  value  obtained  above ;   and  therefore  also  -r—  is  fully 

az 

defined  as  a  function  of  a;,  y,  z  which  has  no  discontinuity  at  the 

d^P 
vortex  surface,  /  and  f  having  then  the  additional  term  — — .     Thus 

dxdt 
we  can  assign  in  this  more  general  case  also  the  proximate  chaiige 
in  the  shape  of  the  vortex  surface,  and  in  the  distribution  of  spin, 
and  these  lead  to  values  of  the  instantaneous  acceleration  which  give 
continuity  of  pressure  at  the  vortex  surface. 

If  an  attempt  is  made  from  assigned  forms  for  {,  i|,  ^  as  functions 
of «,  y,  z,  with  parameters  which  may  depend  on  time,  and  with, 
assigned  forms  for  the  vortex  surface  and  the  external  boundary  also 
with  variable  parameter,  to  construct  a  functionally  complete 
solution,  the  criterion  for  this  is  that  some  time  variation  of  para- 

meters  should  exist  which  will  change  f  to  £  -h  —  (i^,  and  u  to  m  -^fdt, 

1  dt 

where 

d£        di  .     ^4.     ^  —  1^4.    du.udu 
dt         dx        dy         dz         dx         dy         dz^ 

and  /  has  the  value  obtained  above  ;   also  this  same  vanation  must 
give  to  the  vortex  surface  a  normal  extension  =  TJdt. 
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[2.  A  direct  expression  for  the  pressure  may  be  fonnd  in  terms  of 
certain  potentials.  Let  D  be  the  distance  between  the  point  xyz, 
within  or  without  the  vortex,  to  which  the  potentials  refer,  and  the 
point  x'yz'  within  the  vortex,  where  the  components  of  molecular 

_  •  •  • 

rotation  are  Cii ,  C-     Then,  denoting  by  L,  3f,  N  the  potentials  of 
the  volume  distributions,  and  remarking  that 

dx  dx'* 

=  ^  jji)-'  [m  {nW-v'O-n (k-T-^O]  dS' 

-  2-Jff  [(«v-«'0  ^-Kr-«r)  f;^]  d^'ay'd. 


or 
Thus 


dx 


dy 


"  t\\\  (^'^-^'^)  ^'^''  dx'dy'dz\ 


+  (t*'i?'-  r'^')  -^-]  dx'dyW 


and  the  last  term  is  2t'{— 2t^  within  the  vortex,  but  vanishes  outside. 
Taking  this  with  the  hjdrodynamical  equation 
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within  the  vortex,  and  =  0  outside,  we  have  in  each  case 


'^  +  ^+i(w'+t^+t^) 


ifff[(.r-»v)^+(« 


dx 


+  (w'iy'— vT)  — T—  \dxdy'dz'. 


eqnal  to  a  constant.     The  triple  integral,  integrated  by  parts,  gives 
y^-i-Vrj  where 


and       Vr  = 


Hence 


^in[£-'(*''^'-«''''')+A(«-T-«T) 

+  t^Om'  —  v'O  ID'^dx'dy'dz', 

» 
^  +  I  (n''  +  t;*  +  tr*)  +  r+F^-i-Fr  =  constant   (5), 


a  relation  which  expresses  the  way  in  which  the  energy  of  unit 
volume  of  the  liquid  varies  in  the  different  parts  of  the  field  due  to 
the  vortex  ;  or  it  states  that  this  energy  is  the  same  throughout  the 
field,  when  the  terms  V,r  and  F^  are  included  as  paints  of  the  potential 
energy. 

Application  of  (1)  will  show  that  this  expression  makes  not  only 

p,  but  ^ ,  -^ ,  -^y  continuous  at  the  vortex  surface,  the  discontinuities 
dx    dy     dz 

due  to  first  differential  coefficients  of  F^  and  \  (n*  +  v'  +  w^)  cancelling. 

The  result  might  be  obtained  therefore  by  fonning 

directly  from  the   hydi-odynamical   equations  ;    this  would  give  the 
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volume  integral,  and  the  surface  integral  would  then  be  inferred 
from  the  discontinuities  just  mentioned. 

The  form  g^ven  to  L  +  i^  shows  at  once  that 

but  it  is  evident  that  the  volume  potentials  alone  do  not  form  a 
solenoidal  system,  unless 

at  the  surface.  In  this  case  the  surface  potentials  are  also  solenoidal, 
and  their  use  may  be  replaced  by  that  of  a  single  function  O  within 
the  vortex,  O'  without  the  vortex.  The  parts  of  /,  gr,  h  due  to  the 
surface  potentials  are  given  by 

^^  dx'    ^  "  dx' 

and  we  have  VO  =  0  within  the  vortex,  and  V'O'  =  0  without  the 
vortex.]  It  is  then  convenient  to  ti^ansform  (3),  multiplying  in  turn 
by  (Imn),  (trnn),  (rmV),  a  mutually  orthogonal  system,  in  which 
(Imn)  is  the  direction  of  the  normal.     The  result  is 


{ 


I  4^+^  ^+n  J)(o-n') 

ax  ay  dz  I 

d    .     f  d    ,     ,  d 


=  0 


(r  4-  +^'  4-  +^'  4-)  («-«')  =  -2U'(rf +m",,+n"0  V  ...(6). 
\     ax  dy  dz/ 

\     dx  dy  dz/ 


=  +  2[7(Z'f  i-m'iy  +n'0 


These  are  readily  interpreted  if  we  choose  (Tmn)  as  the  direction  of 
resultant  molecular  rotation  r  in  the  surface.  The  right-hand 
member  of  the  second  equation  then  vanishes,  and  that  of  the  third 
=  2Ut,    Hence 

<£0      dCl'  _  277 

ds        ds 


for  a  direction  of  ds  in  the  surface  at  right  angles  to  the  molecular 
rotation,  and  vanishes  for  all  directions  at  right  angles  to   this.     In 
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the  special  case  of  motion  in  meridian  planes  through  an  axis  z,  if 
r  =  —  ^«r,  «r  being  the  distance  from  the  axis  (ktir  being  taken  to  be 
positive  when  the  rotation  is  from  «r  to  i;),  then 


ds  being  now  an  element  of  the  meridian  cnrve. 
Hence  at  the  surface 

o-n'  =  2V  


(7), 


and  iff'  is  the  surface  value  of  the  stream  function  corrected  for  the 
motion  of  translation. 

[The  application  of  Cauchy*s  integrals  shows  at  once  that,  if  r  is  at 
any  moment  proportional  to  vr,  it  will  i-emain  so,  and  k  will  be  con- 
istant,  so  that  in  this  case  the  volume  integrals  disappear,  and  the 
accelerations  are  those  due  to  0,0'.  In  fact,  the  internal  condition 
for  a  steady  motion,  viz.,  that  there  should  be  no  change  in  vorticity, 
is  satisfied ;  but,  unless  27=0,  or  the  surface  condition  is  also  satisfied, 
the  shape  of  the  vortex  is  subject  to  change.] 

In  a  more  general  case  the  solution  may  be  advanced  to  the  same 
stage  by  using  curvilinear  coordinates  a,  /3,  y  in  which  a  =  const,  is 
the  momentary  shape  of  the  vortex  surface.  With  X,  Y,  Z  for  com- 
ponents of  rotation,  [7,  F,  W  of  velocity,  equations  (6)  become 

da       da"    '     dfi       dfi"        \    '     dy       dy  "  ^    \     '"^^' 


In  this  notation  the  equation 


dx      dy      dz 


=  0 


transforms  to 


1     dX 


h^h^  da 


at  the  surface  where  X  =  0,  and  the  vortex  equation 
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gives  at  the  surface 
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-^!'^+^:^(^^)+^^.|;(^^) 


dp 


dy 


=  0. 


Multiplying    the  first    of    these   equations  by   17^,  the  second  by 
,  and  adding,  we  have  at  the  surface 


h^h^h^ 


dl3\  Jh  /      dy\hj 


(9); 


and  therefore  at  the  surface  we  can  write 

h^        dy^       \  d/3' 

where  i/r  is  a  function  of  fi  and  y,  a  generalized  stream  function  on 
the  surface  a  =  const.  The  surface  conditions  (7)  reduce  there- 
fore to 

g  =  f^,     and    O-n- =  2.^  (/3,  r) (10), 

aa       da 

\p  being  a  known  function  when  TT  is  found.  If  suitable  coordinates 
can  be  found,  the  functions  O  and  O'  can  be  readily  constructed. 


3.  If  the  discontinuity  at  a  vortex  surface  is  treated  without  the 
intervention  of  the  Helmholtz  integrals,  it  is  necessary  to  state  ex- 
pressly that  there  is  to  be  no  slipping  at  the  surface.  This  is  the 
usual  assumption  of  hydrodynamics,  only  departed  from  when,  as  in 
the  case  of  flow  past  sharp  edges,  the  solution  yields  jinfinite  values 
of  the  velocities.  We  shall  suppose  the  vortex  to  present  no  sharp 
points  or  edges  as  part  of  its  boundary,  so  that  the  functions  con- 
cerned have  finite  difEerential  coefficients  at  the  boundary,  and  any 
discontinuity  arises  from  the  difEerence  in  functional  form  on  the 
two  sides  of  the  boundary. 

The  continuity  of  u  with  u  over  the  entire  surface  requires 

V  fdu  __  du\  .     ,  fdu  ^  du\       ,  fdu  ___  dt/\  ^  q 
\dx      dx  J  \dy       dy)         \dz       dz  J 

V*  (^  —  du\  ,     //  fdu  _  du\  .    ^  (du^  du\  _.  q 
\dx      dx)  \dy      dy)  \dz       dz ) 
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(11). 


where  Xi>  Xi»  X»  ^''^^  ^  ^®  determined.     Now 

and  two  similar  equations  from  which  we  derive 

Theeqnation      ^OpO  ^  4i^  +  10^ 

ax  ay  dz 


then  gives 
80  that 


^Xi+^Xj  +  »*X»=0> 


X,=  ~2(m4:"ni,),     x«  =  -2(nf-Z0,     X.  = -2  (Zn-mi)...(12). 

These  values  are  identical  with  (1),  as  we  should  expect ;  the 
result  implying  Helmholtz's  interpretation  of  P  as  a  potential  of 
matter  on  or  beyond  the  boundaries  of  the  whole  fluid  dealt  with, 
and  having  no  discontinuity  at  the  vortex  surface. 

The  special  feature  of  the  velocities  within  and  without  a  vortex, 
that  they  have  different  functional  forms  which  have  a  common 
surface  value,  is  also  characteristic  of  the  pressure.  Without  the 
vortex  it  is  assigned  in  terms  of  the  velocity  potential ;  within,  the 
condition  for  its  existence  is  that 

dt         dx        dy         dz         dx        dy        dz 


and  two  similar  vortex  equations  should  be  satisfied.  This  bel^g 
admitted,  the  question  arises :  What  conditions  must  be  fulfilled  to 
bring  into  agreement  at  the  surface  the  two  functional  forms  for 

pressure  P    Exactly  as  in  proving  (11),  the  continuity  of  p  and  p  over 

u2 
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the  entire  surface  requires 


ax  ay         dz  ax  ay  de 

oa;  a^  02;  OX  ay  or 


leading  to 


ax      ax  ay      ay  az       dz 

and  therefore 

m'"m"''^'   Brm-'^'   "^"W""^' 

where  <f  is  an   arbitrary    function.      But    the   normal  equation  of 

always  valid,  gives,  when    «  =  «',    v  =  v',    w  =  w', 

,Du^     Dv  ^    Dw      jBu'         Dv'        Dw' 
J>^  D^         Dt         Dt  Dt  Dt  ' 

and  this  makes  (7  =  0;  and  therefore 

dp  __  ^        .,,      Ptt  _  J)u' 
(Za;  "■  djB     ^         Dt'^  Dt' 

That  is,  if  we  admit  the  continuity  of  u,  u\  ...,  nothing  short  of 

Du  _Du 
Dt"  Dt'  ••• 

will  make  p  continuous  with  p\  and  then  the  normal  variation  of 
pressure  is  also  the  same  on  both  sides  of  the  surface. 

It  is  perhaps  hardly  necessary  to  observe  that,  as  the  liquid  once 
in  a  vortex  surface  always  remains  there,  the  interpretation  of 

Du      Du  .,,  / 

Di^'Di'  •■'    ^^   "  =  "'  - 

is  that  the  continuity  of  velocity  existing  at  time  t  is  maintained  at 
time  t-^-dt. 

This  condition,  combined  with  (12)  or  (26),  to  which  (12)  immedi- 
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ately  leads,  gives 


f-f  =  2!7(^-„,) 


(13). 


and  we  have  two  Rimi]ar  equations  for  v  and  w.  These,  then,  are 
the  requisite  conditions  for  continuity  of  pressure,  and  we  find  that 
the  time  as  well  as  the  space  differential  coefficients  of  t*,  t*',  ...  are 
discontinuous  at  a  vortex  surface.  It  is  unnecessary  to  repeat  from 
another  point  of  view  the  reasoning  which  connects  this  discontinuity 
with  the  change  of  shape  of  the  vortex  when  the  conditions  of  steady 
motion  are  not  fulfilled. 

4.  Again,   the  continuity  of  -—  with  ^  over  the  entire  surface 
leads  exactly  as  above  to 

da^      da?         ^  '       dxdy      dxdy         * 

dxdz      dxdz         ^ 


Vi  being  an  arbitrary  function.     Similarly, 

-^2 ^   +pyl   =  0,     ... 

dxdy      dxdy 


and 


dxdz      dxdz         * 


Writing    v^  =:  yZ,    v,  =  vm,    y^=z  yn    brings     the     two    values    of 

'■T-^ *,   ,  ...   into  accord,  and  we  get 

dxdy      dxdy 


These  are  discontinuities  such   as   belong   to  the  potential  of  a 
volume  distribution,  where  the  density  has  at  the  surface  the  abrupt 

increment  of  value  ^.     It  is  easy  to  show  that,  if  (in,,  dn^^  dn^  be 
distance  elements  in  the  directions  (Z,  m,  n),  (l\  m\  n'),  (Z",  m",  n")> 
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the  equations  (14)  amount  to 


dn,       dn. 


dn^      dn^ 


=  0, 


all  second  differential  coefficients  except  the  one  first  written  Yanish- 
ing.     It  remains  to  find  v.     We  have 


d_ 
dx 


/  Du  \  _  D^  ldn\  /'^^*\' I   dv^du       dw  du 

\Di)~Di\^)''\dx)       dxdy       dx  dz 


and  a  similar  formula  for  u.     Subtracting,  at  the  surface 

d  / Du      I)u\       D  /du      du 


A.  l^^  —  ■^^^\       D  (du      du\ 
dx\Dt       Bt)      BtKdx      dx) 


=  2x.( 


dv^du dv^  du       dw_  du dw'  du 

dx  dy       dx  dy       dx  dz       dx    dz 


idu    . 
dx 


du    .     du 


dy 


+ 


••f)-^ 


du    _o    du 
dy  dz 


(15), 


du  •  (i^L 

where  (11)  is  used  to  express  — ,  ...  in  terms  of  --  — ,  ...  andthex's; 

6w*C  ttX 

and  2{  =  Zx,— mxi 

inferred  from  (12)  simplifies  the  form  of  the  result. 

Write    down    the  corresponding  equations  in  v  and  w,  and  add 
together ;  then,  since 

D  (du du^  .  dv di/^      dw      dw'\  _  r^ 

Dt\dx      dx       dy      dy       dz       dz  I 

V  =  ^  /^w  _  Bu\       d  (JDv  _  ^\       d  /Dw  _  Dw\ 
d4ii\Dt       Dtldy\Dt       Dtldz\Dt       Dt  I 


=  2xi( 


idn    , 
dx 


dy 

du    ,      du^ 
dy  dz 


)+2x,( 


dv 


dv'  .     dv' 


7M^   ,       dv^   .     dv  \ 
dx  dy         dz  I 


+  2x,(z!§^'+m^+«^') (16). 

\    dx  dv  dz  f 


To  interpret  this  result  more  readily,  let  x'yz'  be  a  new  rectangular 
system,  x'  being  the  direction  of  the  normal ;  then 
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and,  since  in  the  new  position 


therefore 


Z  =  1,     m  =  0,     ?i  =  0, 

xi  =  o,   xi  =  22.   x.  =  -2r, 

\      dx  dx   I 


Further,  if  the  direction  of  y  is  taken  to  be  that  of  the  resultant 
molecnlar  rotation  r,  Z  =  0,  Y  =  t,  and  then 


=  -4r 


dW 
dx' 


(17), 


W  being  the  external  velocity  in  the  surface  at  right  angles  to  the 
direction  of  resultant  spin.     Hence,  finally, 


dn,      diL 


in  terms  of  the  internal  velocity. 

If  the  direction  of  W  is  normal  to  the  surface  y  of  an  orthogonal 
system,  and  l/B  is  the  principal  curvature  of  the  surface  y  in  the 
normal  section  through  da,  then 


dx'        dn^        B  *  da 


-  ^A^  (x) 


(see  Love's  Elasticity ^  pp.  204,  205). 

For  the  case  of  motion  in  meridian  planes  through  the  axis  of  z, 
W  is  the  velocity  along  the  tangent  to  the  meridian  curve,  which  we 
may  call  FJ,  and  if  the  rotation  is  km  from  m  to  z,  r  =  —  Ivr ;  hence 


^_^i''  =  _4fe,.^Er 


dn^      dn\ 
For  example,  in  the  case  of  the  sphere 

dv:_dv;  __SV.  .. 


d7ii 


(19). 


=  '-^-^  =  ':^sin^,     A:  =  - 


dii^        dr 


2a 


Ion. 

4a«    ' 


therefore 


dr*       dr 


2a' 
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which  will  be  fonnd  to  agree  with  the  value  deduced  from  Prof. 

ffill's  results  for  the  spherical  vortex  (Phil.  Trans.,  1884). 

The  formula  is  true  for  rotating  axes,  where  the  more  general 

Du 
value  of  -      given  on  p.  285  is  required.     The  extra  terms  which 

appear  in  this  case  on  the  right-hand  side  of  equation  (15)  are 


'■  (s + S)  -'•  ( 


dv  .  du\ 
dx      dyj^ 


and  on  making  the  addition  i*equired  for  (16)  such  terms  vanish. 
It  is  also  true  for  the  instantaneous  values  given  in  the  first  part 
of  the  paper,  as  appears  from  the  fact  that  the  pi-oof  only  makes  use 
of  first  differential  coefficients  of  velocities  with  regard  to  t,  and 
these  are  given  completely  as  functions  of  a*,  y,  z. 

In  two  dimensions  the  result  may  be  put  in  the  forms 


d}p     d^p 
dn*      dn* 


dV\ 
di 


de       \di  di      dri  dj  2  ) 
f      d^dfj     Kdfj  dc,      di  dtjj  2  )  , 


(20), 


where  0  and  t//  are  potential  and  current  functions  for  the  external 
motion,  ^  and  17  conjugate  functions  of  which  ^  =  constant  is  the 
equation  to  the  vortex.    For  the  case  of  Kirchhoff's  vortex,  this  g^ves 


dn^       dn'       (a-\-br     ^     ^' 


This 


where  v  is  the  perpendicular  from  the  centre  on  the  tangent, 
value  and  the  results 

dn       dn '     dnds       dnds  ^     d^        d^  ^ 

ds  being  an  element  of  the  arc,  have  been  tested  by  the  use  of  the 
values  given  in  Mr.  Love's  paper  "  On  the  Stability  of  certain  Vortex 
Motions." 

5.  I  propose  now  to  give  an  application  suggested  by  a  remark  in 
the  paper  just  quoted.  The  author  says :  "  It  appears,  in  fact,  that, 
alike  in  this  case  and  in  all  the  remaining  cases  of  steady  motion  and 
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small  oscillations  here  investigated,  the  condition  of  contifiuitj  of 
pressure  across  the  surface  of  the  vortex  reduces  te  an  identity  when 
the  stream  functions  are  adjusted  te  satisfy  the  conditions  of  con- 
tinuity of  tangential  and  normal  velocity,  and  the  condition  that  the 
surface  of  the  vortex  always  contains  the  same  particles."  The  cases 
alluded  to  are  in  two  dimensions,  the  simple  KirchhofE  vortex,  or 
Hill's  more  general  case  when  there  is  an  external  boundary,  and 
there  follows  a  suggestion  that  this  is  always  true  for  axes  moving  in 
a  uniform  manner,  and  for  small  oscillations  about  such  steady 
motions.  This  may  be  proved  quite  generally.  Let  a  =  a^  be  the 
undisturbed  surface,  a  being  a  function  of  xyz,  a^  a  constant ; 
a  =  Oq+X  the  equation  to  the  disturbed  surface,  x  being  small,  a 
function  of  t  and  of  /3  and  y  coordinates  orthogonal  to  a,  if  such  can 
be  found,  but  in  any  case  x  =  C^  is  orthogonal  to  a  =::  a^.  Let  t*,  v,  to 
be  internal  velocities  in  the  undisturbed  motion,  u+U,  ...  in  the 
disturbed  motion,  and  use  u,  u-\-U\  ...  for  the  corresponding 
external  velocities.  We  determine  first  the  surface  condition  satisfied 
by  Uj  IT.  The  vortex  in  the  disturbed  state  extends  to  a  normal 
distance  x/^i  beyond  its  original  surface,  and  we  find  the  values  of 
u,  u  at  this  surface  by  differentiating  the  original  functions,  and 
writing  in  the  differential  coefficients  the  values  of  coordinates  at  th& 
original  surface.     Thus  at  the  new  surface 

hi  \   ax         ay        dzl 

where  Ua  is  the  value  at  the  original  surface. 

Write  a  similar  equation  for  u  and  subtract ;  then,  using  the  values  of 

-^ — ^*,  ...  given  in  (11)  or  (1),  we  have 
dx       ax 

u-u  =  —  -X(mi— ni?), 
and  the  condition  of  continuity  then  gives 


hi 


and  we  have  similar  equations  for  V  and  W.     Hence 


(21), 


dJ--dr-Kdi  ^"'^-""^ 


(22). 
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and,  if  ^,  17,  C  are  altered  in  the  oscillation,  these  results  are  unafEected 
to  the  first  order.     Also,  u,  u  being  independent  of  time  before  the 

ATI     ATV 

substitution  of  the  particular  surface  values  involving  x>  "3— »  "T" 

di       at 

represent  the  complete  values  of  the  time  differential  coefficients  of 

velocities  within  and  without  respectively. 

But  the  condition  for  continuity  of  pressure  [see  (13)]  prescribes 

for  the  discontinuity  in   —-  the  equation 

at 

« 

and  N,  the  relative  normal  velocity,  in  its  general  form  has  the  value 

I  (u+U-u^'^ye.^ze,)  + ...  . 
The  boundary  condition 


A,    dt 


(23) 


reduces  this  at  once  to  the  form  given  in  (22),  seeming  continuity  of 
pressure  identically  when  [7,  U'  are  determined  as  in  (21),  so  as  to 
establish  continuity  of  velocity  at  the  disturbed  surface. 

Written  at  length,  the  boundary  condition,  with  the  terms  omitted 
which  vanish  in  virtue  of  the  steady  motion,  viz., 

ax 

is      (u-u,+  U)i'-+(v-v.  +  r)  ^+(io-w.  +  W)  ^ 

OK  ay  dz 

It  is  possible  that  the  oscillation  may  involve  a  change  in  Mq,  ...,  say 
to  u^+u'q,  and  in  ^j ...,  say  to  Bi-\-0'u  where  w^,  ${  are  small  and  func- 
tions of  time.  These  will  be  represented  by  appropiiate  terms  in  x> 
and  on  the  left-hand  side  of  (24)  we  must  write  U—UQ-\-y63  —  z02  for  U. 
This  has  obviously  no  effect  on  the  discontinuity  in  (21).  Also,  it 
may  be  remarked  that  in  (24),  as  sui'face  values  are  in  question,  we 
may  use  either  the  external  or  internal  functions. 

Two  cases  may  be  mentioned  where  the  whole  solution  is  deter- 
mined by  the  surface  condition  (24),  viz.,  that  of  motion  in  two 
dimensions  with    constant  vorticity,    and    that  of  motion  in  three 


1896.]  An  Ellipsoidal  Vortex.  299 

dimensions  in  meridian  planes  through  an  axis,  when  the  disturbance 
is  zonal  and  the  spin  =  km. 

In  the  latter  case,  for  example,  we  have  the  vortex  equation 
satisfied  by  r  =  km,  whatever  the  values  of  u,  v;  and  the  equation 

is  also  satisfied  identically  with  a  zonal  disturbance. 

In  these  cases  U  and  V  are  derivable  from  potentials  0,  0'  satisfy- 
ing V*0  =  0  within,  V'^'  =  0  without ;  and  the  surface  conditions 
admit  of  the  reduction  g^ven  on  p.  288. 

Where  the  vortex  equations  are  not  satisfied  in  this  automatic 
way,  and  the  surface  condition 

is  broken  by  the  altered  values  of  Z,  m,  n  at  the  disturbed  surface,  the 
oscillation  will  entail  changes  in  $,  ly,  f  which,  however,  do  not  affect 
the  surface  conditions  described  above  to  the  first  order  of  small 
quantities.  The  difficulty  of  obtaining  a  solution  may  be  greatly 
increased,  but  it  may  be  remarked  that  the  vortex  equations  are 
linear  in  this  case,  though  with  variable  coefficients. 


An  Ellipsoidal  Vortex.*    By  R.  Hargreaves,  M.A.    Read  February 
13th,  1896.     Received,  in  revised  form.  May  25th,  1896. 

The  vortex  discussed  here  is  in  the  form  of  an  ellipsoid  of  revolu- 
tion, is  in  motion  in  the  direction  of  the  axis  of  symmetry,  and  has 
a  molecular  rotation  proportional  to  the  distance  from  the  axis. 
It  will  appear  that,  unlike  Professor  HilFs  spherical  vortex,  it  cannot 
move  as  a  solid  through  the  liquid  unchanged  in  foi*m,  but  experiences 
a  deformation  at  the  surface.  We  have  therefore  only  a  phase  in  the 
motion  of  the  vortex,  but  this  phase  admits  of  exact  treatment,  the 

*  Some  re- arrangement,  with  addition  of  details,  has  been  made  since  the  paper 
was  read. 


800 


Mr.  IK.  Hargreaves  on  an 


[Feb.  IS, 


Htream  lines  being  given,  the  pressufe,  and  the  distribution  of 
the  different  parts  of  the  energy.  Also  the  solution  is  in  finite  terms, 
and  applies  to  ovary  and  planetary  forms  ranging  from  the  rod  at 
one  extreme  to  the  disk  at  the  other.  Numerical  values  are  given  in 
a  few  cases  for  the  velocity  of  translation  and  the  distribution  of 
energy,  and  it  is  hoped  that  these  may  be  of  interest  in  connexion 
with  the  vortex  theory  of  matter  (see  §  8) . 

The  results  were  first  obtained  by  a  direct  integration  of  the 
Helmholtz  integrals,  and  this  is  retained  on  account  of  the  intrinsic 
interest  of  the  method,  though  the  treatment  by  difEerential  equations 
which  follows  is  at  once  simpler  and  shorter. 

I  have  also  given  most  of  the  results  in  the  notation  of  the  attrac- 
tion of  ellipsoids,  which  is  more  convenient  for  some  purposes  than 
the  harmonic  analysis.     These  will  be  found  on  p.  322. 


1.  By  way  of  introduction  to  the  ellipsoid,  I  apply  the  Helmholtz 
integrals  to  the  spherical  vortex.  For  the  stream  function  generally, 
we  have 

_  -  _  [[  kmm'^dS'  f'cos0(i0 


f'COS0 


km'  denoting  the  molecular  rotation  at  distance  m'  from  the  axis,  D 
the  distance  between  two  points  (r,  /i),  (r',  /i')  whose  azimuth  differs 
by  ^.  The  integration  of  dS'  extends  over  the  area  of  a  meridian 
plane  contained  between  the  axis  and  the  curve,  so  that 


D"*  is  to  be  expanded  by  spherical  harmonics,  and  we  require  only 
those  terms  which  contain  cos  0.     For  the  external  case,  therefore, 

a  r*\ 


-*-=Tj;i>''^-('''> 


X  {^ p.. .(/«)  P>. .(/)+ ^  A.  W  ^M  (/)  +  •••} '''•''^A''. 


using  the  notation  P„  i  (fi)  for  \/l  — /x*  — — ^ .     Since 

dix 


\ 


■n 


P..,(/)P.,.Oi')dM'  =  0, 


-I 
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onlj  the  first  term  is  required,  and 

^.  =  --3-]  -Pi.iW;;j^^  = 


=  -157  ^"^^  =  -15?- 
For  the  interior  case 


2;kaV 
15 


2kfira* 
15r* 

2J^V 
15 


niW 


(•-^)- 


the  first  part  used  from  /  =  0  to  /  =  r,  and  the  second  from  r  =ir 


-l5 1-<«'-^- 


The  values  agree  at  the  surface,  and  a  comparison  with  yF^v'  gives 
for  the  velocity  of  translation 

TT- 4tka* 

*^^""       15* 

The  total  energy  of  the  vortex  is 
—2hrp\{mlfidS  =  —2irkp  \\  7^ Bin 6 iff idrdd 

2.  In  the  main  argument  the  ovary  ellipsoid  is  taken,  and  the 
changes  required  to  pass  to  the  planetary  are  given  later.  The 
appropriate  coordinates  are  y  and  /i,  where 


z  =  CVfl,     w  =  c\/(i^— 1)(1— /i'), 
so  that  the  equation  to  an  ellipsoid  confocal  with  the  boundary  is 

At  the  boundary  y  =  v^,  increases  to  infinity  outside,  and  inside 
decreases  to  v  =  1  for  the  line  joining  the  foci ;  fi  varies  from  —1 
to  +1. 

dff=dzdm=:<?(^^-^i!L^'!!i)dy'd/=::^^^^^M=, 
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and 


m'^dS'  =  c*  (y'^-fJi'')  v/(v'«-l)(l-./*'>)  dy'dfi' 


2d 


=  fF{^3.i(OPi,i(A*')-Pi,i(OPM(/)}. 


15 


Hence 


-^ = ilrff  ^^••'  ^"'^  ^'''  ^'^  ~-^''  ^"'^  ^'''  ^'^  ^  '^"''^'''j]  ^^^ 

In  the  expansion  of  D~^  we  require  the  terms  containing  cos^, 
which  are  of  the  type  ^„P,,i(fi)  Qn,i(0  P„,i(^0  ^*,i(0  ;  where  y 
and  f(  are  coordinates  of  an  external  point,  Q„  is  the  second  integral 

of  the  Legendre  equation,  and  Q^^i  is  written  for   v^v*— 1— ^.     To 

dy 

determine  the  constant,  compare  with  the  spherical  case,  noting  that 
vc=^r  in  the  limit.  With  v  and  r'  both  large,  but  y>y'  for  the 
external  case,  i4»Qn,i  (y)  -Pn,i(0  bas  for  its  principal  term 


(*»+!)! 


1.3...  (2w+l) 


J^^l.3      (2n-l)^^,.^ 

r  (n— 1)! 


or 


2n+l     v»^»     "• 
In  the  spherical  case  the  corresponding  term  arises  from 


— ,  P„  (cos  y), 
and  the  coefficient  of    P„,i  (/i)  Pa.i  (f*')  cos  0  is 


n(n4-l)  r^ 


+1 


Hence 


.    _        2(2n  +  l) 


EfEecting  the  integration  with  regard  to  0,  we  have 
X  {|Pm  0*)  Gm  (")  Pu  O*') -Pm (-') 

+  tUP...  (m)  Q...  (")  PzA  (/*0  P...(v')}  d/i/. 


.f.'). 
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writing  only  the  terms  in  the  second  bracket,  which  survive  the 
next  integration.     For  this,  we  have 


therefore 


'/'.= 


16 


f''  {P...  O')  Qm  W-iP,.!  (/*)  Q...  W} P...  (0P«..(0  'i»'' 
=  ^'^'^"o  ^^«~  ^^*  { Q{  (y)  -iPi  M  Qi  (") }    (3). 


3.  Before  finding  the  internal  stream  function  it  will  be  useful  to 
set  down  some  analytical  results.     Q„  is  given  by  a  formula 

pn      2w--lp  _2n--6    p 


where 


l.n 


3(n-l) 


In  what  follows  Qi  is  the  dominating  term,  and  the  results  are 
expressed  more  concisely  by  reference  to  Qj,  which  is  (vQ^— 1). 
We  have 


The  difEerential  coefficient  may  be  got  from 

1 


(4). 


p,Q:-p'nQ«  =  - 


y»-l 


Thus 


yiy*-l)Q{ 
y  (i^-l)  <K 


(k'-1)  Q.-1 

P^C-'-l)^,-*} 
P3{(v'-l)Q.-i}  +  lJ 


(5). 


Multiplying  by  ■/v'—l  will  give  the  form 

y  (v'-l)  Q,,,  =  P,.,  {(.^-1)  Q,-i}  +P.., 
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Again,  we  require  the  integrals 

f  P..I  (")  Qui  (y)  dy    and     [ P,.,  (v)  Q,, ,  (r)  dv 
between  any  assigned  limits.    We  have  generally 


|p...(v)Q.,W=j(v'-l)^f-"A 


=  (^-l)P^i^  -n(n+l)  f  P«Q.d^ 


or 


using 


=  (♦'•-1)0, 


dP 


m 


dy 


— m(m+l)  I 


P.Q,dy, 


ay  dv 


Hence,  eliminating  the  integral 

[:Pn.Qndy, 


we  have 


(m-n)(m+n  +  l)  [  P«,i  (f)  Q«.i  (v)  dv 

=  [(v«-l)  Jm(m  +  1)  P^^^«- -n  (n+1)  Q.^}  ]'. 

This  maj  be  cleared  of  differential  coefficients  on  the  right-hand 
side  by  nsing 

(»'*-l)^=m(vP.-P..,), 
and  a  similar  formula  for  Q»-    Hence 

(m-n)(m+n+l)  T  P«,,  (0  G-.iW  d*" 

J  1-0 

=  mn  {(m-n)  yP«Q,+(n+l)  P«.iQ,-(m+l)  P-Q.-l]'^_, 

=  ^?^^[(i»-n)P«^,(3,+(»H-n+l)P«.,Q.-(2m  +  l)P«G..,]; 

rr'??^!^^  [(«t-n)  P.O..,  +  (2n  +  l)  P..,  Q.- (m+n+ 1)  P«  Q,.,];^ 

(6), 
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the  last  two  requiring  an  application  of  the  sequence  formula 

(»+l)  Q„+i+«Q,_,  =  (2n+l)  fQ,, 

or  the  same  with  P„.     This  general  theorem  is,  of  course,  true  if  P, 
is  written  for  Q»-    Hence 

r  -P..1  (")  Q...  (y)  dy  =  \  [2P.Q,+3P,G,-6P,(2;,]; 

=  [f(>^-i)'Q,-3(v'-i)-f]:,  ...(7), 

f  P... (")  <3.,i  (v)  d^  =  i  [2P.<3.+3P.(2,-5P,Q,]; 

=  [f  (»^-l)'<2.-H'''-i)+i]l  ...(8). 


and 


4.  The  function  >^<  divides  into  two  parts,  of  wliich  the  first  ^^  is 
due  to  the  integration  within  the  surface  on  which  the  point  lies,  viz., 

^^  =  ^??^O^zdI'  (p,  ,  (^)  Q.  ,  (v)-iP..,  (;.)  Q,,,(v)} 

=  ^'[Pm  WP...W  [(»''-l)'Q,-(^-l)} 

-iP...  W^M  W  {("'-lyQi-i  (v'-l)  +tV}  +tVP...  (/')P...  (v)] 

(9). 

The  second  form  is  the  one  prepared    for    addition  to  j^„   and  is 
derived  from  the  first  by  the  use  of  (5),  and 


(.•-1)  P...  (0  =  AP»..  (")-*?!..  (") 


(10). 


For  the  part  i//,  due  to  the  shell  between  v  and  v^^  v  being  internal,  we 
must  interchange  v  and  v  in  the  second  bracket  of  (2),  the  original 
integral  for  -i//.     The  integration  with  regard  to  fi  then  gives 


^,  =  2^  f "  {P,,,  0.)  P...  (.)  Q,,  (O  P,..  (O 

^^     J"  -iA.(/')PM('')<2M(OPM0 


0}d.' 


Awe' 


[P,,,(^)P,,(0  {(^„-l)«Q,(v,)-2(,^-l) 

_(^_1).Q,(^)  +  2(„«_1)} 

-iP...  (/«)  P...  (»<)  { ('^,-1)'  Q,  W-» (vJ-1) 

-(v'-i)'Q,(0+H»^-.i)}] 

[quoting  (7)  and  (8)  for  the  integration] 
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',«• 


+  (v'-l)-t}+AP...WP..,(0 

-iP,,,(/i)  P.,,  (v)  {(.J-1)  Q,  (.,)-J  K-1) 

-(»^-l)'Q,(»')+i(-'-l)}]. 

ohanging  the  form  by  use  of  (10).  The  addition  to  the  value  of  yf/^ 
in  (9)  gives  immediately 

^,  =  i^  [P,,,  Ou)  P...  (y)  {(vJ-1)'  G,  (v.) -2  «-l)-i} 

+ AP..1 0*)  P.,1  (")  +  AP... (/<)  P..1  (") 
-iP,.,(M)P,.,W{(^.-l)'Q,(..)-i(,^-l)+TL|] 

(12). 

The  continuity  of  if/i  and  if/a  at  the  surface  follows  irom.  the  mode  in 
which  they  were  obtained,  viz.,  of  the  parts  J/,  and  ;^„  of  ypi,  the 
second  vanishes  when  the  shell  between  y  and  y^  is  reduced  to  nothing, 
and  \l/i  has  a  form  of  the  same  type  as  \p„.  It  may  be  established 
directly  by  the  use  of  (4),  (5),  and  (10). 

5.  The  treatment  of  the  problem  from  the  point  of  view  of 
differential  equations  is  decidedly  simpler.  Putting  if/  =  vx,  in  the 
equation 

dvr       m    dm      dz* 


we  get 


dm' 


nr    dm      ds^        nr' 


showing  that  x  cos  0  is  a  potential  satisfying  the  equation 

V^  (x  cos  (ft)  =  2hm  cos  0  =  2kx, 

dv^         Uv      da^      ^Un     ^Vl-u«      1-kV 


=  2^tirc'(v«-M')=^{^M(f*)PM(v)-Pi,i(OP3.i(/i)} 

for  the  inner  region,  while  for  the  oater  the  right-hand  member 
yanishes. 
Thus 

X,  =  ^P,.,  (/.)P.,i  W + ^  {P.,.  (a*)  p.,  .  (0  +Pm  (/«)  P...  (0  } 

+  PP..,(,.)P,,,(v), 

X,=  OP,..0»)Gm(»')+I>P,,.0')Q...{»')  (13). 
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TIhe  particular  solution  is  readily  written  down,  and  determines  tlie 
general  terms  admissible.  If  we  equate  in  Xn  Xa  coefficients  of  like 
harmonics  of  /jl  for  the  surface  value  y^,  this  at  the  same  time  makes 
all  differential  coefficients  with  regard  to  /i  equal  at  the  surface,  and 
therefore  makes  the  normal  components  of  velocity  equal.  If  we 
make  the  first  differential  coefficients  with  regard  to  v  equal  for  the 
coefficients  of  the  separate  harmonics,  then  the  tangential  velocities 
are  also  equal,  and  complete  continuity  is  secured.  No  other  term  is 
admissible,  for,  if  J^JPj^i  (^)  Pj^i  (v),  ^'Pj^i  (m)  Qj,i(v),  for  example, 
were  compared,  we  should  require 


and 


^|;{^mW}  =  s'£{Q...W} 


at  the  surface,  or,  combining,  we  sbould  have  PnQl^PsQi^O  instead 


of - 


v'-i 


,  as  it  is  known  to  be. 


Rejecting  common  factors,    a  comparison    of    the  coefficients  of 
•P»,i(m)  gives 


^:^  =  ^-:7r+^'   -^:rT  =  ^:o-"»    for 


dy 


dv" 


y  =  y. 


o» 


m  being  -— -.     Combining 


M<''-«^^^'f'{=*{<--')^^^'fi^^" 


or 


DQ,  =  5P,+ 


my 


6  ' 


which,  with  the  first  equation,  gives 


D  (P.<3i-PiQ.)  =  m  (P,_ ^P.'), 


or 


bm 


^  =  -T''-«-i)'  =  -  30 

z  2 


^"a  (.^-l)» 


(14), 
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writing  the  surface  value  r^     Hence 


Br,P,  =  D  [P,Q,-  '^)~    [quoting  (4)] 


fnr^ 


=  I>P.<2,+  ^-^^»(5«^,-7)i'.W, 


or 


k(* 


^  =  -ii  i«-l)'<2.(''.)-i«-l)+A} 


30 


(15). 


Again,  comparing  coefficients  of  Pi,  i  (/i), 

CQ{-  mF,  =  A,     CQ{'  -  mPi'  =  0, 
from  which,  as  above,       Ay^^  CQi— 6mP„ 
or  il^.W-l)  =  -6m(vJ-l)P,+  0(,^_l)<2„ 

while  the  first,  transformed  by  (5),  gives 

^"o  (-^.-l)  =  -"»•'.  (•^0-1)  Pi+C  W-1)  Q,-G. 
Hence 

C  =  m(vJ-l)(6P.-.',P;)  =  l^Ji(^J-l)«  =  ^  v,(,^.-l)'...(16), 
and 

A  ^^4  W-1)'  Qi-  ^  (5vj-3)  =  ^  {(kJ-1)'  Q.-2  «-l)-t} 


5 


25 


(17). 


These  values  of  the  constants  make  the  stream  function  within  and 
without  the  vortex  exactly  what  was  got  before  by  direct  evaluation 
of  the  integrals. 

6.  The  external  motion  has  a  potential  ^,  which  we  proceed  to  find, 


dfi        w    dy\i-fi*        c    y\-iiAdv        m    dy  I 

c   V  1— M  \dv       v^—lt 


Now,  for  a  term  Qj,  i  (v)  in  x»  we  have 

dy    ""dvV  dv  I       ^yiZ^iKdv^         ^ 


dQ,        dQ,\ 


dy  I 


vy — 1 
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Hence     g  =  2*|^«Z.\)!  {Q,(.)P,,  W-Q.WP,. W} 

=  ^^^^^^^^^^  {  Q.  (")  J^  (m)  -  <3.  (")  Pi  (^)  } , 

and  »  =  ^^"^  f~  ^^'  {  Q.  (")  f  .  (^)  -  Q.  (0  P.  (m)  }    (18), 

Fm  and  F|  denoting  the  normal  and  tangential  components  of  the 
external  motion, 


^•  =  7\/^.g  =  '-T5^^'3-(^>^-^)-^'^^>^-<->J 


(19) 


y-—fl' 


If  0  denotes  the  angle  between  the  axis  and  the  normal  to  surface  v, 


COB0 


/i^-l 

V  V  — u 


and  the  first  term  in  F.  is 


5 

corresponding  therefore  to  a  translation  of  the  surface  as  the  surface 
of  a  solid  moving  in  the  direction  of  the  axis  with  a  velocitj 

2fcc'.,(^,-l)'Q>(^)^ 
5 

which  becomes  less  as  v  is  increased,  and  ultimately  vanishes,  while 
at  the  surface  it  is 

F.  =  ?*^(,^._l)«Q((„,),    or    ?^(vX-l){(3,(,^-l)-l}. 
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and 


For  the  internal  motion,  there  is  no  potential,  bnt  very  similar  work 
gives 

,F.  =  g;^=,  [P,(/»)P>,,W  {(.^.-l)'<3,-2  W-1)-*} 

+ AP.WAi  (")  +iP»  (z')  P...  W 

-P.WPm  (")  {G.O^.-l)'-i(»^-i)+A}]  |....(20), 

,F.  =  ^  Jj;^ ,  [Pm  (/i)p.  w  ^ -♦}  +tPM  wp.w 

+AP...  0*)  p.  W-Pm  (^)P.('')  { +iV}]^ 

Vt  in  the  direction  of  fJL  increasing. 

The  equality  of  the    values    at  the  surface   inside  and  outside 
depends  on  the  relations  (5)  and  (10). 

We  may  also  write  down  the  velocities  U  and  V  in  the  directions 

of  V  and  z. 


=  -!#  = 


m  dm       (?  {y 


'-m')  ( 


dv        <2/t 


)■ 


V    dz 


«•(> 


1  ._  .      {^(,.-i)f^+.(i-^')#|, 

'-/i')v^(.^-l)(l-/u«)r  'dv  "^'djuj 


ZT,  =3W  (.J-1){Q,  (.^.-l)-i}^KAv»-l)(l-/i') 

V  v'  — 1 


F.  =  -  2&c'k,  (^.- 1)«  P,  (/x)  Q,  (0 

F.  =  -  ^P.  W  +  ^  {P,  (0 +P,  0.)} 


-2fcc' {  Q,  (.^-1)' -i  (,^,-1) +1}  P,  (r)  P,  0.) 
^P.W+^CP.W+P.Oi)} 


(•21). 
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7.  This  last  may  be  employed  to  find  the  momentum  in  the  direc- 
tion of  z^  viz., 

Jf7o  =  2irp  [[  m'Vi  dS'  =  2irpc»  [[  (v«-^«)  V.dydfi. 

With  Fi  =  «  +  <3{P,(v)+P,(,i)}+yP,(v)P,(;i), 

an  easy  integration  gives 


5       10 


=  ^''.W-i)'<?l- 


This  is  the  value   of    F^  given  by  the  first  term  of  the  external 
motion.     The  total  energy  of  the  motion  is  given  by 

r  =  -  2wJcp  [ I  v^dS  =  -  2irkp  UXi^dS 

=  -  ^wkp  I J  x^  {P,,i  (v)  P,.j  (,.)  -P,,,  (v)  P,,,  (,.)  }  (2v(2^, 
or,  substituting  the  value  of  x.-  from  (13), 

r=  -  ^-^pv  { A  p,,wp,.(v)+  f  (P,0'-  ^(Pm)' 


But 


and 
therefore 


pP,,.(v)P,,,(v)dv  =  K(Kj-l)»; 


r  =  -16^{*(|-f)+§(25^.+  l)}.o(,^,-l)« 


_      4,MVe\  ( vj!-  ly  Q,'  ^      23ffrc^  (»^-l)  F. 
~  35  7 


(22). 
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The  energy  of  the  external  motion  can  be  obtained  separately  thus : 

X  { Q{  (v,)  P.  (^) - QJ  (v.)  P.  Oi)}  i^ 
=  -^^''M'^o-1)*  (Q.  (^j  q;  (v,)+f  G.(k.)  (2,  K)} (23). 

When  Fq  is    very  large    the    most   important  term    in    Q,  {v^)  is 

1  MV* 

^r-r ,  and  the  values  of  T  and  T.  become  in  the  limit  \jMVl  and  — r-^ , 

while  Fq  has  the  same  value  as  for  the  sphere.  These  are  the  proper 
values  for  the  sphere. 

At  this  stage  it  may  be  well  to  give  the  principal  changes  required 
to  pass  to  the  solution  for  the  planetary  ellipsoid.     The  value  of  nr  is 

c\/(y'+l)(l— /*')»  ^^d  so  (y'  +  l)  replaces  (f'— 1)  wherever  the  latter 
occurs.  In  lieu  of  the  P  and  Q  functions  of  y,  we  have  p  and  q 
solutions  of 

(»^ + 1)  5^  +  2" '^"  =  «  (« + 1)  P". 


dv' 


dv 


starting  with 

O     111 

Also  y'+f*'  replaces  v'— /u'  in  equation  (12);  hence  in  (13)  the 
particular  solution  containing  Pi,\{y)  has  its  sign  changed.  The 
coefficients  given  by  (14),  (15),  (16),  and  (17)  ai-e  altei-ed  to 


■■B  =  g{(,^  +  l)'<Z.-i(.^+l)-A}> 

In  the  results  for  T,  T«  and  Fq  no  changes  beyond  those  mentioned 

A       (Mi 
are  required,  but,  in  the  course  of  the  work  for  ^>  -^  +  "S"  occurs  in 

lieu  of  -^ —  -=-,  and  25i'J— 1  in  lieu  of  25>'o-hl. 
o         ■ 
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8*  To  compare  the  energy  of  the  system  with  that  of  the  spherical 
vortex  of  equal  volume,  we  write 

and  replace  c  by  a.     The  comparison  gives 

27r.  =  -|{«-i)<2.K)-i}  i^y. 

For  the  ovary        ellipsoid  axes  5:1,  the  ratio  is     '166, 

»»  »  51  ^  •  •••>  j»  *4/u, 

„       planetary  „  2:1,  „  1-78, 

„  „  „  5  I  1,  „  3*2. 

Formulae  may  be  given  for  the  distribution  of  energy.     Thus  with 

T  =  total  energy,     Ta  =  external  energy, 

T%  =  energy  of  translation  ilfFJ, 

Tr  =  remaining  internal  energy, 

so  that  T=T„  +  r<  +  T„ 

we  have  2',/T  = -^^iy  {(i^;-l)Qi-l}, 

and  therefore        T./T  =  ^V  j  1  -  ^'"'^q^^'^'  \  ' 

As  numerical  examples,  take  the  ratios  5  :  1  and  2  :  1  for  the  axes  in 
ovary  and  planetary  cases,  and  compare  with  the  distribution  in  the 
spherical  case. 

T  Tt  Tr  Ta 

100  66-1  29-4  4-5  ovary  ellipsoid  5  : 1 

100  57-8  29-5  127  „           „        2:1 

100  46-7  30  23-3  sphere 

100  33-1  25-7  41-2  planetary  ellipsoid  2:1 

100  17-5  20-1  62-4  „              „        5 :  1. 

Now,  consider  the  limits  to  which  these  figures  approach  for  the 
cases  of  rod  and  disk.   For  a  disk  v^  is  small, 

.    3i  =  — 2"'     9'»  =  t.     9»  =  —  -^i 


irlt<?y^      m  _  23firfc*cVa      ^  _  23firA:'oV. 
5    '  35       '      '~       35" 


hence  F,=  -^^,    t=^^^^\    t.^-^^'^^I^ 
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the  internal  energy  being  evanescent  compared  witb  the  external. 
Using  the  comparison  with  a  sphere  of  eqnal  volume  through 

a*  =  e^Vf^  (>^+ 1)  =  c'i'o  in  limit, 
and  therefore  c*  =  a'y^', 

weget  F.  =  -1^vJ,  T=T.  =  ^^^-^-riK 

the  energy  being  ultimately  indefinitely  great  compared  with  a  sphere 
for  which 

y 4^»     rp  _  81f A- V     rp  _  4M^a*     ^  _mjM 

15'  105    '      ""    225    '      '         225    ' 

The  limit  of  the  ovary  ellipsoid  in  a  i-od  is  given  by 

Vo  =  l4-ic, 

2 
where  x  is  very  small,  Qo  =  i  ^^8^  —  » 

X 

and  therefore 

r,  = -^(1-2x0,),  T='^-^^^ (1-2x0,),  r.  =  Hiffc'cVQ.. 

The  energy  of  the  surrounding  medium  is  of  inferior  order,  and 

To  compare  with  a  sphere, 

a»=c»VoW-l)  =  2A?; 

therefore  F  -  -  —  2*aj*      T  =  ^^^*^*^' 

tneretore  v,^        ^    z  a-,     i  -   ^^^^  , 

the  energy  being  indefinitely  small  compared  with  the  sphere. 
'  Comparing  the  velocity  of  translation  with  that  of  a  sphere. 


;=-i{G.(^.-i)-i}(^). 


V 
In  the  ovary         ellipsoid  •=?  =    '4844  for  axes  in  ratio  5:1, 

„       planetary      „ 

99  99  99 


99 
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The  ratio  in  eacli  case  is  ultimately  yanisbing,  but  for  tbe  planetary 
there  is  a  mazimnm  got  by  writing 

which  reduces  to  cot"'  v*  =  -r^^ — qjLLI — 

'      «+l)(9.^,-hl)' 

satisfied  by  v^  =  -395, 

for  which  p  =  1168. 

With  fixed  volume  and  fixed  constant  (k)  of  vorticity,  the  value  of  T 
ranges  from  an  infinitesimal  at  the  rod  limit  to  an  infinite  value  at 
the  disk  limit.     Writing  r  for 

-*{<2.('^.-l)-l}    or    _|(3,(^+1)_1}, 

we  have  with  different  vorticities 

T.       }ci  \    ^,    )  '     v.-  k.\    ^,    J  ' 

V        i    T 
therefore  — »  =  *  /r  —  • 

With  vorticity  adjusted  so  as  to  make  the  energy  the  same  in  each 
case, 

for  the  ovary  case  this  ratio  increases  slowly  from  1  to  y/\ ;  for  the 
planetary  case   diminishes  from  1   to   the  indefinitely  small  value 


V 


StTVj^^ 


9.  The  form  obtained  for  F»  in  (19)  suggested  that  the  first  term 
irepresented  a  pure  translation,  and  this  was  confirmed  by  finding  the 
momentum  in  §  7.  The  second  term  represents  the  rate  of  normal 
extension  or  contraction  of  the  boundary.     At  the  end  of  time  dt^ 

therefore,  the  stream-function,  say  ^+^(2^,  is  that  due  to  the  original 

vortex  shape,  plus  a  shell  of  thickness  VI  dt.     The  extra  part  iffdihs 
found  by   taking    the    original  integral    form  for  ^,  omitting  the 
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integration  with  regard  to  v,  and  writing  for  dv. 


^/^«-l   ,7' 


C^kJ-,*' 


Vndt,    or 


or 


ydt  P.(a.) 


where 

for  the  ovary,  or 


y  =  -AA;CK,(vJ-l)»<3i(K,) 

21ccv. 


(24) 


+ 


^«+l)'3U'',) 


for  the  planetary  case,  and  in  the  latter  case  we  have  also  vj+ft'  for 
vj— /i*.     Hence 

^' = -  T  n  '*''  ^*  ^'•'^  ^i'^o-m-i^")  V  f ;  ^^• 
Bnt       P.  (^')  v/r^ = I  { p;  (^')  -  j^  (/) }  yr^ 

=  +{i'«,.(/)-i'M(M')}    (25), 

and  it  is  clear  that  in    I    — j?        the  only  terms  which  survive  the 

J.      -D  ' 

following  integration  are  those  of  second  and  fourth  orders.     Hence 

X  (AJ*...  0*)  Q...  W-P...  (".)  P...  M 

+ TfeP.. .  (/*)  Q«. .  W  P*. .  (O  P..  I  (/*') } 

(26). 


The  values  of  w,  v,  the  instantaneous  accelerations,  are  derived 

from  ypa  exactly  as  u^  v  from  the  original  ^.     Using  ^  in  the  same 

way  for  the  potential  from  which  u,  v  are  derived,  exactly  as  in  §  6 
we  found  ^^  from  >//«,  here  we  get 

^^^_2fec*y-i)  {p,(^)(2,(k)p;(k.)-p.(/x)q.(k)p;(v)}  ...(27). 

Within  the  vortex  u,  v  are  also  derivable  from  a  potential  which 
similar  work  proves  to  be 

^,  =  _  2±rl(±:}l  {P,(^)P,(k)  Qi(v,)-P,(f^)P,(y)  Q:(v,)}  ...(28). 
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^  =  ^',    and     ^  -  ^  =  2iyc'P.  (u) 


(29). 


the  latter  depending  on  P»Q«  — P,»Q«  =  —  -i — =-  and  (25).     Also 

i-^i  =  ^  {P.W-P,  W}  =  -^  (i-M')PiOi) 

15 

But  at  the  surface  the  original  value  of  \^,  with  the  term  belonging 
to  translation  omitted  {^  say),  was  [see  (3)] 


or 


_  fec\^^-l)^  Q.  ^^^j  (J  _^,^  p,  (^^ 


Hence  at  the  surface 


0,-0«  =  2A:;^'. 


(30), 


a  result  wanted  for  the  djmamical  equations. 


10.  The  continuity  of  the  new  velocities  u-^udt,  u'-\-udt,  ...  at  the 
new  vortex  surface  follows  from  the  mode  of  derivation  from  the 
Helmholtz  integral,  but  may  be  verified  independently.     One  section 

is  obtained  by  writing  for  v,  VgH-  ^^—z — —f^  in  the  original  expressions 

for  internal  and  external  velocity ;   the  other  is  derived  from  the 
functions  due  to  the  shell  just  found.     Normal  velocities  depend  on 

-^ ,  and  at  the  displaced  surface  on   _   ,    .     These  agree  within  and 
dfi  dvdfJL 

without,  because  4>i  and  il/a,  -^ ,  -r^  were  made  equal  term  for  term 

dv      dv 

as  regards  /i.     As  we  have  just  shown  that 

•  • 

^$fl  _.  d^ 
dv        dv 

both    sections    of  normal  component  agree.      Tangential  velocities 
depend  on  first  differential  coefficients  with  regard  to  v,  and  at  the 
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disturbed  surface  on  second  differential  coefficients.     The  condition 
for  agreement  is 


or 


^iFl  (|j=  -  ^')  +2ic'(.^-/)  v/r=7'  =  0  [quoting  (29)] 


Bat,  by  (13), 

g.  _  gi  =  ^/(^,-l)(l-^')  [ GQr  (v.) -mPr (v,) 

and  DQi  =  BPi+m,     DQi'  =  BPi'; 

hence,  applying        (l-v*)  Qi"-4i'Q5'  +  lOQJ  =  0, 

we  have        DQ^'-^F,"  =  ^  (DQ^-BPi)  =  ^ . 


Similarly 


therefore     v^.^,-!  (^-^)  =-10mv/l-/i'  {Pi(v„)-Pi(^)} 

=  -2ic'(v;-/.')v'rV, 

whicb  is  the  required  condition,  verified  by  the  differential  equation 
method  used  in  §  5. 


11.  We  are  now  in  a  position  to  apply  the  dynamical  equations  ; 
for  the  interior 

pdz  dvr  dz 

^+«+«fi  +  (t,-F,)f*  =  o, 
pavr  av  dz 


or 


dz 


dv 
dz 


yav 


dv 
dm 


V  — 
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^'  belongs  to  relative  motion,  and  we  have  used 

duf      dz 


Integrating,  for  the  interior, 

p 

while,  for  the  exterior, 

P 


U 

P 

n 

p  J 


(31), 


where  n  is  the  pressure  at  an  infinite  distance  from  the  vortex. 

The  two  pressures  agree  at  the  surface  in  virtue  of  the  agreement 
of  velocities  and  the  relation  (30). 

At  the  centre  of  the  ellipsoid  v  =  1,  /*  =  0  ;  therefore 

J,'  =  0,    «  =  0,    v  =  ^. 

Also     »,  =  ^^y  y-1)  {Q^(k.)  +  |Q:(0}  =  fe'^O^'^o ('^-D  q;(„,) 
in  virtue  of  nQi+i  +  (n  +  l)  Ql,.i  =  (2n  +  l)  yQi; 


therefore 
at  the  centre. 


^,  =  _^^fiK=l/(QiW}. 


10 


Therefore  ^-^^!^4i^*  {Qi  W}'+ ^^=  ° 

P  W  op 


or 


or 


^  +  ^2^=^^S=^*[{Q>'(v.)}'-{(KW}'] 


10 


p 


...  (32), 


which  for  the  sphere  takes  the  well  known  form 


P  P 
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It  will  be  noticed  that  in  the  dynamical  eqaations  and  in  the 
original  definition  of  9,  yj/  reference  to  an  origin  moving  with  the 
vortex  is  assumed.     We  may  describe  ^,  if/  as  initial  or  instantaneous 

values  of    -  ,  -r-;  and  a  comparison  of  their  forms  with  those  of  <b 
at      at 

and  iff  will  show  that  they  cannot  for  a  spheroid  as  boundary  be 

made  functionally  complete  by  taking  c  and  v^  to  depend  on  time. 

We  had  no  nght  to  expect  this,  for  it  is  known  that,  when  a  spheroid 

changes  to  another  of  equal  volume  by  a  time  variation  of  the  axes, 

the  value  of  -^  at  the  surface  is  a  hannonic  of  the  second  order  (see 

dv 

asset's  Hydrodynamics y  Vol.  ir.,  p.  11) ;  whereas  for  the  present 

motion,  when  the  term  expressing  pui'e  translation  is  removed,  it  is  a 

harmonic  of  the  thiixi  order.     The  shape  of  the  boundary  surface  is, 

at  the  end  of  time  A^, 

and  here  also  we  have  to  be  content  with  initial  or  instantaneous 
rate  of  defonnation.     In  the  diagrams  (Figs.  1  and  2)  showing  this. 


the  motion  of  the  vortex  is  downwards  towards  the  foot  of  the  page, 
and  the  dotted  lines  give  the  deformed  shape.  The  ovary  form  pre- 
sents the  broader  end  in  the  direction  of  the  motion ;  the  contrary 
is  the  case  for  the  planetary  form. 

It  may  be  mentioned  that  the  method  of  differential  equations  can 
be  readily  applied  to  find  ^a,  ^,.     We  should  then  use  the  argument 
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of  §  10,  to  show  that  continuity  of  motion  at  the  surface  requires 

i^  =  i-S    and    ^<-^  =  2if; 
these  surface  conditions,  with 

vV.  =  o»    vV«  =  0, 

leading  readily  to  (27)  and  (28). 
These  surface  conditions  make 

^  =  ^'    and     ^=:^, 
dfi      dfM  dv       dv  ' 

the  real  discontinuity  appearing  only  in  the  second  differential 
coefficient  of  p  with  regard  to  v.  On  this  point  and  also  in  connexion 
with  the  following  paragraph,  a  reference  may  be  made  to  the  preceding 
paper  on  "  Continuity  of  Pressure  in  Vortex  Motion,"  pp.  289,  293. 

In  Professor  Hill's  paper  "  On  the  Spherical  Vortex,"  the  velocities 
for  the  spheroid  also,  are  calculated  from  the  Helmholtz  integrals, 
but  no  account  is  taken  of  the  accelerations.     It  is  clear  that  the 

omission  of  9>„  (pa  in  the  d3rnamical  equations  leaves  the  definite  dis- 
continuity 2kp\p'  in  the  surface  values  of  p.  Nor  is  it  possible, 
starting  from  w  =  A;tir  as  initial  distribution  of  spin,  and  the  spheroid 
as  initial  boundary,  to  satisfy  the  conditions  of  steady  motion  by  adding 

iou^v  terms  of  the  form  -— ,   — - .     For  then  P  would  have  to  satisfy 

dnr      dz 

the  conditions  V*P  =  0  within  and  without  the  vortex,  the  derived 
velocities  must  vanish  at  infinity,  be  finite  within  the  vortex,  and  yet 
present  no  discontinuity  at  the  surface.  These  conditions  reduce  P 
to  a  constant.  This  is  in  accordance  with  Helmholtz*s  use  of  P,  viz., 
to  correct  the  values  of  velocities  due  to  the  potential  functions 
L,  3f,  N  in  the  case  where  there  is  an  external  boundary.  P  is 
accordingly  defined  as  the  potential  of  matter  on  or  beyond  this 
external  boundary,  and  does  not  exist  for  infinite  liquid,  as  L,  M,  N 
give  vanishing  velocities  at  infinity.  Also,  if  w  =  ^tir  initially,  this 
relation  remains  true  so  long  as  the  motion  is  in  meridian  planes 
through  the  axis  of  z ;  thus  the  vorticity  is  constant,  but  the  vortex 
boundary  changes  shape.  The  general  internal  condition  for  steady 
motion  is  known  to  be  w  =  nr/  (i/^i)  ;  attempts  I  have  made  with  this 
more  general  form,  to  satisfy  the  boundary  condition,  have  not 
hitherto  proved  successful. 
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12.  It  may  be  useful  to  write  some  of  the  results  in  the  notation  of 
the  attraction  of  ellipsoids.  For  the  ovary  ellipsoid  the  connecting 
formulsB  are 


with 


ith  Q,  =  I log?^,    a  =  4>rv. «-l)  =  ^^,    c^  =  a*-b' 
Aa^+ZBb*  =  2H,     A  +  2B  =      J        (  =  4ir  at  the  boundary) 


(33). 

When  a  and  h  are  used  they  refer  to  a  variable  confocal  outside,  a^hf^ 
being  used  for  the  surface  of  the  vortex;  a  is  in  the  direction  of  the  axis 
of  symmetry,  F  the  velocity  in  this  direction,  U  at  right  angles  to  it. 

Ua  =  P«z  {A  -  B),         U,  =  flrsz  {A.-B^i 
F.  =  -j3{|(^««+B«r«)-fl-} 

V,  =  -fi  {i(A,^+B,r^)-H,]  +2^/3aJ  (4  +  ^j-l) 


m 


"  ~        Sir  6 


» 


y    =  ^  {B,(2aJ+36J)-54,aJ}  [deformation  constant  (24)] 

oc 

J,  ^2^Jp^^2^5^(^^^2B,)c«       [total  energy] 

r,  =  -^  {^X  iSal+2bl)-lOA,P,albl+B',  (8aJ-14a;6;  +  116J)} 

[internal  energy] 

r.  =  ^  {24o».(2«;+26;+aj6J)- j;a;(3a;+26J)-B'.6i(2a;+36J)] 

[external  energy] 

^'  -       25 


[energy  of  translation]. 


(34 
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To  reduce  to  the  spherical  case  we  write  r^  =  cv^,,  and  make  v^  infinite. 
That  they  reduce  to  correct  values  for  the  sphere  has  been  tested,  but 
some  of  the  work  is  laborious. 

For  the  planetary  ellipsoid  we  write  i^+l  for  vj— 1  in  /3 ;  r*  stands 
for  6'-a', 

il=(r(— -cot-^v),     -»  =  Y(^ot-^»'-;^)'     2J3-  =  ac*cot-»v. 
The  forms  for  [7,  V  are  readily  tested,  and  are  suggested  by  the 


equations 


V»[7  =  ^,     V»F=s4^orO, 

HP 


which  follow  f rom  #,  +  ?t  -  i  ^  =  2km*  or  0, 

dtBT       dr       w  tttsr 

by  differentiation  with  regard  to  rs  and  z,  V^  is  then  obtained  by  an 
integration  through  the  spheroid  for  momentum,  T,  in  the  same  way, 
T  requires  the  use  of  «/r„  and  T„  is  got  by  subtracting  these  values. 

13.  We  may  use  this  form  of  \p  to  trace  the 
stream  lines  of  the  relative  motion,  correcting 
to  y^/'  by  the  addition  of  —W^v^.  This  gives 
for  the  interior 


¥i 


= ^  \-^^o  «-6;)-.-'  (^,-B.) 


2    I. 


+  J-,{(^+2Bo)«i!-3B.&J}] 


.  .^OtJJ. 


In  the  limit  when  a^  =  h^^  the  bracket  varies 
as  (j^Q—s?—^)  as  for  the  sphere.  To  a  zero 
value  of  i//"  correspond  the  axis  and  the 
ellipsoid  got  by  equating  the  bi^acket  to  zero ; 

this  for  the  ovary  case  has  its  major  axis  along  the  axis  of  symmetry 
but  less  than  OA,  while  the  minor  axis  is  greater  than  OB,  But 
outside  the  ellipsoid  the  sui'face  must  be  continued  with  ^i'  instead 
of  ij/W  this  continuation  departing  slightly  from  true  ellipsoidal 
form.  We  may  speak  of  this  surface  which  separates  the  stream 
lines  which  run  in  loops  from  those  which  go  from  ;j  =  —  oo  to 
«  =  +  00  as  the  critical  ovoid.  The  outer  lines  run  roughly  parallel 
to  the  axis,  but  bulge  out  in  passing  the  ovoid.  Contact  is  first  made 
by  a  line  touching  the  ellipsoid  at  Q,  Q*  points  given  by  /li'  =  f  roots 

P.(^)=0,     (or   «>  =  ^,  «^  =  |^). 

y2 
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Within  this  stream  lines  cross  AQ^  emerge  through  QP,  skirt  the 
ovoid,  reenter  the  ellipsoid  by  F'Q'  and  leave  it  by  QA'.  The  inner 
stream  lines  are  loops  about  X,  X'  points  for  which   F,  =  Fq,  which 

^^^  nr*  {al  (^+2B,)-3B,6»}  =  |B,6J  (aj-i.*). 

For  the  sphere  the  limiting  position  is  given  by 

2  ' 


for  the  rod  by 
for  the  disk  by 


tir'  = 


tir»  = 


5 

26' 


One  of  these  loops  touches  the  ellipsoid  at  B^  for  the  third  root  of 
P,  (^)  =  0 ;  loops  outside  this  cross  the  ellipsoid  along  P5,  and 
reenter  along  BF".     For  the  major  axis  of  the  ovoid  we  have  generally 


0(?  =  . 


3^_ftC' 


5(^0-^)' 
and  for  the  rod  limit         OC?  =  \0A\ 
If  the  ellipsoidal  shape  were  continued  outside,  we  should  have 

OD'  =  ^OB" 
at  this  limit,  but,  when  j/r^'  is  used, 

Oiy  =  JOB^ 

the  correct  value  differing  very  little  even  in  this  extreme  case  from 
that  got  by  continuing  GP  as  an  ellipsoid  beyond  P,  The  general 
value  is  given  by  Qjyi  —  ^i  /^i^  j) 

87?„ 


where 


B{v-Ji-l)-Av'=i 


determines  the  value  of  v. 

In  the  planetary  case,  the  outer 
stream  lines  encix)ach  on  the  ellipsoid  ; 
one  of  them  touches  at  i?,  for  one  root  of 
P,  (/Li)  =  0 ;  of  the  loops  one  touches  at 
Q,  Q',  for  which  /i^  =  ^  the  remaining 
roots  of  P3  (/i)  =0,  and  the  loops  out- 
side this  cross  AQ  and  reenter  by  QP. 
The  critical  surface  is,  within  the 
range  PP^,  a  planetary  ellipsoid  more 


B' 


•%ff  .^>>^ 

' **-i.^ 

p* 

/z^ 

qT 

\\ 

(  b'    x'    ^ 

^    i 

BJ  J 

^*^=^ 

ft^ 

'T 

IB 


C 
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spherical  than  the'  original;  without  it  the  eontinnation  departs 
slightly  from  the  ellipsoidal  shape.  For  the  limiting  case  of  disk 
shape 

and,  OC  being  cv,  v  is  given  by 

o 

in  the  general  case,  while  for  the  limit 

(3v»-hl)cof^v-3v  =  ^, 

5 

satisfied  by  v  =  '356  approx.  The  extent  of  the  loop  circulation 
is  here  finite  in  both  directions,  and  therefore  embraces  a  mass  of 
liquid  infinite  relatively  to  the  rotational  section;  this  according 
well  with  the  statement  in  §  8  that,  for  this  limit,  all  but  a  relatively 
infinitesimal  amount  of  the  energy  is  external.  The  encroaching  of 
outer  stream  lines  on  the  rotational  territory,  with  the  complementary 
encroaching  of  the  loop  circulation  on  the  irrotational,  is  an  essential 
feature  of  the  motion,  and  gives  rise  to  the  deformation,  which  clearly 
shows  the  character  proper  to  a  harmonic  of  the  third  order.  In 
each  case  the  short  diameter  gives  the  region  of  strong  attraction ; 
thus  in  the  planetary  form  a  small  body  of  non-rotating  fluid,  fore 
and  aft,  is  dragged  into  the  closed  circulation,  while  a  small  section 
of  rotating  fluid  amidships  is  flowing  down  the  open  stream  lines, 
the  parts  being  reversed  in  the  ovary  form.  The  extent  of  this 
region  of  cross  flow  is  really  very  small  except  in  the  extreme  cases  ; 
to  prevent  crowding  of  lines  a  sensible  exaggeration  was  necessary  in 
the  diagrams.  Figs.  5  and  6  (p.  326)  show  the  stream  lines  ;  the 
dotted  lines  repi^esent  the  vortex  boundary  in  each  case,  the  heavy 
lines  the  critical  ovoid  and  planetoid.  The  vortex  is  moving  towards 
the  foot  of  the  page,  and  the  way  in  which  the  deformation  is  brought 
about  by  stream  lines  crossing  the  surface  appears  from  a  comparison 
with  Figs.  1  and  2. 

14.  A  good  general  view  of  the  whole  motion  may  be  obtained  by 
extending  ^„,  the  potential  of  the  external  motion,  continuously 
within  the  rotational  part.     If  ^,  has  the  continuity  with  ^^  due  to 

any  mass  distribution  within  the  vortex,  3^,  ^  agree  with  the 

dvr     dz 

external  values  at  the  surface,  t.c,  with  Ua^  Vai  ».e.,  again  with  I7i,  Fj. 


On  on  EHiptoiilal  Voiiex.  [Feb.  Itt, 


Now  tliese  are  quadratic  fnnctions  of  s  and  «,  and  a  reference  to 
(34)  Bog^ste  the  formB 

and  then,  if  4*i>+ Vf  j  =  0, 

we  get  p  =  — ^°,        *  =     W     '' 

for  the  denaitf  of  the  matter  within  the  ellipaoid  which  gires  rise  to 
ft  within  and  f,  without.    We  have  then 

r,  =  ^'+»:(-'',+?;-l),     TT.^p  (35). 
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Also 

*i  =  Ih  [-  {i  (^*«+3B.«r')-ff.}  +  -f  (^0+21?.)  (^,  +  5j 

The  external  value  is 
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J 

(36), 


Hence  the  whole  external  motion  is  represented  by  the  potential  of  a 
ma^etic  mass-distribution  varying  as  z ;  the  internal  motion  requires 
the  addition  of  the  simple  term  given  in  (35)  to  the  component  of 
velocity  along  the  axis. 

I  have  applied  these  methods  to  the  ring  vortex  of  finite  circular 
section,  and  obtained  results  corresponding  to  §§  1-7.  It  appears  at 
once  that  the  circular  section  is  appropriate  for  steady  motion  only 
as  a  limiting  case  for  indefinitely  small  section. 


Thursday,  March  12th,  1896. 
Major  MACMAHON,  R.A.,  F.R.S.,  President,  in  the  Chair. 

Mr.  Horatio  Scott  Carslaw,  B.A.,  Scholar  of  Emmanuel  College, 
Cambridge,  Lecturer  in  Mathematics  in  the  University  of  Glasgow, 
and  Miss  Frances  Hardcastle,  Girton  College,  Cambridge,  were 
elected  members. 

The  President  read  an  abstract  of  a  paper  by  Prof.  Lloyd  Tanner, 
entitled  "  On  the  Enumei'ation  of  Groups  of  Totitives." 

Prof.  Greenhill  read  two  papers,  viz.,  (1)  "  The  Motion  of  the 
Top,"  (2)  "The  Catenary  on  the  Paraboloid  and  Cone."  The 
President  and  Mr.  Love  joined  in  a  discussion  of  the  papers. 

Lt.-Col.  Cunningham  stated  that  he  had  recently  extended  the 
evidence  of  the  new  criterion  of  2  as  a  16-ic  residue  so  as  to  include 
all  the  primes  less  than  25  million  for  which  the  16-ic  character  of  2 
is  known  from  Lucas'  Table  of  Divisors  of  (2"— 1)  in  his  paper 
"  Snr  la  Serie  recurrente  de  Format."     He  also  gave  a  proof  that 
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i  (5"  - 1)  =  12207031  and  \ .  ^V  (7"  4- 1)  =  10746341  are  both  prime 
numbers. 

The  following  presents  to  the  Library  were  received  : — 

**  Proceedings  of  the  Royal  Society,**  Vol.  ux.,  No.  354. 

'*  Beiblatter  zu  den  Annalen  der  PhyBik  nnd  Chemie,**  Bd.  xx.,  St.  2 ; 
Leipzig,  1896. 

"Proceedings  of  the  Cambridge  Philosophical  Society,"  Vol.  ix.,  Pt.  I  ;  1896. 

"Proceedings  of  the  Physical  Society  of  London,"  Vol.  xrr.,  Pts.  2,  3; 
February,  March,  1896. 

"Nyt  Tidsskrift  for  Matematik,**  A.  Aargang  6,  Nr.  8,  Aargang  7,  Nr.  1 ; 
B.  Aargang  6,  Nr.  4 ;  Copenhagen,  1895,  1896. 

"  Jomal  de  Sciencias  Mathematicas  e  Astronomicas,**  Vol.  xn.,  No.  4  ;  Coimbra, 
1895. 

**  Monatshefte  fiir  Mathematik  und  Physik,**  Jahrgang  7,  Hefte  1,  2,  3  ; 
Wien,  1896. 

"Arohives  Ntolondaises  des  Sciences  Exactes  et  Naturelles,**  Tome  xxzx., 
Liy.  4,  5  ;  Harlem,  1896. 

*<  Bulletin  of  the  American  Mathematical  Society,'*  2nd  Series,  Vol.  n.,  No.  6 ; 
Now  York,  February,  1896. 

"Bulletin  dela  Soci6t6  Math^matiqne  de  France,**  Tome  xxiv..  No.  1 ;  Paris, 
1896. 

"  Bulletin  des  Sciences  Mathdmatiques,**  Tome  xx. ;  Paris,  January,  1896. 

"  Naohriohten  von  der  Konigl.  GeseUschaft  der  Wissenschaften  zu  Gottingfen,*' 
1895,  Heft  4  ;  Gottingen,  1895. 

"Bendiconto  dell*  Accademia  delle  Scienze  Fisiche  e  Matematiche  di  Napoli,*' 
Serie  3,  Vol.  n.,  Fasc.  1 ;  Napoli,  1896. 

"  Kendioonti  del  Ciroolo  Matematico  di  Palermo,'*  Tomo  x.,  Fasc.  1,2;  1896. 

"Journal  of  the  College  of  Science,  Japan,**  Vol.  vm,,  Pt.  2,  Vol.  ix.,  Pt.  1. 

Drude,  P. — "Uber  die  Anomale  elektrische  Dispersion  von  Fliissigkeiten,** 
Roy.  8vo ;  Leipzig,  1896. 

"Atti  della  Reale  Accademia  dei  Lincei — ^Rendioonti,**  Vol.  v.,  Fasc.  3,  4  ; 
Boma,  1896. 

"Indian  Engineering,**  Vol.  xix.,  Nob.  4,  5,  6,  7,  January  26th  to  February 
15th,  1896. 

"  Educational  Times,**  March,  1896. 
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On  the  Enumeration  of  Groups  of  Totitives.     By  Prof.  H.  W. 
Lloyd  Tannsb.     Received  and  read  March  12th,  1896. 

This  paper  explains  a  method  of  determining  how  many  groups  of 
given  order  can  be  formed  with  the  totitives  of  any  integer  w.  In 
the  investigation  use  is  made  of  a  function  formed  from  a  binomial 
coefficient  by  replacing  each  factor,  say  r,  of  the  numerator  or 
denominator  hyp*"— 1,  so  that  the  binomial  coefficient  is,  in  fact,  the 
limiting  value  of  the  function  as  p  approaches  1. 

There  are  indications  of  the  existence  of  a  reciprocity  theorem 
[namely,  that  the  number  of  groups  of  order  r  is  equal  to  the  number 
of  groups  of  order  r  (w)/»'],  but  this  theorem  is  not  proved.  The 
attempt  to  establish  the  theorem  has  led  to  the  discovery  of  some 
notable  properties  of  the  functions — a  Vandermonde  theorem,  for 
instance — which  will  be  found  in  the  paper. 

The  functions  in  question  are  well  known.  They  were  used  by 
Euler  as  generating  functions  for  the  number  of  partitions,  and  by 
Cayley.*  Jacobi  in  a  memoir  "  Ueber  einige  der  Binomialreihe 
analoge  Reihe,**  1846  (Crelk,  xxxii. ;  Ges.  Werke,  Bd.  ii.,  163-173), 
starting  with  a  more  general  function,  obtained  a  number  of  formulsB 
which  appear  to  be  different  from  those  used  in  this  paper.  Gauss 
in  the  famous  Summatio  serierum  quarwiidam  migularium  used  these 
functions,  the  base  being  a  complex  number  of  modulus  1.  They 
have  been  used  too  (in  Schellbach's  treatise)  as  a  means  of  forming 
the  t he ta-f unctions.  The  present  application  is  of  a  different  kind. 
As  in  Euler's  theory,  they  are  used  for  enumeration  ;  but  the  number 
sought  is  given  by  the  actual  value  of  the  function  when  the  base  p 
is  a  prime  factor  of  rn. 

A  portion  of  the  following  (Arts.  1-17)  was  communicated  to 
the  Society  just  five  yeara  ago  as  a  part  of  the  paper  under  the  title 
"  Some  Theorems  concerning  Groups  of  Totitives  of  ?t."  When 
revising  that  paper  for  the  press  I  found  (thanks  to  the  criticism  of 
my  colleague  Mr.  Pinkerton)  a  flaw  in  the  proof  of  the  reciprocity 
theorem,  and  therefore  asked  permission  to  withdraw  it.  Although 
I  am  not  yet  able  to  give  a  proof  of  the  theorem,  I  hope  that  the 


•  **Be8earche8  on  the  Partition  of  Numbers,"  F/iil.  Trans.,  czcv.,  CM.  P., 
Vol.  n.,  p.  243,  &c. 
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method  of  enumeration  and  the  properties  of  the  functions  employed 
will  be  acceptable  to  the  Society. 

1.  The  group  of  all  the  totitives  of  n  is  expressible  in  one  way 
only  (I.  22,  23)*  as  a  product  of  sub-groups  G^,  0^  ...,  0„  where  Qp 
consists  of  all  the  totitives  whose  orders  are  powers  of  p ;  (?,,  ..,,  Or 
have  the  like  meaning  with  respect  to  9,  ...,  r ;  and p,  q,  ...,  r  are  all 
the  prime  factors  of  rn. 

Similarly  any  sub-group,  (7,  of  totitives  of  n  is  expressible  in  one 
way  only  as  a  product 

\Xp,  ITj,    •••,    VTri 

where  G],  includes  all  elements  of  G'  whose  orders  are  powers  of  p, 
and  so  for  G\^  ...,  G^. 

We  shall  consider  two  groups,  say  6?',  G'\  to  be  different  if  either 
contains  an  element  that  is  not  contained  in  the  other.  Thus,  if  Gp 
and  Gp  are  different  groups,  the  two  products 

G'p.G\^  ...,  G'r    and     G'p  ,G\^  ...,  Gr 

are  different.  Now  suppose  that  there  are  P  different  snb-groups  (7^, 
which  are  factors  of  G>,  counting  Gp  itself  and  1  as  sub-groups ;  and, 
similarly,  Q  different  groups  G\  which  are  factors  of  (?,,  ...,  and  B, 
different  groups  G'r  factors  of  (?^.  Then  it  is  clear  that  the  number 
of  all  the  different  groups  G'  (including  G  and  1 )  which  are  factors 
of  G  is  the  product  PQ  ...  E.  The  problem  of  enumerating  the 
different  groups  G'  of  the  totitives  of  n  is  thus  reduced  to  the  simpler 
problem  of  enumerating  the  different  groups  G'p  which  are  factors  of 
(?p,  p  being  any  one  of  the  prime  factors  of  m. 

2.  The  group  Gp  natnrally  presents  itself  as  a  product  of  simple 
independent  groups  which  may  be  obtained  in  a  canonical  form  in 
the  following  way.    . 

Let  w^p*.9^...r% 

where  p,  g,  ...,  r  are  different  primes,  and  a,  /3,  ...,  y  are  positive 
integers,  but  a  may  be  zero.     Then  the  cf  numbers 

feng-^-hl.     A;  =  0,  1,  2,  ...,  ^-\ 


•  The  reference  is  to  §  I.,  Arts.  21,  22,  of  a  memoir  **  On  Cydotomic  Fmictionfl,** 
^me.  Land.  Math.  Soe,,  Vol.  xx.,  pp.  63-83.  Similar  abbreviations  are  used  in  the 
■eqnel. 
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are  ^11  prime  to  p,  ...,  r,  but  1/q  of  them  are  multiples  of  q.  The 
rest,  (5— l)?'"^  in  number,  make  up  a  group  of  totitives  of  n  iso- 
morphous  with  the  group  of  all  the  totitives  of  q^.  Hence,  if  p^  is 
the  highest  power  of  p  which  is  a  factor  of  9  —  1  (so  that  \  may  be 
zero),  this  group  of  totitives  of  n  contains  as  a  factor  a  simple  group 
of  order  p",  and  no  other  elements  of  Gp,  The  same  process  applies 
to  each  prime  factor  of  n  except  p  itself.  If  n,  the  exponent  of  jp  in 
n,  is  greater  than  1,  then  there  is  in  general  a  group  of  order  p*'^ 
consisting  of  lotitives  of  the  form  Jcpq"  ,.,r^+l  (/;  =  0, 1,2,  ,..,p*'*— 1). 
There  is  an  exception  when  p  =  2,  in  which  case  the  simple  group 
of  order  p'~^  is  replaced  by  the  product  of  two  simple  groups  of 
orders  2  and  2''\  respectively. 

3.  Using  the  notation  of  (I.  33),  we  shall  represent  by  A,  the 
number  of  simple  groups  of  order  p*  contained  in  the  canonical  form 
of  Gp  just  obtained,  where  ^  =  1,  2,  ...,  fi  and  jp^  is  the  order  of  the 
largest  simple  group  present. 

By  ki  we  denote  how  many  factor  groups  are  of  order  p*  at  least. 

ki  =  hi  +  hi^i'^..,+h^, 
Ki  is  defined  by  the  equation 

80  that       iC,  =  ^i  +  2^+...  +  (i-l)A,.,+t(^<+^,.,H-...+^^). 

It  follows  that  Ki—Ki.i  =  A;,-; 

and,  since  IT,  =  k^,  this  gives        J5lq  =  0. 

4.  The  numbers  hf,  kf,  Ki  have  been  obtained  from  a  special  form 
of  the  group  Gp;  but  they  have  a  significance  with  respect  to  Gp 
itself,  and  are  independent  of  the  particular  mode  in  which  Gp  is 

represented.  For  p^*  is  the  number  of  elements  in  Gp  of  order  not 
greater  thanp*  (I.  33).  This  number,  and  therefoi*e  Ki,  is  evidently 
independent  of  the  way  in  which  Gp  may  be  factorized.  Hence  also 
ki,  =z  Ki^Ki.ij  and  A,,  =  /:,  — A-.^,,  are  invariants  of  Gp  as  well  as  Ki. 

'  5.  It  will  be  convenient,  before  attacking  the  general  case,  to 
consider  the  particular  case  in  which  Gp  is  the  product  of  ^i  inde- 
pendent groups  of  order  p.  Then  Gp  contains  jp*»  elements  of  which 
one  is  of  order  1,  and  jo*'  elements  of  which  one  is  of  order  1  and 
jp**— 1  are  of  order  p,     Now  any  group  of  order  p  contains  p—1 
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elements  of  order  p,  and  none  of  these  elements  can  be  common  to 
two  different  groups  of  order  p.  Hence  the  number  of  different 
groups  of  order  p  which  can  be  formed  from  the  elements  of  O,  is 

(p»._i)/(p-i). 

A  group  of  order  p*  must,  in  this  particular  case,  be  the  product 
of  two  groups  of  order  p — say  A,  B.  Now  A  may  be  any  one  of  the 
(p**  — l)/(j9— 1)  different  groups  formed  from  the  elements  of  G^; 
but  A  being  selected  removes  p  —  loi  the  elements  of  order  p,  and 
leaves  only  p^—p  available  for  the  making  of  B.  Thus  there  are 
(^*'— l)/(p— 1)  different  groups  B  for  each  group  A,  and  therefore 
there  are  (p*'— 1)  (l>**— 2?)/(p  — 1)^  different  products  A,  B:  if  by 
"  different  products "  we  understand  products  in  which  either  the 
first  factors  are  different,  or  the  second  factors  are  different,  or  both 
different.  Now  clearly  "  different  products  **  do  not  necessarily 
constitute  different  groups  ;  in  fact,  taking  a  Op  of  oi'der  p',  so  that 
^4  =  2,  we  find  that  any  product  of  two  simple  groups  of  order  p  is 
represented  by  (y_i)  (p«_p)/(p_l)» 

different  products.  Hence  the  number  of  different  groups  of  order  p^ 
that  can  be  formed  with  elements  of  Gp  is  found,  on  dividing  the 
number  of  different  products  A,  B  hj  this  last  number,  to  be 

This  function  will  be  denoted  by    ]  J  [    in  imitation  of  a   well- 
known  notation  for  binomial  coefficients. 
Similarly,  we  shall  write 

(M     for     (p*-l)(/-'-l)...(p*-'--l) 
It)  (p'-l)  (!>-'- 1)...(2>-1) 

(h,  i  being  positive  integers)  ;  from  which  it  follows  that 

[IML] «■ 

6.  It  can  now  be  shown,  by  induction  from  i  —  1  to  t,  that    \    .  \ 
different  groups  of  order  p*  can  be  formed  from  the  elements  of  (?,. 
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In  fact,  we  may  represent  such  a  gix)up  as  a  product  of  two  groups, 

A  of  order  p*"^  and  B  of  order  p.     By  hypothesis,  there  are    ]      *    > 

( t  — 1  3 

different  groups  A,  and  each  takes  up  p*~^—l  of  the  elements  of 

order  j9,  leaving  p^^—p*'^  such  elements  available  for  the  formation 

of  B.     The  number  of  different  products  thus  made  is 

But,  on  putting  hy^  =  i  in  this  formula,  it  is  seen  that  one  group  of 
order  p*  is  represented  by 

different  products.     Hence  on  division  it  appears  that  there  are 

different  groups  of  order  p,  fonned  from  the  elements  of  Gp, 

Hence  the  theorem  is  true  for  i  if  true  for  i  —  \\  and,  having  been 
proved  for  i  — 1  =  1,  2,  it  is  established  generally. 

7.  A  consequence  of  (1),  Art.  5,  is  that,  for  this  particular  form 
of  Gp^  there  are  as  many  different  groups  of  order  p*  as  there  are  of 
order  p*'~*.  The  converse  is  also  true — viz.,  if  the  groups  of  order  p*, 
j/   are   equi-numerous,  then  either   a  =  /3  or  a+/3  =  ^.      For  it  is 

clear  from  (2)  of  Art.  5  that    \    ^  \    always  increases  with  i  when 

Li) 

i  +  l  <  h^—iy  and  decreases  as  i  increases  when  ^j— i  <  i  +  l. 

General  Case.     (Arts.  8-15.) 

8.  In  the  general  case,  Gp  is  a  product  of  A?,  simple  independent 
groups — viz.,  hi  groups  of  order  jo,  when  i  =  1,  2,  ...,  /a.  A  group  Gp, 
which  is  a  factor  of  Gp,  is  a  product  of  k[  simple  independent  groups, 
of  which  h'i  are  of  order  p'  (i  =  1,  2,  ...,  /a).  It  is  convenient  to 
extend  to  accented  letters  the  notation  of  Art.  3,  so  that  h\  h\  K' 
have  the  same  meanings  in  reference  to  Gp  as  h^  k,  K  in  reference  to 
G.  We  proceed  to  enumerate  the  number  of  different  groups  Gp  for 
which  all  the  li  are  given. 
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9,  Op  contains  p^*  elements  of  order  not  greater  than  p',  and 
therefore  the  number  of  elements  of  order  p,  is 

Each  of  these  elements  can  serve  as  base  of  a  group  of  order  p* ;  no 
one  of  them  can  be  common  to  two  difEerent  groups  of  this  oi'der,  and 
every  such  group  contains  p^—p*'^  of  them.  Therefore  the  number 
of  different  monobasic  groups  of  order  p*  contained  in  Op  is 

10.  The  investigation  might  be  continued  on  the  lines  of  Art.  5, 
but  it  seems  better  to  use  a  different  process  suggested  by  the  form 
of  the  last  result,  which  has  the  advantage  of  interpreting  the  two 
factors. 

Let  A  denote  any  simple  group  of  order  p*  formed  from  the  elements 

of  Op,  having  a  for  its  base,  and  write  a  for  a^    ,  so  that  the  group 

(a,  a ,  ...,  a   —  x ) 

is  the  group  of  order  p  that  is  included  in  A.  This  group  will  be 
called  the  penultimate  group  of  A  (or  of  a).  It  will  be  observed 
that  a  is  characterized  by  being  of  order  p  and  at  the  same  time  a 

power  a^  .  The  penultimate  group,  including  all  the  a's,  is  of 
order  p^*,  for  it  is  the  penultimate  of  the  product  of  the  hi  groups 
(order  ^  p').     Thus  the  factor 

1 J 


{ 


of  the  result  in  Art.  9  expresses  the  number  of  different  penultimate 
groups  in  Op  each  of  which  can  be  the  penultimate  of  a  simple  group 
of  order  p\  The  other  factor  shows  how  many  different  groups  of 
order  y  belong  to  one  and  the  same  penultimate.     (Cf.  Art.  12.) 

11.  The  number  of  different  penultimate  groups  in  Op  which  can 
be  penultimates  of  Op  is 


7 1     h:    )  ^ilk:^k:J' 


Here  hi,  ki  are  supposed  to  be  known  for  all  values  of  i ;  but  Op 
represents  any  group  which  is  (i.)  a  factor  of  Op,  (ii.)  has  the  given 
constants  hi,  kl,  but  is  otherwise  unconditioned. 
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In  forming  the  above  expression,  we  begin  with  the  1i^  groups  of 
order  p^  in  6?;,,  and  then  consider  in  succession  the  git)ups  of  lower 
order.  Now  the  penultimate  of  the  h'^  gix)ups  of  Qp  is  necessarily  a 
factor  of  the  penultimate  of  the  Ic^  groups  (order  y^  of  Gp,  Hence 
(Art.  6)  there  are  C  A;  ") 

different  penultimates  available  for  the  Ji'^  groups  of  Qp.  [This  is 
what  the  specimen  factor  of  n  becomes  w^hen  i  =  /i,  since  Ic^  =  h'^ 
and  A^+i  =  0.  If  K^  =  0,  the  value  1  is  to  be  assigned  to  the 
symbol.] 

Consider  now  the  penultimate  of  the  h\  groups  of  Op  which  are  of 
order  p*.     It  must  be  a  factor  of  the  penultimate  of  the  /r,  groups 

of  Qp  whose  orders  are   >  p*.     But,  of  these   Zr,   groups,  A,'_i   have 

already  been  taken  up  by  the  2?** '-ordinal  groups  of  Op,  hi ^2  ^y  the 
git)ups  of  order  p'"'\  and  the  penultimate  of  Op  still  available  for 
a  penultimate  of  the  j^'-ordinal  groups  of  6?^  is  a  product  of 

groups  of  order  p. 

From  the  elements  of  this  product,  we  can  obtain  (Art.  6) 


different  groups  of  order  p*,  each  of  which  is  a  penultimate  of  hi 
jp*-ordinal  groups. 

The  product  of  the  numbers  just  obtained — i  being  replaced  by 
1,  2,  ...,  ft  in  turn — gives  the  number  of  different  penultimates  of  Op 
which  ai-e  penultimates  of  a  Op  with  the  given  A/,  k[,  and  this  is  the 
statement  that  was  to  be  proved. 

12.  To  every  penultimate  group  of  Qp  there  correspond 

different  groups  Op. 

For  let  a  be  the  base  of  one  of  the  simple  groups  in  the  selected 
penultimate,  and  let  this  simple  group  be  the  penultimate  of  a  group 
of  order  p^  in  Op.  If  a  is  the  base  of  the  last-named  group  in  any 
one  of  the  groups  (?p,  then  a  is  a  solution  of  the  congruence 

a^      =  a,  mod  n ; 
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and  ah  is  A  solation  if,  and  onlj  if .  6  is  of  order  p*~^  at  most.     The 

nnmber  of  multipliers  b  (including  unity)  is  therefore  p  »'.  The 
game  thing  may  be  done  with  each  of  hi  groups  of  order  p\  and  thuB 
it  is  seen  that,  for  a  given  penultimate,  we  have 

representations  of  G^  which  differ  from  each  other  in  the  bases  of 
the  several  groups.  It  is  obvious,  however,  that  different  representa- 
tions do  not  mean  different  groups  ff, ;  and,  by  putting  hi  =  hi  (and 
therefore  Ki.i=^  K'i.^)  for  all  values  of  t,  we  find,  from  the  above 
formula,  that  Gp  admits  of 

different  representations.  Dividing  the  former  by  the  latter  number, 
it  is  found  that  there  are 

i 

different  groups  G^  the  penultimates  of  which  are  identical. 

13.  Combining  the  results  of  Arts.  11,  12,  we  find  that  the  number 
of  different  groups  G'p  (with  given  values  of  h[)  that  can  be  formed 
from  the  elements  of  a  group  Gp  is 


^?»;(^.-,-<-,).n{'^'-^+'''}, 


where  i  =  1,  2,  ...,  ft.  But,  since  the  specimen  factor  becomes  1 
when  h'i  =  0,  it  is  only  needful  to  consider  those  values  of  %  for 
which  hi  does  not  vanish. 

14.  To  obtain  the  number  of  different  groups  Gp  of  given  order 
^•',  we  must  form  all  the  sets  h{,  7i^,  . . . ,  h^  which  satisfy  the  equation 

0)'=  ^J  +  274+...+/i/i^, 

subject  to  the  condition  that  for  every  value  of  t 

ki  =  ^.'-f-7i-.i  -f ...  4-^^  ^  K* 

and  then  calculate  the  number  of  groups  Gp  for  each  system.  The 
sum  of  these  numbers  is  the  number  of  different  gi-oups  of  the 
proposed  order  that  are  contained  in  G,,, 

*  If  any  set  of  h*  is  used  in  which  the  condition  is  violated,  the  number  involves 
a  vanishing  factor  {  }  in  which  the  lower  symbol  is  grater  than  the  upper. 
Accordingly  the  condition  may  be  ignored  if  convenient. 


1896.] 


Envmeration  of  Qroups  of  TotiUves* 


837 


15;  For  the  sake  of  reference,  the  formakB  are  here  given  for 
«/  =  1,  2,  3,  4.  An  example  which  follows  (Art.  17)  will  sufficiently 
explain  the  details  of  the  calculations. 


Order  of  6^. 


Number  of  different  groups  Gp. 


Sets  of  h\ 


20;  01 


300  ;.  110  ;  001 


pi        J^iJ+^.-3jfc.--l|  ^/^|^^..4^^J     400;  210;  020 
+^.-«^^-l|   {^}+p'--'{5*}  101;  0001. 

16.  As  an  example  of  the  mode  of  working,  I  take  Op  to  be  the 
product  of  four  simple  groups  of  orders  p\  p\  jp",  p,  respectively  ;  so 
that  ^  =  1,  ^,  =  1,  ^  =  0,  ^4  =  2.  It  will  sometimes  be  useful  to 
symbolize  such  a  group  by  4421. 

Instances  of  this  group  are  given  by  the  totitives  of 

n  =  6440  =  2«.6.17     (Tn  =  2.2*x2«x2*), 
or  by  the  group  (?,  for 

n  =  28816  =  3.5.17.113     (m  =  2x2'x2*x7.2*), 
or,  again,  by  the  group  (?,  for 

n=  5267997  =  3* .  7 .  19 .  163     (m  =  2.3*x2.3x2 .3»x2.3*). 

In  each  of  these  instances  the  other  Op  are  of  a  simple  character,  so 
that  the  complete  enumeration  of  the  groups  of  totitives  of  any 
proposed  order  for  each  of  these  values  of  n  is  effected  with  ease. 

17.  It  is  convenient  to  arrange  the  values  of  ^4,  A^,  £*  in  a  table, 
thus — 


t 

1 
2 
3 

4 


hi 

1 
1 


ki 

4 
3 
2 
2 


JT,. 


<*1 


4 
7 
9 
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where  ki  is  the  sum  of  hi  and  all  the  h  that  follow  it,  while  JTf.i  is 
the  sum  of  all  the  Jc  above  A;,. 

Let  ns  find  the  number  of  groups  Op  of  order  p\  For  this  purpose^ 
4  is  partitioned,  and  for  each  partition  of  4  a  table  is  formed  like  the 
above.  For  example,  for  the  partition  31,  the  table  is  the  first  of 
these — 


f 
1 
2 
3 


a; 
1 


*»•  Jfi.i 


2 
1 
1 


2 
3 


t 

1 
2 
3 


a; 
1 


2 
2 
1 


2 

4 


But  it  is  more  convenient  to  form  at  once  a  table  like  the  second, 
which  shows  the  differences  ki—ki^  ^<«i— ^<.i.  Using  this  second 
table,  the  number  of  different  groups  Gp  of  this  type  is  written  down. 
The  exponent  of  p  is  the  sum  of  the  products  of  entries  (on  the  same 
line)  in  the  second  and  fourth  columns.  The  lower  numbers  in  the 
{  j  are  the  entries  in  the  second  column ;  the  upper  numbers  are 
found  by  adding  to  the  lower  number  the  corresponding  third-column 
entry.  Thus,  for  this  partition,  the  number  of  Op  of  the  type 
considered  is 

This  is  the  second  line  of  the  following  scheme,  which  shows  the 
number  of  Op  of  order  p* : — 


4 


22 

211 

nil 


ffipjo^p^p^p^p^pf 


[l] 


•  . 


4l]{lh 


9 


1 


=    1  .  . 


1  1 


12        2        1 


12       3       2       1 


Sum  =  l+2>-|.2|3^-f3p^+4p*+4p»-h4p<'+2/ 
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In  the  same  way  the  nuinber  of  groups  of  order  p'  is  f  onnd  as  in 
the  foUowiDg  table : — 


43 


4111 


322 

3211 
2221 


lfipp'p»p*p^p^pf 


f 


{1} 


•  • 


«•  A\}  {\}  m-  ■ 


1       1 


13       3       1 


331     p 


...11 


1       1 


1       1 


1     2 


1  1 

Sum  =  H-^+2p'+3p»H-4p*H-4/+4p«+2p'- 


It  will  be  observed  that  the  number  of  different  groaps  Q'p  of 
order  I?*  is  equal  to  the  number^of  groups  Q'p  of  order  2?^,  these  orders 
being  complementary  (2>*Xp'  =  |?",  the  order  of  Gp). 


18.  As  a  second  example  I  take  (7p  to  be  a  product  of  two  simple 
groups  of  orders  j/,  p',  where  a  <  /3.     The  table  for  Gp  is 

i       hi     hi     Ki^i 


a 


m  • 


0      2      2t-2 


.       • 


•       . 


1      2      2a-2 


I        0       2       a-ht-1 


■         •         * 
•         •        • 


■    i8      1       1       a+0-1, 


z2 
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and  it  will  appear  that  the  number  of  groups  of  order  jp«  is 


ir]  -  i'V] «-  { 


o-fi8-«+l 


}• 


when 


s 


<  a    or    a  '^  8  <fi    or    i8<«. 


In  the  boondarj  cases  the  two  formula  applicable  are  equivalent. 
And  here  again  the  complementary  theorem  is  true. 

Clearly  (3^  is  a  product  of  2  or  1  simple  groups,  and  in  the  follow- 
ing enumeration  I  have  indicated  the  orders  of  these  group?  in  the 
first  column,  and  the  number  in  the  second ;  the  three  cases  being 
separately  considered. 


Case  I. 

8  <  a. 

Type  of  G^ 

No.  of  Q'p, 

0,    8 

•^-il] 

1,  «-l 


t,    8—t 


"-'■■{1} 


or 


(»- 


«/2.  */2 
l)/2,   (,+l)/2 


{?} 


when  8  is  even 


when  8  is  odd. 


For  the  type  t,  s — t,  the  auxiliary  table  gives 


and 


A'      —  1        h      — fc'-    —  \ 


^,.i-i--^;-,.i  =  25-2^-2-(«-l)  =  «-2^-  L 
The  sum  of  the  numbers  in  the  second  column  is 


■  • 
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Case  II. 


0,    8 


t,  s-^t 


«— a,  a 


a—a-^t,  a^t 


a  <  «  <  )8. 

No.  of  Op. 


.«-( 


.u- 


where  8-~t>a 


or 


»/2,  */2 
(»-l)/2,  («+l)/2 


The  total  number  here  is 


ii] 


f+l'-'  +  :.+l={'*^] 


when  8  is  even 
when  8  is  odd. 


or 


Cas£  m. 

1^  of  Op. 

«— a+^,  a— ^ 


No.  of  (?;. 


►♦4-i-* 


(/3— <>a 


and  the  number  is 


»/2,  «/2  1 

(,-l)/2,  (.+  l)/2  [»  J 


if  «  is  even 
if  « is  odd, 


This  table  is  formed  on  the  supposition  that  8  is  not  greater  than 
2a.    If  9  is  greater  than  2a,  the  final  group  is  of  the  type  a,  s— a  (the 
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latter  tlie  greater  number)  because  Op  cannot  contain  two  groups  of 
order  greater  .than  a,  and  therefore  is  only  one  group  Op  of  this  type. 
The  total  number  therefore  is  the  same  as  before. 

19.  The  examples  already  given  suggest  the  existence  of  a  theorem 
that  the  number  of  different  groups  Op  of  a  given  order  p"'  that 
can  be  formed  with  elements  of  a  group  Op  of  order. p*'***  is  the  same 
as  the  number  of  different  groups  Op  of  order  jp-"  that  can  be  formed 
with  elements  of  Op.  In  seeking  a  direct  proof — or  the  conditions  of 
failure — of  this  theorem  (which  still  remain  to  find),  some  interesting 
results  have  come  to  light  which  are  given  in  the  sequel.  It  will 
furnish  opportunities  of  illustrating  these  incidental  theorems  if  I 
now  explain  how  they  were  to  be  used. 

20.  A  reference  to  Art.  15  will  show  that  the  denumerant  of 
Art.  13  rapidly  increases  in  complication  with  the  order  of  Op.  In 
order  to  verify  the  theorem  by  the  use  of  this  formula  it  would  be 
needful  to  prove  the  identity  of  two  expressions,  one  of  which 
becomes  so  much  the  more  complicated  as  the  other  becomes  simpler. 
Obviously  it  was  desirable  to  transform  the  denumerant  so  that  it 
would  assume  a  simple  form  when  the  order  of  Op  is  nearly  equal  to 
that  of  Op ;  and  then  compare  the  denumerants  of  the  complementary 
groups  each  in  its  liiost  manageable  shape: 

For  this  we  introduce  a  new  set  of  constants  y,  S,  A  characterizing 
(7p,  and  connected  with  h\  k\  K'  by  the  equations 

so  that  ^<  =  y<+y**i  +  ...+y,., 

recalling  the  equations  of  Art.  3.  The  y,  however,  unlike  the  h\  may 
be  negative.  For  instance,  a  simple  group  of  order  j?'  (^  =  0,  A,  =  1) 
has  factor  groups  of  order  p  (^'  =  1,  A^  =  0),  sq  that  in  this  case 
yj  ss  -r  1,  y,  =  1.  It  follows  then  that,  unlike  the  A/,  the  ^i  are  not 
arranged  in  order  of  magnitude.    For 

may  be  either  negative  or  positive.  The  3  must  all  be  positive  (or 
zero)  because  i  _  l     v 

and  the  latter  expression  cannot  be  negative. 
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21.  The  original  form  of  the  denmuerant  was 

pS»;(Jf,.,-ir;.i)n  P'~*;  +  '^''| . 

The  second  factor  becomes,  when  hi—kl,  h'i  are  replaced, 
The  exponent  of  p  =  SA;(X;_,— Z,'.,)  =  S(A;;-ft,'+,)(^<-i 

=  sfc;  (ir,.,-2r,.,)-fc;  (ir^.-x:.,) 

Hence  the  transformed  dennmerant  is 


-Kl^) 


^2«,-,fc»-«,«,.,jjpi+a<,,| 


The  nnmber  of  groups  G,  of  given  order  p^  is  the  sum  of  the 
denumerants  for  all  O',  such  that 

and  every  partition  of  ta  determines  one  type  of  0,,  The  nnmber  of 
groups  Op  of  complementary  order  jj^^""'  (=jp^m)  is  the  sum  of  the 
denumerants  for  all  Op  such  that 


that  is  to  say, 


Here  the  ^  are  positive  integers,  but  their  sequence  is  not  determined, 
and  each  composition  of  a*'  corresponds  to  a  set  of  groups  of  order  p^\ 

22.  Some  examples  of  the  developed  formulce  for  the  numbers  of 
groups  of  given  order  nearly  equal  to  the  order  of  O,  follow. 
(C/.  Art.  15.) 

I.  For  factors  of  Op  of  order  ^J*"*  we  require  the  compositions  of  1, 

^1  +  ^,+  ...+^^  =  1. 
These  are  given  by  Zi  =  1,  and  every  other  ^  =  0.     The  number  of 
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gix>iip8  for  wliich  d<  =  1  is 


and  the  total  number  is 


(»  =  1,  2,  ...  f«). 


n.  When  the  order  of  Op  is  /?•'*,  the  compositions 

are  of  two  sets  ^^  =  2    and    ^<  =  1,  ^  =  1, 

the  other  ^  being  0. 

The  first  set  contributes 

to  the  total  number. 

The  second  set  answers  to  different  numbers  according  as  t,  j  are 
or  are  not  consecutive.  In  the  general  case  when  t,  j  are  not  con- 
secutive the  contribution  is 

2^*M  +  *,>.|J'|   ^J/|  (f+l<i). 

But,  if  ^i  =  1,  ^i^i  =  1,  the  number  of  corresponding  groups  is 

m.  For  the  order  jp*'',  we  have  the  compositions 
(«.  =  3); 
(a,=  2,  a,=  1)  ;   (8,  =  2,  a,„  =  l)  ;   (5.=  1,  a,^.  =  2)  ; 

(it  =  i,i,  =  1,  a,  =  1) ;  (a,  =  1.  a,^,  =  1,  a^=  1) ; 
(a, = 1,  a,+,  =  1,  a,+,  =  i) ; 

and  the  nnmber  of  gronps  is 


+Si)' 


,2*<»i  +  *>+if  fcj 


mm 


0'<»-lor»  +  l<j) 
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(♦+i<y,i+i<0 


23.  The  first  theorem  that  assists  in  the  iddtLtification  of '  the  two 
total  denumerants  is  analogons  to  the  Yandermonde  theorem  for 
binomial  coefficients  and  is  thns  stated. 

If  r  and  s  be  two  positive  integers  less  than  n  (also  a  positive 

integer), 

(*)• 

The  last  term    written  corresponds    to    ^  =  «    and  implies  that 

r  <  n— *,  that  is,  rH-«  <  n.     If  nKr-^-Sy  the  actual  last  term  is  that 
for  which  t  ^  n—r,  namelj. 


(ii-r)(ii-«)  ^       ^       \ 


and,  if  n=r+8,  the  actual  last  term  is  that  for  which  ^  =  «  s=  n^r^ 
namely,  the  term  jf.  It  is,  however,  indifferent  which  is  written, 
because  the  onlj  effect  of  writing  the  wrong  one  is  to  add  so  many 
zero  terms. 

The  theorem  can  be    expressed  in  other  forms,  because  of  the 
identities  such  as 

by  means  of  which  we  can  make  either  or  both  of  the  lower  elements 
in  each  term  decrease  as  t  increases.  The  above  form  seems  to  be 
the  standard,  becanse  in  it  the  index  of  j7  is  the  product  of  the  two 
lower  elements.  Besides  these  changes  we  may-replace  r  by  n — r^ 
since  this  does  not  alter  the  value  of  the  left  side. 
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24.  When  «  =  1,  the  theorem  becomes 

{:}={:ilhi''["7'} w. 

and  is  at  once  verified  by  the  definition.     For 

(p'-l)(p-'-l) ...  (p"-"'-l)    (p'-'-l)...(p"-*'-l) 
(p'-i)(p--i)...0>_i)  o,'-'-i)...o,-i) 


0)^-1) ...  (p-i) 


(!>"-'- l)y 


={";']''■ 


The  proof  for  any  other  valne  of  5  is  effected  by  induction  from 
s— 1  to  «.    Assuming  the  theorem  to  be  true  for  «— 1, 

But,  by  (1), 

lr-8+l+t)        Cr-s+n      ^  Cr— *H-H-n' 

Thus  the  term  of  («  —  1)  written  above — say  the  term  t — is  separated 
into  two  parts 


^  I    ^     )    (r-«+^)      ^  I     t     )   lr-5+l  +  ^) 


(0- 


Now,  if  we  combine  the  first  part  of  the  term  t  with  the  second  part 
of  the  term  (^—1)  similarly  analysed,  we  obtain 
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^d  this  is  the  term  t  of  the  expansion  (s).  In  this  way  every  term 
of  (s)  is  obtained  except  the  first  and  the  last.  But,  by  putting 
^  =  0  in  (^)  it  is  verified  that  the  first  part  of  the  first  term  of  («  —  1) 
is  the  first  term  of  (*) ;  and,  by  putting  ^  =  «— 1  in  (^),  that  the 
second  part  of  the  last  term  of  («— 1)  is  the  last  term  of  (s).     Hence 

W  =  (5-i)  =  ...  =  (i)  =  J^]. 

25.  In  the  identity  («)  replace  |^|  1^7  [n^r]  ^^^  {r-7+O 
by  \    **~*  ,  y  for  all    values  of  t     Then  write  r  for  «— r.      The 
identity  then  becomes 

Further,  to  introduce  a  notation  more  convenient  for  our  immediate 
purpose,  we  write  a,  h  for  «,  n— «  respectively.     Thus 


26.  We  are-  now  in  a  position  to  prove  the  following  theorem  :— 
Let  hi,  ki  have  the  meanings  assigned  in  Art.  3,.  so  that 

hi  =  /i,+kV+i+ ... -^K  (*  =  h  2,  ...  m)» 

and  ik<  =  0,    if    i>u. 

Also  let  tti  be  positive  integers  or  zeros,  such  that 

ai  +  a,H-...  +  a^  =  r. 
Then  I  say  that 

f  *i|  _  2  fl,.-i*,.+  . ..  +  «•*<♦!  + v.. +  «i*f-^  1^1 1  ,,,  i^il  ^,,  ih^  ^ 

Where  the  summation  includes  all  the  compositions  (oi,  a,,  ...  a^)  of 
r,  and  A  =  ^aia^  (i^j)» 

By  the  theorem  of  Art.  25, 

•  ■  »  •  • 

the  stun  including  the  terms  ^  =  0, 1,  2,  ...  r. 
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In  this  write  a^  for  r— f,    so  that   t^r-^a^^  and  the  equation 
becomes 

where  a^  in  the  several  terms  on  the  right  is  r,  r— 1,  ...  1,  0  respec- 
tively. 

The  last  factor  of  the  specimen  term  can  be  expanded  in  the  same 
way,  giving 

...  ^  .  .  - 

where    a^_i=r— a^— f    has  in    successive  terms  the  values  r — a^y 
r— a^— 1,  ...  1,  0.     Continuing  in  this  way,  we  obtain  ultimately 

=v{t}C:;;l-fJ;}. 

where   the  summation    includes  all  the  compositions  (aj,  a,,  ...  a^) 
of  r. 

The  exponent  of  p-iachor, 


and  thus  the  theorem  is  established. 


0'>»> 
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27.  Some  particular  examples  are  added  in  illnstratioii — 


U1  =  V-{t}.  • 

Here  the  compositions  of  r  (=  1)  are  100  ...,  010 ...,  001 ...,  <fcc., 


and  so  on. 


28.  These  results  enable  us  to  compare  the  denumerants  of 
Art.  15  with  the  denumerants  of  groups  of  complementary  order 
(Art.  22). 

The  number  of  groups  of  order  p  contained  in  (7p  is  }  T*  f  (Art.  15), 

the  number  of  groups  of  order  p"'^   (Art.  22)  is  S|j**>»  )  i*  C  '  ^^^ 
these  two  expressions  are  equal  by  the  preceding  article. 

For  orders  p*,  jp*'  the  equality  to  be  proved  is 
Here  the  left  side 

«  •  • 
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and  therefore  the  second  term 


•  ••  •••  •••  •< 


—  Sp 


*«+i— 


^{\*}'s(i)*'-AO 


^^    •••    ••*    «••    •••    •••  •••    •••    •••    •••  \_r  mt     ^ 

^^   •••   •••   «••   ••«   *••       ^1  v J''  A^  }  M      •%       C  9 

which  cancels  the  third  term ;  and  proves  the  left  side 
The  third  term  of  the  right  side  contains  a  factor 

SO  that  the  term  may  be  written 

and  then  the  right  side  becomes  identical  with  the  last  written  value 
of  the  left  side. 

The  comparison  for  orders  j3*,  jj""'  is  still  more  laborious,  and  it  is 
hopeless  to  attack  the  general  theorem  in  this  way. 

29.  The  theorem  of  Art.  23  is  useful  in  the  enumeration  of  the 
groups  which  are  factors  of  Op,  a  product  of  h  simple  independent 
groups  of  order  /?•.  The  order  of  Op  will  be  taken  to  be  not  greater 
than  jp*,  and  to  avoid  accents  will  be  denoted  by  p*. 

We  have  in  this  case  hi  =  0  for  z  =  1,  2,  ...  a— 1,  hi=  h  and 
^^.1  =  (i— 1)  h.     Thus  the  number  of  groups  Op  of  order  |/  is 

2^2A;[(i-i)A-j:/.0nU-«-f«) 

the  summation  extending  to  all  positive  (or  zero)  values  of  h'  which 
satisfy  the  relations 

^'+2^+...+«a;=«. 
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The  first  of  these  will  be  replaced  by  an  equation  wherein  h^  denotes 
a  positive  integer  or  0,  namely, 

^0  +  ^1  +  ^+ •••+^«  =  ^• 


Then  the  Il-f actor  above  is 


hi 


/i» 


hgl  ...  hil  ...  HqI 
where  the  symbols  hi  represent  the  product 

(^_i)(p»-i_i) ...  (^_i). 

For  the  factor  exhibited  is 

Ki  (A-ftO !    hA  (fc-fc;.,+ a;.,)  !  ■ 

The  exponent  of  p 

=  Xhl[(i-l)h-(h[+2K  +  ...  +  (i-l)K+...+{.i-l)h:]  . 

=  S«  [(i-1)  K+  (t-2)  K+...  +hW] 

=  2  (i-j-1)  KH;    (j  =  0, 1,  ...  t-2 ;  t-2,  3,  ...  «). 

The  total  nnmber  of  g^nps  0'^  will  be  shown  to  be 

This  is  at  once  verified  for  s  =  1,  2,  <fec.,  and  the  general  theorem 
is  established  by  induction,  on  the  assumption  that  the  theorem  is 
true  for  all  smaller  values  of  s ;  and  the  method  is  to  take  together 
all  terms  of  the  sum  that  have  the  same  value  of  h^ 

The  type  term  is 


where 
and 
so  that 


h{+2hi+8h:  =  8, 


The  term  is  therefore 


Lh^j  /^! ...  A^!  •••  h'gl 
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Here  the  first  factor  is  constant  when  \  is  constant  as  well  as  h^  «, 
and  the  sum  of  these  terms  is  the  product  of  this  factor  into  the 
sum  of 

hjl  •••  hf\ 


where 


This  summation  is  similar  to  the  original  summation,  but  the  new  s 
is  smaller.     Assuming  the  theorem  to  be  true  for  this  smaller  Sy  we 

^  h[\...K\     X         s-h+K         ) 


\s-h,-Ky 


and  the  sum  of  tbose  terms  of  the  denomerant  which  have  a  given 

But  the  sam  of  these  terms  for^  =  &— s,  h—$+\,...h—\  is,  hj 
Art.  23, 

I 


(*+.-! J, 


8 


and  thus  the  proposition  is  proved. 

It  will  be  observed  that  the  order  p*  of  the  simple  groups  of  which 
Op  is  the  product  does  not  appear  anywhere  in  the  conditions,  save 
as  limiting  the  order  jp'  of  0],,  Hence  the  theorem  will  still  be  true 
if  Op  is  the  product  of  h  simple  groups  of  orders  not  less  than  p*. 
(Of,  the  example  of  Art.  18.) 

The  failure  of  the  formula  when  «>a  is  easily  explained.  When  s 
has  this  too  large  value  there  are 


i 


s+A—l 


I 


groups  Op  that  can  be  formed  from  the  elements  of  an  extended  (?p, 
whose  constituent  groups  are  of  sufficiently  high  order.  But  some  of 
these  Op  will  contain  simple  groups  of  higher  order  than  are  present 
in  the  original  Op.  Thus  the  number  given  by  the  formula  errs  in 
excess,  and  it  may  be  noted  that  the  excess  is  in  many  cases  expressed 
by  a  somewhat  similar  formula. 
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Thursday,  April  23rd,  1896. 
Major  MACMAHON,  R.A.,  F.R.S.,  President,  in  the  Chair. 

The  President  read  portions  of  abstracts  of  papers,  viz.,  "  On  the 
Isomorphism  of  a  Group  with  itself,"  by  Prof.  W.  Bumside ;  and 
"  Division  of  the  Lemniscate,*'  by  Prof.  G.  B.  Mathews. 

Dr.  Hobson  read  a  paper  "  On  some  General  Formulse  for  the 
Potentials  of  Ellipsoids,  Shells,  and  Discs." 

The  President  made  some  remarks  on  "  The  Compensation  for 
Difference  of  Capital  in  Gambling  a  outrance.  A  contribution  to 
the  Theory  of  the  Duration  of  Play." 

Mr.  Basset  read  a  paper  *'  On  the  Stability  of  a  Frictionless  Liquid 
— Theory  of  Critical  Planes."  The  author  and  Mr.  Love  joined  in  a 
discussion  on  the  communication. 

The  following  presents  to  the  Library  were  received  : — 

**  Proceedings  of  the  Royal  Society,"  Vol.  lix.,  No.  356. 

^'Vierteljahrsfichrift  der  Naturforschenden  Gesellschaft  in  Zurich /'  Jahrgang 
40,  Heft  3-4  ;  Zurich,  1896. 

'*  Beiblatter  zu  den  Annalen  der  Physik  und  Ghemie,"  Bd.  zx.,  St.  3 ; 
Leipzig,  1896. 

**  Queen's  College,  Galway,  Calendar  for  1896-6,"  8vo  ;  Dublin,  1896. 

'*  Mathematical  Questions  with  their  Solutions,"  edited  by  W.  J.  C.  Miller, 
Vol.  LXiv.,  8vo ;  London,  1896. 

<<  Journal  of  the  Institute  of  Actuaries,  Index  to  Vols.  xxi. — ^xxx.  (indusive)  "; 
London,  1896. 

<<  Memoirs  and  Proceedings  of  the  Manchester  Literary  and  Philosophical 
Society,"  Vol.  x..  No.  1  ;  Manchester,  1896. 

Robertson,  J.  A. — **  On  a  New  Method  of  performing  approximately  certain 
Operations  in  Multiplication  and  Division  "  (read  before  the  Institute  of  Actuaries, 
29th  April,  1896). 

'^Berichte  iiber  die  Verhandlungen  der  K.  Sachs.  (Gesellschaft  der  Wissen- 
schaften  zu  Leipzig,"  1896,  6,  6  ;  Leipzig,  1896. 

*<  Bulletin  of  the  American  Mathematical  Society,"  2nd  Series,  Vol.  n..  No.  6 ; 
New  York,  1896. 

"  Proceedings  of  the  Physical  Society,"  Vol.  xiv.,  Pt.  4  ;  April,  1896. 

**Rendiconto  dell'  Acoademia  delle  Sdenze  Fisiche  e  Matematiche,"  Serie  3, 
Tol.  n.,  Fasc.  2,  3 ;  Napoli,  1896. 

*'  Bulletin  des  Sciences  Mathdmatiques,"  Tome  xx. ;  Paris,  Fev.,  Mars,  1896. 

"  Tokyo  Mathematical-Physical  Society,"  MaM  No.  7,  Dai  4 ;  1896. 
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**  Bendiconti  del  Ciroolo  Matematioo  di  Palermo,"  Tomo  z.,  Faao.  3 ;  May- 
June,  1895. 

**Atti  della  Reale  Accademia  del  Lincei — ^Rendioonti,"  Vol.  v.,  Faso.  5,  6; 
Boma,  1896. 

Zeuthen,  H.  Gr. — '*  Om  den  Historiske  Udyikling  al  Matibematiken  som  exakt 
Videnskab  indtil  Udgangen    af   det    IS^^*'  Aarhnnderte "    (Indbydelseeakrift  til, 
Kjobenhavns    Universitets    Aarsfest   i  anledning  al  Hans    Majestat   Kongens 
Fcidselfidag  den  8<i«  April  1896). 

Zeuthen,  H.  G. — **Die  G^metrische  Construction  als  '  Existenzbeweis '  inder 
Antiken  Oeometrie"  (from  Band  ZLvn.  of  <*Math.  Annalen,"  pp.  222-228). 

**  Sitzungsberiolite  der  K.  Preuss.  Akademie  der  Wlasenscliaften  zu  Berlin,"* 
1896,  39-53,  and  Verzeichniss  der  Eingeg^angenen  Drucksohriften,  Titel, 
Inlialt,  &o. 

"  Educational  Times,"  April,  1896. 

**  Annals  of  Mathematics,"  Vol.  ix..  No.  6 ;  Vol.  x..  No.  1  ;  Virginia,  1896. 

**  Annales  de  la  Faculty  des  Sciences  de  Marseille,"  Tome  zv.,  Fasc.  4,  Tome  v.^ 
Fasc.  1,  2,  3  ;  1894-5. 

**  Annales  de  la  Faculty  des  Sciences  de  Toulouse,"  Tome  iz.,  Faso.  4  ;  Paris,. 
1895. 

**  Indian  Engineering,"  Vol.  xix.,  Nos.  8-13,  February  22nd  to  March  28th. 


On  the  Isomorphism  of  a  Ghroup  with  itself.     By  W.  Buenside^ 
Read  April  23rd,  1896.     Received  May  11th,  1896. 

The  conception  of  the  isomorphism  of  a  group  with  itself  is  not  a 
new  one,  but  it  is  onlj  recently  that  it  has  been  developed  in  any 
detail.  The  importance  of  the  conception,  both  for  the  general 
theory  of  groups  and  for  the  actual  construction  of  groups  from 
given  factor-groups,  is  obvious.  Indeed  the  latter  problem  cannot  be 
undertaken  till  all  possible  isomorphisms  with  themselves  of  the 
groups  involved  are  determined.  It  is  to  Herr  0.  Holder*  and 
Herr  G-.  Probeniusf  that  the  development  of  the  general  theory  of 

*  O.  Holder:  '*  Bildung  zusammengesetzter  Gknppen,"  Math.  Ann.,  xlti., 
pp.  321-422.  The  subject  is  also  refmred  to  in  a  paper  bj  the  same  author  in 
Math.  Ann.f  XLin. 

t  O.  Frobenius:  ''Ueber  endliche  Gruppen,"  Berliner  Sitzunffiberichte,  1895^ 
pp.  163-194 ;  and  «  Ueber  auflosbare  Oruppen  II.,"  id.,  pp.  1027-1044. 
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the  isomprphism  of  a  gronp  with  itself,  so  far  as  it  has  been  at 
present  carried,  is  due. 

In  the  first  part  of  the  present  paper  I  have  given  the  necessary 
definitions  and  general  explanations  to  make  -what  follows  self- 
contained;  in  the  second  part  three  general  theorems  connected 
with  the  isomorphism  of  a  group  with  itself  are  proved ;  and  in  the 
third  part  I  have  determined  the  groaps  of  isomorphisms  of  the 
classes  of  simple  groups,  soine  of  whose  properties  I  have  already 
investigated  in  Vol.  xxv.  of  the  Society's  Proceedings, 


I. 

Let  £^1  (=  1),  iSs)  ^8)  •••  Sy  ^0  ^^®  operations  of  a  group  of  finite 
order  N.  Then  it  is  in  general*  possible  to  arrange  these  operations 
in  a  different  way, 

Sli    02»    ft»     •••     Sjf, 

so  that,  if  Bp8^^  8rj 

then  8p8q  =  8t, 

whatever  p  and  q  may  be. 

Each  rearrangement  of  the  operations  of  the  group  which  possesses 
this  property  is  said  to  define  .an  isomorphism  of  the  group  with 
itself.  An  isomorphism  of  a  grqup  with  itself  is  thus  defined  by  a 
permutation  of  the  operations  of  the  group  which  leaves  the  multi- 
plication table  unchanged.  The  product  of  the  two  permutations 
(regarded  as  substitutions  performed  on  the  symbols  of  the  opera- 
tions) which  correspond  to  two  isomorphisms  is  a  third  permutation 
which  must  correspond  to  a  third  isomorphism,  since  the  multiplica- 
tion table  remains  unchanged.  This  third  isomorphism  may  be 
regarded  as  the  product  of  the  two  that  give  rise  to  it,  taking  account 
of  the  order  in  which  they  are  carried  out.  An  isomorphism  of  a 
group  with  itself  may  then  be  regarded  as  an  operation  performed 
on  the  group  ;  and  the  complete  set  of  isomorphisms  form  a  group, 
since  they  have  the  group  property  that  the  product  of  any  two  is 
one  of  the  set.  This  group  is  known  as  the  group  of  isomorphisms 
of  the  given  group. 


*  The  one  exoeptioii  is  the  group  of  order  2. 

2a2 
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If  8jt  be  any  operation  of  the  group,  then,  from 

SpSq  =  8ri 

Sg  SpSg.  8x  SqSg  ^  Sg  SrOg 
follows ;  and  therefore 

8r 


I        Si,  S„  ...  Ojf       \ 

^Ojs  SiSg,    Sg  S^Sxy  ...  Sg  SjfSu' 


defines  an  isomorphism. 

The  permutation  of  the  operations  of  the  group  in  this  case  is 
given  by  transforming  them  all  by  one  of  themselves.  Such  an 
isomorphism  is  known  as  a  cogredient  isomorphism,  and  any 
isomorphism  which  is  not  capable  of  being  generated  in  this  way  is 
called  a  contragredient  isomorphism. 

The  totality  of  the  cogredient  isomorphisms  clearly  form  a  group, 
and  Herr  Holder  shows  that  this  group  is  contained  self -con jugately 
in  the  group  of  isomorphisms.     Thus,  if 

be  used  as  an  abbreviated  symbol  for  the  isomorphism  defined  by 

/Si,    Sj,     ...     8y\ 
^Oi,    iS^,     ...     Syf 


then 


8" 


~\^.-'S'8'j'' 


for  the  isomorphism  that  changes  8  into  8'  must  change  8g  88g  into 
flC^S^Si.  Hence,  if  a  cogredient  isomorphism  be  transformed  by  any 
isomorphism,  the  result  is  another  cogredient  isomorphism ;  and 
therefore  the  cogredient  isomorphisms  form,  as  stated,  a  self -conju- 
gate sub-group  of  the  group  of  isomorphisms.* 


If 


8g8y  =  S,, 


•  O.  Holder  (toe,  eit.),  p.  326. 
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then    (  M(  r  )  =  (  f  )(  f-r-  ) 

\8:'S8j  ' 

and  therefore  the  group  of  cogredient  isomorphisms  of  a  group  0  is 
isomorphous  with  the  group  O  itself.  This  isomorphism  between 
the  two  groups  may  be  holohedric  or  merihedric.  If  O  contains  no 
self -conjugate  operation,  except  identity,  the  two  isomorphisms 

/      8     \        .     /     8 
W,'88j 

can  clearly  only  be  the  same  when 

8a  ^  Sy. 

In  this  case,  then,  O  is  holohedrically  isomorphous,  or  essentially 
identical,  with  its  group  of  cogredient  isomorphisms.  When  O  con- 
tains self-conjugate  operations  they  will  form  a  self-conjugate  sub- 
group JET,  and  the  group  of  cogredient  isomorphisms  of  0  is  identical 

with  the  factor  group 


and 
8x  88a'  8y  88^ 


(  ^   ) 


H 


If 


(?) 


be  any  isomorphism  of  a  group  G,  and  g  any  sub-group  of  (?,  the 
operations  of  g  will  by  the  isomorphism  be  changed  into  another  set 
of  operations  which  form  a  group  holohedrically  isomorphous  with  g. 
For,  if  r,  fi,  i  be  any  three  operations  of  g,  such  that 


then 


rs  =  ty 
rs  =  t. 


The  group  g'  into  which  g  is  thus  changed  by  the  isomorphism  may 
be  either  (i.)  identical  with  g,  (ii.)  identical  with  another  sub-group 
of  the  conjugate  set  to  which  g  belongs  within  O^  or  (iii.)  it  may  be 
one  of  a  set  of  conjugate  sub-groups  of  O  which  does  not  contain  g. 

When  g'  coincides  with  g  for  every  possible  isomorphism  of  the 
group  G,g  18  called  a  characteristic  sub-group  of  G.*  A  characteristic 
sub-group  of  6^  is  thus  necessarily  a  self -con jugate  sub-group  ;  but  a 
self- conjugate  sub-group  is  clearly  not  necessarily  characteristic. 


•  Cf,  Herr  Frobenius,  **  Ueber  endliohe  Gruppen,"  p.  183. 
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II. 

I.  If  J?"*  is  the  highest  power  of  a  prime  p  that  divides  the  order  of 
the  groap  0,  all  sab-gronps  of  O  of  order  j>"*  are  conjugate  within  (?. 
If,  then,  ^  be  a  sub-gronp  of  O  of  order  j>"*,  every  isomorphism  of  O 
mast  change  g  into  a  snb-groap  of  0  conjugate  with  g. 

Suppose,  now,  that  g  is  one  of  n(=2^  +  l)  conjugate  sub-groups, 
and  that  no  operation  of  0  transforms  each  of  these  n  sub-groups 
into  itself,  so  that  O  can  be  expressed  as  a  transitive  substitution 
group  of  n  symbols.  Every  isomorphism  of  0  must  interchange  the 
n  sub-groups  of  order  p"*  among  themselves ;  and  hence,  unless  an 
isomorphism  of  G,  other  than  identity,  changes  each  of  these  sub- 
groups into  itself,  the  group  of  isomorphisms  of  O  can  be  expressed 
as  a  transitive  substitution  group  of  degree  n.     Suppose,  if  possible, 

that  an  isomorphism 

8 


o 


of  0  does  transform  each  of  the  n  sub-groups  into  itself.  Then,  if  8 
transforms  any  one  of  them,  say  ^,  into  ^|,  8"  also  transforms  g  into 
^i.  Hence  8  and  8\  when  expressed  as  substitutions  performed  on 
the  n  symbols 

9y  9ii  9iy   •••  ^«-i» 


are  identical ;  and  therefore 


(I) 


is  the  identical  isomorphism. 

//,  therefore^  ^"*  is  the  highest  power  of  a  prime  p  that  divides  the  order 
of  Ot  and  if  G  contains  no  operation  which  is  permutahle  with  each  of 
the  kp^l  stih-groups  of  order  p"*,  then  the  group  of  isomorphisms  of  O 
can  he  ejepressed  as  a  transitive  group  of  degree  kp-^l, 

2.  An  isomoi*phism  of  a  group  G  which  changes  8  into  8'  must 
change  the  set  of  conjugate  operations  of  G  of  which  8  is  one  into 
the  set  to  which  8'  belongs.  The  cogredient  isomorphisms  of  G 
change  each  set  of  conjugate  operations  into  itself.  If  now  I  is  any 
isomorphism  of  G  which  changes  each  set  of  conjugate  operations  of 
G  into  itself,  and  J  is  any  isomorphism  whatever  of  (?,  the  iso- 
morphism J*" 'JJ*  must  change  each  set  of  conjugate  operations  into 
itseU.     Henoe  those  isomorphisms  of  G  which  change  each  conjugate 
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«et  of  operations  into  itself  form  a  self-conjugate  sub-group  of  the 
<x>mplete  group  of  isomorphisms ;  and  this  sub-group  is  either 
identical  with  or  contains  the  group  of  cogredient  isomorphisms. 
If  this  sub-group  of  the  group  of  isomorphisms  be  denoted  by  K,  and 

the  group  of  isomorphisms  itself  by  L,  the  factor  group  — -  is  the 

(intransitive)  substitution  group  of  the  conjugate  sets  of  operations 
of  G  (each  set  being  regarded  as  a  single  entity)  which  arises  from 
<»irrying  out  all  possible  isomorphisms  of  0, 

It  is  easy  to  show  that  K,  supposing,  if  possible,  that  it  is  not 
identical  with  the  group  of  cogredient  isomorphisms  of  O,  cannot 
contain  any  operation  whosd  order  is  relatively  prime  to  the  order 
of  G.  Thus,  if  K  contains  such  an  operation,  there  must  be  an 
isomorphism 

8 


(.1) 


•of  (t,  of  prime  order  q  (not  a  factor  of  N,  the  order  of  G),  which 
changes  each  conjugate  set  of  operations  of  G  into  itself.  This 
isomorphism  may  be  regarded  as  an  operation  Q  which  transforms 
G  into  itself,  so  that  the  group  [Q,  G]  generated  by  Q  and  G  is  of 
order  qN,  and  contains  G  self-conjugately. 

If  6'  is  one  of  a  set  of  m  conjugate  operations  in  G,  it  is  also  one  of 
a  set  of  m  conjugate  operations  in  {Q,  G^,  and  therefore  in  [Q,  G] 
it  must  be  permutable  with  some  operation  of  order  g.  Hence  every 
operation  of  G  is  permutable  in  [Q,  G]  with  some  operation  of 
order  q.  It  follows  that  the  sub-group  of  {Q,  G]  which  is  per- 
mutable with  a  given  operation  of  order  q  must  contain  operations 
belonging  to  every  conjugate  set  in  G,  and  therefore*  must  contain  G 
itself.  Hence  Q  is  permutable  with  every  operation  of  Gy  and  the 
isomorphism  given  by  Q  is  the  identical  isomorphism,  contrary  to 
supposition. 

It  follows  at  once  that  an  isomorphism  of  G  whose  order  contains 
s,  factor  relatively  prime  to  the  order  of  G  must  interchange  some  of 
the  conjugate  sets  of  operations  of  G. 


*  A  sub-group  if  of  a  group  G  cannot  contain  operations  belonging  to  eveiy 
conjugate  set  in  O.  For,  S  it  did,  the  set  of  conjugate  groups  of  which  H  is  one 
would  contain  all  the  operations  of  G.  This  is  impossible,  since  the  number  of  dis- 
tinct operations  in  this  set  of  conjugate  sub-groups  is  less  than  the  order  of  G. 
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3.  A  simple  gronp  has  no  self-conjugate  sub-gronp,  and  therefore 
no  characteristic  sub-group.  Let  Ghe  &  group  which  is  not  simple, 
and  at  the  same  time  has  no  characteristic  sub-gronp,  and  let  JET  be  a 
minimum  self -con  jugate  sub-groap  of  O,  i.e.,  a  self -con  jugate  sub- 
group of  0  such  that  no  self -con jugate  sub-group  of  O  of  order  lesa 
than  the  order  of  H  is  contained  in  JET.  Since  H  is  not  a  charac- 
teristic sub-group  of  O,  there  must  be  an  isomorphism  of  O  which 
changes  H  into  another  sub-group  JET,,  also  necessarily  self -conjugate. 
Now  H  and  JETi  can  have  no  common  sub-group  except  identity ;  for, 
if  they  had  such  a  sub-group,  it  would  be  a  self -conjugate  sub-group 
of  G  and  would  be  contained  in  JET,  contrary  to  supposition.  Since 
JET  and  JET,  are  both  self -con jugate  sub-groups  of  G,  every  operation  of 
H  transforms  H^  into  itself,  and  conversely.  Hence,  by  a  theorem 
due  to  Herr  W.  Dyck,*  every  operaidon  of  fl"  is  permutable  with 
every  operation  of  Hy     Now,  let 

H,  fl"i,  flj,  ...  jEr„., 

be  the  complete  set  of  groups  into  which  H  is  changed  by  the 
isomorphisms  of  G.  Then  every  operation  of  any  one  of  these  groups 
is  permutable  with  every  operation  of  any  other,  and  G  must  consist 
of  the  direct  product  of  such  of  these  groups  as  are  independent,  for, 
if  {H,  JETj,  ...  Hn-i]  is  not  G,  it  is  a  characteristic  sub-group  of  G, 
If,  further,  H  were  not  a  simple  group,  a  self -conjugate  sub-group  h 
of  H  would  be  a  self -con jugate  sub-group  of  G ;  for  h  is  transformed 
into  itself  by  every  operation  of  JET,  while  every  operation  of  ^  is  per- 
mutable with  every  operation  of  JET^  (r  =  1,  2,  ...  n— 1).  Hence,  if 
H  were  not  a  simple  group,  it  could  not  be  a  minimum  self-conjugate 
sub-group  of  G. 

It  follows  therefore  that : — 

A  group  which  has  no  characteristic  sub-group  is  either  simple  or  is 
generated  by  n  hohhedrically  isomorphous  and  independent  simple 
groups,  every  operation  of  any  one  of  which  is  permutable  with  every 
operation  of  any  other. 

When  the  simple  groups  are  of  prime  order  ^,  the  group  thus 
generated  is  an  Abelian  group  of  order  jp**  all  of  whose  operations  are 
of  order  p.     If  the  simple  groups  are  of  composite  order  N,  the  group 


*  Cf.  ''Grappentheoretiflche  Studien,"  Math,  Ann,,  xz.  If  A  and  B  are  any 
operations  of  M  and  Mi  respectlYely,  then  AJBA-^B-^  belongs  to  both  and  is 
therefore  identity,  so  that  A  and  B  are  permutable. 
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of  order  N**  generated  by  them  has  no  self -conjugate  operation  except 
identity.  In  either  case  the  type  of  groups  arrived  at  is  that  which 
occurs  at  the  last  step  but  one  when  the  chief  composition-series 
(Hauptreihe)  of  any  group  is  formed. 

4.  Suppose,  now,  that  G^  is  a  group  which  has  no  characteristic* 
sub-group,  and  that  L  is  the  group  of  isomorphisms  of  G.  When 
the  order  of  G^  is  not  the  power  of  a  prime,  L  will  contain  a  self- 
conjugate  sub-group  which  is  holodedrically  isomorphous  with  0, 
namely,  the  group  of  cogredient  isomorphisms  ;  and  this  may  without 
risk  of  confusion  be  denoted  by  0,  If  O  is  not  a  characteristic  sub- 
group of  Xr,  let  (/  be  a  sub-group  with  which  0  is  conjugate  in  the 
group  of  isomorphisms  of  L,  so  that  0'  is  also  a  self -conjugate 
sub-group  of  L.  Then,  if  O  and  G*  have  a  common  sub-group  g, 
other  than  identity,  ^  is  a  self -conjugate  sub-group  of  L,  and  there- 
fore a  characteristic  sub-group  of  G,  contrary  to  supposition.  Hence 
G  and  ff  can  have  no  common  sub-group  other  than  identity,  and 
therefore,  by  the  theorem  of  Herr  Dyck  already  quoted,  every 
operation  of  G'  is  permutable  with  every  operation  of  G.  But  this 
again  is  inconsistent  with  ff  being  a  sub-group  of  L,  since  every 
operation  of  L  gives  a  distinct  isomorphism  of  G.  Finally,  then,  G 
is  a  characteristic  sub-group  of  Z. 

If,  now,  L  is  susceptible  of  a  contragredient  isomorphism  J,  such 
an  isomorphism  must  interchange  the  operations  of  G  among  them- 
selves, and  therefore  as  regards  these  operations  it  must  effect  the 
same  change  as  a  suitably  chosen  cogredient  isomorphism  J  of  L. 
Hence  IJ~^  must  be  a  contragredient  isomorphism  of  L  which  leaves 
every  operation  of  G  unchanged.  If,  then,  8  is  any  operation  of  L 
which  the  isomorphism  IJ~^  changes  into  S\  while  B  represents  in 
turn  each  operation  of  G,  then  IJ~^  changes 

S'BS    into     S'-'BS', 

so  that  these  operations  of  G  are  identical.  Hence  S  and  S*  effect 
the  same  isomorphism  of  G,  or,  in  other  words,  8  and  8*  are  identical. 
The  isomorphism  IJ'^  of  Z  is  therefore  the  identical  isomorphism, 
and  this  is  not  consistent  with  the  assumption  that  J  is  a  contiu- 
gredient  isomorphism.  Hence,  finally,  the  group  L  admits  of  co- 
gredient isomorphisms  only. 

Suppose  next  that  G  is  an  Abelian  group  of  order  j?",  which  has 
no  characteristic  sub-group,  and  that  L  is  the  group  of  isomorphisms 
of  G.  Since  G  is  Abelian,  the  cogredient  isomorphisms  reduce  to  th& 
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identical  isomorphism  only,  and  L  wUl  contain  in  this  case  no  snb- 
gronp  isomorphons  with  0.    If,  however, 

S,(=l),  S.,  ...  S„        (N^p'), 

are  the  operations  of  0,  eacli  operation  of  L  can  be  expressed  in 
the  form  of  a  substitution 

while  each  operation  S,  of  0  can  be    expressed  in  the  form  of  a 
substitution 


(sfSfJ* 


88, 

If,  when  the  operations  of  L  and  0  are  thus  expressed,  these  groups 
are  referred  to  as  L^  and  (?i,  then  [Xr„  0^]  contains  Oi  self- 
conjugately.     For 

\8')     VSsJvSV  "^  ^8^8')  ^  \88:r 

which  shows  not  only  that  Oi  is  contained  self-conjugately  in 
{i/i,  67,},  but  also  that  the  result  of  transforming  the  operations  of 
Oi  by  any  operation  of  Xtj  gives  rise  to  that  isomorphism  of  0  which 
the  corresponding  operation  of  L  actually  represents. 

The  group  {L,,  ^i}  is  clearly  the  most  general  group  that  con- 
tains 6?i  self-conjug^tely,  so  that  no  operation  of  the  group  which  is 
not  contained  in  67i  is  permutable  with  every  operation  of  Gj.  For, 
if  S  were  any  operation  not  contained  in  [L^y  Gi]  which  transforms 
0^  into  itself,  S  would  transform  the  operations  of  Gi  in  the  same 
way  as  some  operation  8  of  [L^,  (?,],  and  therefore  1,8'^  would  be 
permutable  with  every  operation  of  Gi.  The  group  {L,,  (?,j  thus 
arrived  at  is  obviously  identical  with  the  general  linear  group  defined 
by  the  congruences 


•••  •••         •••         •••  ••• 


mod.  p, 


*  Cf,  Herr  W.  l^ok,  "  Gruppentheoretische  Studien  II.,"  Math.  Ann.^  xzn., 
j>.  86,  and  Herr  G.  Frobenioa,  **  Ueber  endlicheGnxppen,"  Berliner  SitzungtberiehUy 
1896,  p.  184. 
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It  may  now  be  shown,  by  precisely  the  same  reasoning  as  in  the 
previous  case,  that  G^  is  a  characteristic  sub-group  of  [L^,  Oi], 
Every  isomorphism  of  [L^  Oi]  therefore  transforms  Gi  into  itself. 
But  the  group  contains  just  p^  operations  of  order  2,  each  of  which 
transforms  every  operation  of  Oi  into  its  own  inverse.  Hence  every 
isomorphism  of  the  group  must  transform  these  j?"*  operations  among 
themselves.  Since  [L^,  Gi]  can  itself  be  expressed  as  a  transitive 
group  of  degree  p"*,  it  follows,  exactly  as  in  the  first  part  of  Section  II., 
that  its  group  of  isomorphisms  can  also  be  so  expressed.  If  now 
there  are  contragredient  isomorphisms,  the  group  of  isomorphisms 
must  contain  operations  which  are  permutable  with  every  operation 
of  Gy  But,  when  expressed  as  a  transitive  group  of  degree  j?"*,  the 
only  operations  permutable  with  every  operation  of  Gi  are  its  own 
operations ;  and  there  can  therefore  be  no  contragredient  isomor- 
phisms. It  is  assumed  here  that  p  is  an  odd  prime,  but  when  p  ia  2 
there  is  no  difficulty  in  showing  that  the  same  result  holds  by 
considering  the  operations  of  Lj  of  order  2"*— 1.     Hence,  finally, 

If  G  is  a  group  which  has  no  characteristic  sub-group^  and  if  K  is  the 
group  of  greatest  order  that  contains  G  self-conjugately,  while  at  tJie  samie 
time  no  operation  of  K  not  contained  in  G  is  permutable  with  every 
operation  of  G,  then  the  group  K  is  capable  only  of  cogredient  iso^ 
morphisms  and  it  contains  no  self-conjugate  operation  except  identity. 

To  a  group  which  only  allows  of  cogredient  isomorphisms  and 
contains  no  self -conjugate  operation  except  identity,  Herr  Holder 
has  given  the  name  vollkommene  Gruppe  (loc.  cit,,  p.  325).  Such  a 
group  I  propose  to  call  a  complete  group.  The  importance  of  com- 
plete groups  in  the  theory  of  the  composition  of  a  group  depends  on  a 
theorem  due  to  Herr  Holder  (loc.  ciY.),  which  maybe  stated  as  follows : — 
If  a  complete  group  H  is  contained  self -con jugately  in  a  group  0, 
then  G  is  the  direct  product  of  H  and  some  other  group  K ;  i.e.,  G  is 
generated  by  H  and  K  where  every  operation  of  fi"  is  permutable 
with  every  operation  of  K,  while  H  and  K  have  no  common  operation 
except  identity. 

I  may  point  out  here  that,  if  G  is  any  Abelian  group  and  L  the 
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group  of  isomorphiBins  of  G,  a  groap  {Lj,  63^1}  may  be  formed,  exactly^ 
as  above,  which  contains  Oi  self-conjngately,  and  at  the  same  time 
contains  no  operation  permntable  with  every  operation  of  Oi  except 
the  operations  of  Oi  itself.  Such  a  group  will  not,  however,  in 
general  be  a  complete  group,  nor  will  Oi  in  general  be  a  charac- 
teristic sub-group  of  it. 

III. 

In  a  paper  on  "A  Class  of  Simple  Groups  defined  by  Congruences,'*' 
in  Vol.  XXV.  of  the  Society's  Proceedings,  T  have  investigated  some  of 
the  properties  of  certain  simple  groups  of  orders  2'*(2'*— 1)  and 
ip"  (i'**"~l)»  P  being  an  odd  prime.  These  include  as  a  particular 
case  (n  =  1)  the  groups  of  the  modular  equations  the  groups  of 
isomorphisms  of  which  have  been  determined  in  the  memoir  by  Herr- 
Holder  referred  to  above.  I  propose  here  to  determine  these  groups 
of  isomorphisms  whatever  n  may  be. 

It  is  shown  in  my  paper  (Vol.  xxv.,  p.  119)  that  the  simple  group 
H  of  order  ^p*"  (j?*"— 1)  contains  p"+l  conjugate  sub-groups  of  order- 
2?*,  and  therefore,  by  the  first  result  in  Section  II.,  the  group  of  iso- 
morphisms L  oi  H  can  be  expressed  as  a  transitive  group  of  degree 
2?*+l.  Now  H  is  contained  self -con jngately  in  a  group  G  of  order- 
2?"(p^— 1)  which  can  be  expressed  as  a  triply-transitive  group  of 
degree  p**-|-l,  containing  no  operation  permutable  with  every  opera- 
tion of  H,  Hence  L  must  either  be  identical  with  or  must  contain 
0,  and  its  order  must  be  j?"  (2?**— 1)  m.  If  8  is  any  operation  con- 
tained in  L  and  not  in  JET,  it  is  always  possible,  since  H  is  doubly 
transitive,  to  find  an  operation  8"  oi  H  such  that  SB*  keeps  any  two 
given  symbols  fixed. 

Suppose,  then,  that  SS*  keeps  the  symbols  a  and  h  fixed.  The  sub- 
group of  H  which  keeps  a  fixed  consists  of  an  Abelian  sub-group  P' 
of  order  p",  all  the  operations  of  which  are  of  order  p,  and  p"  cyclical 
sub-groups  of  order  J  (p"— 1)  each  keeping  a  and  one  other  symbol 
fixed.  One  of  the  latter,  say  Q,  will  keep  a  and  b  fixed,  and  it  con- 
sists of  all  the  operations  of  H  which  keep  a  and  h  fixed.  Hence  SS" 
must  transform  the  sub-groups  P  and  Q  into  themselves,  and,  since 
every  operation  of  P  displaces  all  the  symbols  except  a,  88'  cannot 
be  permutable  with  every  operation  of  P.  A  superior  limit  to  2m  is 
therefore  obtained  by  finding  the  greatest  sub-group  of  the  group  of 
isomorphisms  of  P  within  which  a  cyclical  sub-group  of  oi'der 
I  Cp"— 1)  is  self -conjugate. 
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It  is  shown*  in  my  former  paper  (pp.  138,  139)  that  the  group  of 
isomorphisms  of  P  is  identical  with  the  linear  group 

a?;  =  c4iaJi+<H|iB,+ ...  -^a^Xn,  I  ^^^ 


«!,=  nniaJi  +  a«2«i  -|-...+a„Ha?, 


N} 


Now  the  multipliers  of  an  operation  of  order  j  CP**— 1)  of  the  linear 
group  are  of  the  form 

\\  \\  ...  X*""\ 

where  X  is  a  primitive  root  of  the  congruence 

Xp»-i_l=0,         mod.  2?. 

By  bringing  the  operation  to  its  canonical  form,  it  may  be  shown 
immediately  that  it  is  only  permutable  with  the  operations  which 
have  the  same  fixed  (imaginary)  symbols  as  itself,  and  these  form  a 
cyclical  sub-group  of  order  ^"—1,  generated  by  an  operation  whose 
multipliers  are 

X,  \^,  ...  X'"~\ 

Moreover,  the  multipliers  of  the  operations  of  order  \  (jp**— 1)  being 
all  different,  I  have  shown  {Froc.  Land,  Math,  Soc.,  Vol.  xxvi.,  p.  64) 
that  the  operation  is  conjugate  with  every  operation  that  has  the 
same  multipliers.  If,  then,  2  is  an  operation  of  the  linear  group  of 
order  ^{p**—l),  S  is  permutable  only  in  a  cyclical  sub-group  of 
order/?*— 1,  while 

2,  S^  S'',  ...  5*^-' 

have  the  same  multipliers  and  are  therefore  conjugate  operations. 
Hence  the  sub-group  of  order  |  (jp"— 1)  generated  by  2  must  be  con- 
tained self-conjugately  in  a  sub-group  of  order  (j?*— l)n,  and  is 
contained  self-conjugately  in  no  greater  sub-group.  Finally,  then, 
m  cannot  exceed  n,  and  the  order  of  L  cannot  exceed  j?"  (j^ — 1)  n. 

That  the  order  of  L  actually  has  this  valu6  may  be  verified  by 
direct  calculation.  The  group  H  is  generated  (Vol.  xxv.,  p.  117) 
by  the  operations 

z  = ,     /  =  «-|- 1,     «  =  X'«, 


*  Cf.  alao  Dr.  Cole,  Bulletin  of  the  Neu)  York  MathenuUieal  Society ^  2iid  Series, 
n.,  2. 
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and  the  group  0  by 

/  =  — ,     /  =  i5+l,     /sXz, 
z 

where  X  is  a  primitive  root  of 

Xi^-i_l  =  0,        mod.^. 

Now  the  operation  /,  e  =  s^, 

is  of  order  n,  and  it  transforms  the  groups  H  and  O  into  themselves. 
This  may  be  shown  directly  by  transforming  the  generating  opera* 
tions.     Moreover,  it  is  easy  to  see  that  no  operation,  of  the  form 

where  o,  jS,  y,  i  are  powers  of  X,  which  results  by  combining  a  power 
of  J  with  any  operation  of  O^  is  permutable  with  every  operation  H; 
and  therefore  every  operation  of  {•/",  0],  or  L,  whose  order  is- 
^  (p*»— 1)  n  represents  a  distinct  isomorphism  of  JET. 

The  operations  /  =  Xc    and    /  =  Jif 

being  represented  by  8  and  /,  8 J  and  JiS  are  given  by 

/sXV    and    «  =  Xb', 
so  that  JiS  =  S/i8^-^ 

and  8^''  is  an  operation  of  H.     Also  the  operation  fifj^  cannot  belong  to- 

JJ,  unless  r  is  a  multiple  of  n.  Hence  the  factor  group  -=  is  the  direct 

product  of  two  cyclical  groups  of  orders  2  and  n.     In  particular,  if  n 

is  odd,  the  factor  group  —  is  a  cyclical  group  of  order  2n. 

The  simple  group  of  order  2"  (2^—1)  (Vol.  xxv.,  p.  118)  contains 
2**  +  !  conjugate  sub-groups  of  order  2",  and  can  be  expressed  as  a 
triply-transitive  group  of  order  2~4-l.  Its  isomorphisms  may  be 
determined  exactly  as  in  the  case  just  considered,  with  the  exception 
that  the  simple  group  is  here  the  analogue  of  the  group  G  of  the 
previous  case.     The  result  is  to  show  that  the  group  of  isomorphisms 

Xr  is  a  group  of  order  2"  (2*"—  1)  n,  and  the  factor  group  —  of  order 
n  is  cyclical. 
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Among  the  simple  groups  of  order  Jp**  (l>*"""l)  ^©re  dealt  with 
the  particnlar  case  p*  =  3*  gives  the  alternating  group  of  degree  6. 
Herr  Holder  in  his  memoir  already  quoted  determines  the  group  of 
isomorphisms  of  the  alternating  group  for  all  degrees,  and  he  finds 
that,  as  compared  with  all  others,  the  alternating  degree  of  degree 
6  behaves  in  an  exceptional  manner  and  requires  special  treatment. 
There  is  no  reason  to  regard  the  alternating  groups  of  different 
degrees  as  characterized  by  common  group  properties,  in  the  same 
sense  that  the  groups  of  the  modular  equations  for  prime  transfor- 
mations are ;  though,  no  doubt,  they  have  some  common  properties 
which  make  it  convenient  to  deal  with  them  as  a  class.  When  con- 
sidered as  one  of  a  class  with  which  it  is  connected  by  common  group 
properties,  it  is  here  seen  that  the  alternating  group  of  degree  6  does, 
not  behave  in  an  exceptional  manner. 
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Since  Abel's  discovery*  of  the  analogy  which  exists  between  the 
problem  of  the  equisection  of  the  lemniscate  and  the  division  of  the 
circumference  of  a  circle  into  equal  parts,  the  lemniscate  problem 
has  attracted  a  good  deal  of  attention  :  in  particular,  reference  should 
be  made  to  Schwering's  important  papers  in  Grelle*8  Joumal,  Vols, 
cvii.,  ex.  But  these  researches  are  mainly  analytical,  and  there  is  a 
certain  interest  in  trying  to  develop  the  geometrical  theory  proper, 
so  as  to  give  the  actual  results  for  the  section  of  the  real  period  in  a 
form  suitable  for  geometrical  construction.  To  do  this  in  some  of 
the  simpler  cases  is  the  object  of  the  present  paper :  the  elements  for 
the  construction  are  found  by  analysis,  and  this  is,  of  course,  a  kind 
of  imperfection  ;  but  it  is  possible  that  the  possession  of  explicit  real 
formulaa  which  can  be  at  once  translated  into  geometry  may  lead  to 
a  purely  geometrical  method,  at  least  when  the  section  by  rule  and 
compass  is  possible. 


*  Gaufis  was  undoubtedly  familiar  with  the  theory :   see  Disq,  Arith,,  Art.  335, 
and  Werkfy  nz.,  p.  404  and  following,  with  the  editorial  note,  p.  496. 
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In  order  to  follow  out  this  idea  consistently,  we  avoid  the  theory 
-of  complex  mnltiplication,  and  take  the  modolns  to  be  — r^,  so  that 


y2 


the  elliptic  functions  to  be  employed  are  those  defined  by 


sn"'a5 


dx 


o^(l-aj')(l-4aj')' 

dx 
o^/(l««')(l-iaO' 


and  the  problem  is  to  find  the  elliptic  functions  of  the  arguments 
,  where  r,  n  are  real  integers. 


n 


If  we  take  the  lemniscate 

r*  =  a'  cos  2a, 
the  arc  measured  from  the  vertex  is 


8 


H 


de 


^^2),  yi^isin' 


where 
If  we  put 

then 


sin  ^  =  y/2  sin  $, 

8V2 


* 


a 


=  u,     ^  =  am  u. 


sin  0  =  — ~  sn  u,     cos  0  =  dn  u, 


and  the  whole  length  of  the  lemniscate  is 

4Ka 


•2 


=  L, 


T  AJ^ 

•say.     Hence,  if  «  =  — ,  where  n  is  a  real  integer,  u  =  —  ;  it  is  con- 

n  n 

venient,  however,  to  consider  2Sr,  not  AK^  as  a  period,  so  that  the 

pi-oblem  of  n-section  is  to  be  understood  as  primarily  the  question  of 

finding  the  elliptic  functions  of  — . 

Following  Halphen  {Fonc.  Ell,  i.,  p.  10 ;  »ii.,  p.  386),  let 
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80  that  17  s=  0,  7=0  represent  two  circles.    Then  the  discriminant 
of  kU-V  is 

and  hence,  in  Halphen's  notation, 

*• Bi ' 


A.= 


k,= 


_E'+2r'- 


o« 


B« 


B* 


The  condition  that  the  elliptic  functions  associated  with  the  pair 

of  circles  may  be  to  modulns  —r^  is  found  to  be 

V  2 


and  hence,  patting 


we  have 


B 


=  c, 


All  =  3(1- 2c), 
A:3=3-12c  +  c», 
k^  =  1— 6c+c', 


and  Halphen's  invariants  X,  Y,  calculated  by  the  corrected  formnla 
(Z.c,  II.,  p.  649), 

are  in  the  present  case 

Y_(3-24c-h6c'-c*)' 
2«(1 -6c+c»)*     ' 


r  = 


l-12c4-5c'-5c*-fl2c'^~c^ 
2»(l-6c+c»)« 


It  is  convenient  to  change  the  parameter  to  (2,  where 

1-c      E-5 


(i  = 


1+c      JB+3' 
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the  new  values  are 

2*(l+d)*(l-2(i«)*' 

2(l+d)«(l-2c?)«* 
If  now  we  solve  the  equations 

Z  =  0,    r=o,    Z-Y=0,  ... 
(see  Halphen,  ii.,  p,  377),  the  corresponding  valnes  of  d  are  those  of 

n 

for  n  =s  3,  4,  5,  &o, ;  the  positive  real  integers  r,  s  assume,  indepen- 
dently of  each  other,  the  values  0,  1,  2  ...  n—l  with  the  following 
limitations : — 

If  n  is  odd,  the  combination  (0,  0)  is  excluded ; 

If  n  is  even,  the  combinations  (0,  0),  (0,  |^),  (|n,  0)  are  to  be 
excluded. 

Further,  it  is  to  be  remembered  that  the  combinations  (r,  «), 
(n^r,  n—s)  lead  to  the  same  value  of  d,  and  this  only  occurs  once 
in  the  equation  we  have  to  consider.     Moreover,  when  n  is  even,  (r,  s) 

coincides  with  {n—r,  n—s)  for  r  =  «  =  — -. 
Therefore  the  degree  of  the  equation  in  d  is 

J  (n*—  1)  if  w  is  odd, 
^n'— 3        if  n  is  even. 

« 

If  n  is  composite,  the  rf-equation  contains  irrelevant  factors  arising 

from  the  divisors  of  n,  but  by  taking  the  cases  in  their  natural  order 

these  can  be  eliminated  as  they  arise.     Let  the  final  equation,  cleared 

of  these  factors,  be 

F  (d)  =  0. 

Then  all  the  equations  F{d)  =  0  are  irreducible  in  the  ordinary 
domain  of  rationality,  that  is,  in  the  domain  of  ordinary  rational 
numbers ;  but  they  are  all  Abelian,  and  therefore  are  algebraically 
solvable.  The  questions  that  have  to  be  answered  relate  to  the 
groups  of  the  equations,  and  the  arithmetical  nature  of  the  irrational 
quantities  which  the  roots  necessarily  involve. 
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First,  as  to  the  groups.  In  the  complex  theory  all  the  roots  are 
arranged  in  an  Abelian  cycle,  and  this  is  farther  sub-divided  into 
minor  groups.  At  present  we  are  concerned  with  the  real  roots,  and 
it  is  clear  that  these  form  an  Abelian  cycle  of  their  own,  when  n  =  j>, 
an  odd  prime.  If  ^  is  a  primitive  root  of  p,  the  quantities  we  want 
to  find  are 

P  p  2p 

and  these  are  identical,  save  as  to  order,  with 

on  — ,     an-^ — ,     dn-^^ — ,   •••   dn -^^ , 


and,  if  we  now  write 


we  have 


ill- 

9 

P 

uu— ■ ,     , 

P 

P' 

=  i  (F-i), 

d. 

p 

dr 

=-»w. 

dt 

=  ■»  (d,). 

d^-, 

=  -»(d^-,), 

d. 

=  d^ 

=■»  (<^m), 

p 


where  S  denotes  a  rational  function,  which  can  be  obtained  by  the 
multiplication  theorem.  Of  course,  in  practice,  the  smallest  value 
of  ^  is  the  most  convenient. 

All  this,   and    much  besides,    is  illustrated   by  the  worked  out 
examples  which  follow. 

I.  n  =  3. 

The  equation  is  Z  =  0,  which  may  be  written  in  the  form 

2(d'+d-i)'  =  |; 
whence  (2d+ 1)'  =  3  ±2^3, 


i=H-l±^3±2y3}. 


The  real  roots  are 

2K 


d<,  =  dn^=i  {-H-^/3+2v'3} 

=  f  I  -1  + 1/^3  ^5^^^  }  =  -77123  =  008  39°32'8', 
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and 


4fiK 


4;  =dn3!^  =  i  {-1-^3+2^3} 

=  »{-'-v^^} 


The  other  roots  are  given  by 
and  correspond  to  the  argpiments 


v^3-l 

^2 


}. 


(2-f  40  K      (4-f  4t)  K 
3         '  3 

II.  n  =  4. 

The  equation  is  Y  =  0,  or 

d  (1-2(2*)  =  0; 


whence 


(2  =  0,     d=  — ,     ±  -* 


V2' 


corresponding  to  the  arguments 


(1+0 ff,  |,  f +2^b:,    <^-^|^')^, 


(l+2t)^ 


respectively. 
If 


^«^  =  rr€ 


y2' 


^  =  32^  46'  54", 
and  f  may  of  coarse,  as  in  the  last  case,  be  constructed  geometrically. 

III.  n  =  5. 

This  is  the  first  case  of  special  interest,  and  requires  discussion  in 
detail. 

The  equation  is  Y—  X  =  0, 

or  (l+2(i-4(l»-2(2*)»-8(2(l+(i)»(l-2(?)«(l-2(2*)  =0, 

which  is  of  the  twelfth  degree.      The  two  real  roots  we  have  to 

discover  are 

,       .    2K       ,        ,   4K 
<^  =  dn— ,    (i,  =  dn  — . 
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Now,  sinoe  dn  (2K^u)  =  dn  ti, 

and  8^=25:-^, 

5  5 

it  follows  that  (2,,  d^  form  an  Abelian  cycle  of  two  terms ;  and,  by 
applying  the  duplication  formula,  we  find  that 

and,  similarly,      di=z&  (dj). 

Now,  let  a^,  2^  be  the  roots  of  a  quadratic  equation 

and  suppose  a^^S  (aj,),    a^  =  ^  (ajj), 

&  being  as  above  defined.     Then,  since 

b  ,  b 

Xt  =  —     ana    a^  =  —  , 

a-,  aji 

*  •  •        .  ■  •  . 

it  follows  that  a^,  a^  both  satisfy 

b  _  a/^N_      l-2a^-f2a;* 

Hence  the  polynomial 

2aJ»+ 25a;*-2a^— 45aj'+a;+ 6 
must  be  exactly  divisible  by  a^+aa;+&.     This  leads  to  the  conditions 

*^*  (a'+l)(a«+a-l)«  =  0 (i.), 

and  that  5  is  a  common  itx)t  of 

2  (a+1)  6*-2  (a'-l)  6-(a-l)  =  0  (ii.), 

26«-2(a*+2a-2)6  +  (2a»-2a+l)  =0  (iii.). 

The  solutions  are  as  follows — 

a=3i±^,    26'+(3-^/5)6+(^/5-2)  =  0, 
^__1_V5^    26'+(3+y5)6-(v'6+2)  =  0, 
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and  botli  roots  of  eacli  quadratic  are  available,  because  for  these  two 
values  of  a  the  equations  (ii.)  and  (iii.)  are  identical. 

The  solution  of   2V + (3  -  -v/5)  5  +  (  ^5  -  2)  =  0 

-3-f  >/5±y30-14A/6 

IS  D  =  ■ 3 

4 

_  ^34- V5-fcty5  (3-^/5) 

4 

and  that  of  the  other  quadratic  is 

^_  ~3-A/5=fct/5(3+v/5) 

4 

so  that  altogether  there  are  six  quadratics  in  x,  namely, 

2iB»4.2taj-(l-0  =  0 (1), 

2aj»-2Mj-(l+t)  =  0 (2), 

4a:^+2(>/5-|-l)a;-3-f  >/6±»(3-'/5)t/5  =  0 (3,4), 

4aj»-2(>/5  +  l)a!-3-v'6±  (3-f  ^/5)  t/5  =  0 (5,  6). 

These,  then,  are  the  six  quadratic  factors  of  the  orig^al  equation 

in  X, 

The  only  quadratics  which  can  have  real  roots  are  the  last  pair. 

Ghoosimr 

^     4a:»-2(A/5-fl)«-3->/5+(3+y5)y5  =  0, 

we  have        (4a;-  ^5-1)*  =  6  (3+  v'6)-4  (3+  v^S)  yS 

=  (y6  +  l)'{3-2y5j; 

and  therefore  x  =  ^^"^^  [1  ±  \/3-2t/6} . 

Both  the  roots  are  real  positive  proper  fractions,  and  therefore 
correspond  to  the  arguments  — - ,  — -  respectively. 
It  may  be  observed  that 

^5  +  1  ir 

and  that  v^3— 2  ^5  is  an  algebraical  unit. 
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It  is  easy  to  see  how  the  values  of  x  may  be  oonstmcted  geometri- 
cally. 

The  numerical  values  are 

X,  =  -8870484  =  cos  27^  29' 43", 

aj,  =  -7309856  =  cos  43^  1'  52". 

For  the  sake  of  comparison  we  will  consider  the  quinquisection 
problem  in  the  light  of  the  complex  theory.  Here  the  divisor  is,  in 
the  first  instance,  not  5  but  1  -f-  2t,  and  the  solution  depends  upon 
any  one  of  the  equations 

sn(l+2t)tt  =  0, 

dn(H-2i)i*  =  ±l, 

en  (1-1-20  tt  =  ±l. 

Now,  if  we  make  use  of  the  formulae 

isnn                        1         J     .         dnu 
sn  It*  = ,     en  «tt  = ,     an  tti  = , 

en  ti  en  ii  en  ii 

the  addition  theorem  gives 

/-t  i^\     _  2  (sn u  dn 2m -hi  en tt  dnu  sn 2u  en 2u) 
I   +     ;«—  2cn«2tt  +  sn*ttsn*2tt 


sn 


_.  P  (sn  u) 
Q  (sn  u) ' 

where       P  («)  =  -«  {(1-20  aj«-2(l-7t)  a!«-|- (1-320  a^ 

-|-4(l  +  70a!'-4(l+20}, 
Q  (x)  =  5aj«-2ac«+2ac*-16aj'+4. 

We  know  from  the  general  theory  that  P  (x)  and  Q  (x)  must  have 
a  common  factor  of  the  fourth  degree  ;  this  is  found  to  be 

(1-20  x'-2  (l-2t)  a5'-2t ; 
therefore 

_      snM{sn*n-2(2-i)sn«u-2t(l-h20} 
sn(H-20t*--       (l  +  20sn*t*-2(l-f2i)8n'«+2» 

snu{sn*u-h2i  (14-20  sn*ti-2i(l-f2t)} 

""  (l  +  2t)8n*tt-2(l-|-2t)sn'tt-|-2i 


876 


Prof.  6.  B.  Mathews  on  the 


[April  28, 


Equating  this  to  zero,  and  supposing  tliat  sn  u  does  not  vanish, 
8n« «  =  -i  (1+20  =t  V^-(l  +  2i)«+2t(l-f2i) 


=  -i(l  +  20±iVl+2z, 


sn 


u  =±v/— i(l-f20±*Vl+2i. 


Since  I  is  a  primitive  root  of  l+2i,  the  fonr  values  of  snti  are 

those  for  which 

2K         .    2iK 


u=± 


l  +  2i'         l-f2t 


.» 


_  .  2(l-2t)g 


2(2-ft)g 
6 


The  four  values  of  sn  u  may  be  plotted  o£E  by  rule  and  compass  in 
the  plane  of  the  complex  variable ;  and  this  is,  in  a  sense,  the  proper 
geometrical  solution  of  the  quinquisection  problem. 

To  find  en  u  and  dn  u,  we  have 
en*  ft  =  1— sn'i* 

=  -n-i=pjyr:j:27, 

dn'tt  =  1— Jsn'i* 

If  we  like,  we  may  reduce  sn  u,  en  u,  dn  u  to  the  form  a +/3t ;  the 
results  are 


sn 


+  u± 
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The  values  of  cnti,  dnu  may  be  neatly  expressed  in  the  trigo- 
nometrical forms 

en  tt  ^  ±  4    1 1  ±  —  sm  —  cos  —  I  + 1 1  J=  —  cos  —  sin  —  1 1 ! , 

"Lv      ys     10     10/^ \      ys     10     10/  J' 

there  does  not  appear  to  be  any  correspondingly  simple  expression 
for  snti. 

The  most  elegant  method  of  all,  from  the  point  of  view  of  the 
complex  theory,  is  to  introduce  the  complex  fifth  roots  of  unity.  If 
we  put 


it  is  found  that 


and  we  may  put 


hence 


r  =  -(l+2i)v/6. 


=  v/l  +  2»; 


dnu  =  ± 


cnu  = 


sn'n 


=  2-i± 


t/5 


The  quartic  of  which  dn  te  is  a  root  is 

2<i*-2iV?+i^0, 
which  breaks  up  into  the  two  quadratics 

2(p-2i(i-(l+0  =  0, 
2(P+2t(i-(l+0=0. 

Of  these  the  first  is  the  same  as  the  second  of  the  six  quadratics 
obtained  from  the  geometrical  theory ;  the  other  is  obtained  from 
the  first  of  the  six  by  changing  the  sign  of  the  middle  term. 
This  may  be  accounted  for  by  the  fact  that,  strictly  speaking,  we- 
ought  to  write 


=  ±(l, 
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thus  obtaining  twelve  quadratics,  in  accordance  with  the  analytical 
theory. 

As  to  the  alignments  to  be  associated  with  the  different  valnes  of  d, 
it  will  be  foond  that,  if  we  write  for  convenience 


/v'5  +  1        ,_    /a/S-I 


<Z,=-j{e  +  (e'-l)t}  = 


,    (4-4t)X' 


<^  =  -i{e-h(e'-hl).-}=-|-}l-^,j 


=  dn 


=  dn 


2K 

2iK 
1+2** 


We  are  now  in  a  position  to  deduce  a  solution  of  the  real  quinqui- 

section.     Putting 

2K  2K 


u  = 


t*+t?  = 


l  +  2i' 
6  ' 


V  = 


l-2t 


>) 


tt— t?  =  — 


SiK 


Now,  by  the  addition  theorem, 
dn  (u+t?)  +dn  (w— t?)  = 


2  dn  n  dn  v 


1  +  dn  (m+v)  dn  (t*— t?)  = 


—  l  +  2(dn«tt+dn*t?)-2dn'ttdn*r' 

dn'tt  +  dn't? 

— l+2(dn'tt+dn*t?)-2dn«ttdn*t;* 


In  the  present  case 


and  therefore 


dnu  =  -i{e  +  (e'+l)i}, 


dno  = 


dn»dn»  =  t  {€'+e''+2e'+l}  =  J  {-/5+l  +  2e'}, 
dn'  u  dn*»  =  J  ( ^6+ 1)(1  +e'), 
dn*  tt + d»*  e  =  —  e'. 
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Patting  in  these  valnes,  and  performing  the  necessary  reductions, 
we  find 

dn  (u+r)  +dn  («-«)  =  ^^^  -  ^±^  «', 
dn  («+r)  dn  (u-v)  =  ^^^  -  ^^^  e'. 

Therefore  dn  — - ,  dn  -—  are  the  roots  of 

o  5 

d._(v:^_34^e')d+(^-±^.')  =  0. 

Guided  hj  previous  results,  we  assume 

4        ' 
the  equation  then  becomes 

^-2  (1-e)  e+(y5-l-2€)  =  0, 

tind  hence  ^  =  1 — e  =fc  J/S  .  e' 


='-V^*V 


6-^/5 


Since  dn  -— -  is  positive, 
o 


^f  =  (l-V^  -  V'^')  =T^ 


2tB: 

I 

5 


The  value  previously  obtained  for  dn  —  was 

dn^=i^^(l-'/8-2y6); 

5  4 

it  is  easy  to  show  that  the  two  values  coiincide ;  thus,  writing  for  the 
moment  ^ 

e  =  */6, 


we  ought  to  have  6e'— e  =s  —  ^3— 2^. 
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The  signs  agree,  and,  on  squaring, 

"^  2       ""^  2      "      2      ' 

that  is,  0»  =  ys, 

and  the  relation  is  verified. 
In  the  same  way, 

5  4  5 

It  is  now  possihle  to  constmct  a  table  of  the  values  of  sn  u,  en  u^ 
dn  u  for  all  the  arguments 

2(m-|-nt)g 
6  ' 

but,  on  aooonnt  of  the  trouble  of  reducing  the  expressions  to  their 
simplest  forms,  no  attempt  has  been  made  to  form  a  complete  table. 
A  few  of  the  formul89,  however,  are  given.  For  convenience,  we 
write  , — : I 

•  =  V    2-'  •=V-2-' 


i|  =  v'34-2t/5,   ij' = '/3-2  ys, 
where  observe  that 

i,i,'=y5-2,    i|  +  i|'  =  2e,    1,-1,' =  2«' yS. 
so  that  we  have 


i,=e+e'0"| 
if  =  e-e'tf  J 


6=  VS. 


dn^=l«»(l+,'), 
dn  ^  =  l**  (I-,-), 
dn?^=*.'(,-l), 
dni^  =  4«»  (•,+!); 
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2g_     .  .  _ 

en    ^  -  ^ 

en  —  = 
5 

en— = 
5 

en— z—  = 


1+V 
1-1 

«•+«-! 
"    tf+1    ' 

1-V 

1+1 

e'-€-l 

~        9+1    ' 

1-1 

i+V 

e»-e-l 
tf-1     ' 

1+1 

_«*+«-!. 

1-1 

-      tf-1     ' 

\K 

2yfl-e 

sn  —  = 
6 

sn  —  = 
5 

sn = 

5 

AdK 
sn— --  = 


1-1 

2\/g-hc 
i?  +  l 


2tVQ--e 
1  +  V 

1-1?' 


It  is  interesting  to  verify  these  results  by  comparing  them  with 
those  of  Gauss  and  Schwering.  The  function  which  Gauss  calls 
sin  lemn  v,  and  Schwering  sin  am  v,  is  the  inverse  of  the  function 


"^r^^xfeo^^'^"^'"'''^""'' 


we  shall  write  this 


si  t;  =  a;, 


and  put 


cl  t?  =  yi— aj",     dl  t;  =  V^l+aj*, 


i 


da 


y/l-? 


=  iir  = 


^2 


Then,  if  the  arguments  u,  v  relate  to  the  same  point  on  the  lemnis- 
cate,  /o/         \ 

sn  ti  =  cl  v, 
en  14  =  si  r, 


dn  t*  =  — :rdlt? ; 
^2 
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and  when 


2mK 

u  = , 

n 


_  (n— 2m)  tir 


n 


Schwering  giyes  a  numerical  result  which  in  this  notation  is 

4s: 


si  -=-  =  -2620824  =  en  ^   , 
5  5 


and  hence  we  find 


dn^=<^i(l  +  cn*^)  =  -TSIOOIT. 

The  value  found  above  (p.  375)  was 

•7309856, 

so  that  there  is  a  discrepancy  of  about  '0000161  which  must  be 
accounted  for  by  errors  of  calculation,  as  the  agreement  is  too  close 
for  any  mistake  in  the  argument  of  the  function. 

To  take  an  example  of  a  different  kind,  Gauss  gives  a  number  of 
quinquisection  formul89  ( Werke,  iii.,  p.  421)  of  which  the  first  is,  in 
our  notation,  equivalent  to 

[ cn*-y  +cn«^} '  =  14x/5-30  =  ^5  (3-  ^/5y; 


whence 


cn*^  +cn'^  =  d  (3-  ^5)  =  20e'*. 
5  5 


To  verify  this,  write 


dn  — =  (^,      dn— rri,, 


2K 


4Jr 


en  —  =  Cj,       en  —  =  c, ; 


then,  observing  that       en" u  =  — ,  "T^^      i 

14-dn2fi 


we  find    en'  -r-  +cn' -^ 

o  o 


-fdn 

i  +  d,^l4-i, 

l  +  dy  +  d^+did^ 
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From  the  short  table  given  above 


2  (e»-l)  ,         , 


u'-l  «+l 


Therefore  the  numerator  of  the  fraction  is 

=  ^  [€»+e*(^6-l)+2«'-2-««+2e»tf] 
1    (4e«_2+2e'e)=2e«+ J5^  =  2e'+fl-l 


9+\ 


tf+1 


=  ^/6  +  e  =  9(9+1). 


In  a  similar  way,  it  may  be  shown  that  the  denominator  is  equal 
to  i<*(l+0);  hence 

cn'  —  +cn'  -—-  =  —  =  2^e*, 


which  completes  the  verification. 
It  is  found  in  a  similar  way  that 

en'— en'--- 

5  5 


=  2e'»; 


whence  (en*  -^  -en* ^)'  =  4€'^°  =  10 v/5 -22, 


which  is  Gauss's  second  formula. 

By  combining  these  results  we  obtain 

cn'---=  €*(0  +  e),      en'--- 
5  o 


=  e-(0-e% 


80  that         en  1^  =  ii^  yJt/b+Ji/^  =  e^y???. 
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Thursday,  May  14th,  1896. 

Major  P.  A.  MACMAHON,  R.A.,  F.R.S.,  President,  in  the  Chair. 

The  following  gentlemen  were  admitted  into  the  Society: — 
Mr.  P.  W.  Dyson,  Royal  Observatory,  Greenwich;  Mr.  G.  H.  J. 
Hurst,  Eton  College;  and  Mr.  P.  W.  Russell,  University  College 
School. 

Mr.  Baker  spoke  upon  "  The  Bitangents  of  a  Plane  Quartic  Curve 
and  the  Straight  Lines  of  a  Cubic  Surface." 

A  paper  by  Prof.  E.  W.  Brown,  "  On  the  Application  of  the 
Principal  Function  to  the  Solution  of  Delaunay's  Canonical  System 
of  Equations,"  was,  in  the  absence  of  the  author,  taken  as  read. 

Short  impromptu  communications  were  made  by  the  President, 
Prof.  Hill,  Col.  Cunningham,  Mr.  Hammond,  and  Mr.  Tucker. 

The  following  presents  had  been  received  since  the  April  meeting : 

<*  Prooeedings  of  the  Royal  Sodetj,"  Vol.  ux.,  No.  356. 

**  Journal  of  the  IxiBtitate  of  Actnariee,"  VoL  xxxn.,  No.  181,  Pt.  5,  April, 
1896. 

"Bulletin  of  the  American  Mathematical  Society/*  2nd  Series,  Vol.  n.,  No.  7  ; 
April,  1896. 

**  Enoydopadie  der  Mathematischen  Wissenachaften,**  2  Probeartikele,  Svo ; 
Leipzig,  1896.  iii.o  6a,  <*  Flaoher  die  Herordnung,'*  von  W.  F.  Meyer. 
ii.A  7b,  **  Potential-theorie  (Theorie  der  Laplace-Poisson'sohen  DifPerential 
Gleiohung),*'  von  H.  Burkhardt  imd  W.  F.  Meyer. 

*<  Bulletin  de  la  Sooi6t^  Mathematique  de  France,*'  Tome  zziv.,  Nos.  2,  3  ; 
PaziB,  1896. 

<*  Bulletin  dee  Sciences  Math6matiquee,**  Tome  zz.,  Avril,  1896 ;  Paris. 

**  Berichte  iiber  die  Verhandlimgen  der  KonigL  Sachs.  G^esellschaft  der  Wissen- 
Bchaften  zu  Leipzig,**  i ;  1896. 

**Beiblatter  zu  den  Annalen  der  Physik  und  Chemie/*  Bd.  zz.,  St.  4; 
Leipzig,  1896. 

<*  Jahrbuch  iiber  die  Fortsohritte  der  Mathematik,**  Bd.  zzv..  Heft  I  ;  Berlin, 
1896. 

<*  Prooeedings  of  the  Physical  Society  of  London,**  Vol.  zrv.,  Pt.  5,  May, 
1896. 

« Memoirs  and  Prooeedings  of  the  Manchester  Literary  and  Philosophical 
Society,"  Vol.  z.,  No.  2,  1896. 

**  Atti  deUa  reale  Aocademia  del  Lincei — ^Bendioonti,'*  Vol.  v.,  Fasc.  7,  Sem.  1 ; 
Boma,  1896. 
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♦*  Educational  Times,"  May,  1896. 

**  Journal  fiir  die  reino  und    angewandte  Mathematik,*'    Bd.  cxyi.,    Heft  2 ; 
Berlin,  1896. 

**  Annali  di  Matematica,  Milano,**  Tome  xxiv.,  Fasc.  2  ;  1896. 

**  Indian  Engineering,"  Vol.  xix.,  Noe.  H,  16, 16,  April  4th  to  April  18th,  1896. 


On  the  Application  of  the  Principal  Function  to  the  Solution  of 
Delannay's  Canonical  Sijatem  of  Equations.  By  Ernest 
W.  Brown.  Read  May  Uth,  1896,  Received  April  28th, 
1896. 


(i.)  The  system  of  canonical  equations  adopted  by  Delaunay  is 


dL 
dt 


dQ_ 
dt 


dR 

a,' 


dH 

dt 


dB 

dh 


dl__dR      dg  ___dB       dh  _  _dE 

dt       bl'    dt        da'    dt        du' 

In  order  to  solve  these  equations,  he  put^ 

R=  -i?-^cos^  +  i2i, 


where 


$  ziz  U-\-  ig  -f  t'h  +  i''nt  +  q. 


Here  —A  cos  0  is  any  periodic  term  of  the  disturbing  function  B,  and 
—  B  IB  the  non-periodic  portion  of  i^ ;  B,  A  are  functions  of  Jr,  O,  H 
only,  I,  I,  %\  %"  are  positive  or  negative  integers,  v!  is  the  solar  mean 
motion,  and  g  is  a  constant  depending  on  the  solar  epoch  and  perigee. 
The  equations  are  solved  by  neglecting  i?„  and  Delaunay  then  inquires 
what  variable  values  the  six  arbitrary  constants,  introduced  into  the 
solution,  are  to  have  when  B^  is  not  neglected.  These  ai'bitraries  are 
so  chosen  that  the  new  equations  are  canonical.  In  order  to  satisfy 
this  condition,  three  only  of  the  six  arbitraries  may  be  chosen  at  will, 
the  manner  in  which  the  other  three  arbitraries  enter  into  the  solu- 
tion being  then  determinate.  Delaunay  adopts  the  constant  terms 
in  the  expressions  for  Z,  gr,  h  as  three  of  the  arbitraries,  and  the 
equations  are  afterwards  transformed  so  that  the  new  variables  are 
the  non-periodic,  instead  of  the  constant,  parts  of  Z,  r/,  /l 
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The  method  adopted  by  Delaanay,*  in  order  to  arrive  at  the  new 
system  of  equations,  is  one  of  direct  transformation.  M.  Tisserandf 
has  shown  that,  by  the  use  of  the  principal  function,  Jacobi's 
dynamical  method  very  materially  shortens  the  process.  The 
transformations  may  be  also  made  by  means  of  the  calculus  of 
variations,  and  this  plan  has  been  used  by  Radau^  and  myself. §  All 
these  methods,  however,  are  long  and  require  several  transforma- 
tions, as  well  as  the  proof  of  a  lemma  which  does  not  seem  otherwise 
of  value,  and  they  labour  under  the  further  disadvantage  of  being 
nnsymmetrical,  while  both  the  old  and  the  new  systems  of  equations 
are  symmetrical. 

The  use  of  the  principal  function,  S,  appears  to  offer  the  most 
direct  means  of  obtaining,  the  required  system  of  arbitraries,  and  the 
method  given  below  is  based  on  its  properties.  The  chief  difference 
from  M.  Tisserand's  method  lies  in  the  form  obtained  for  the 
principal  function.  He  finds  a  solution  of  the  partial  differential 
equation  for  S  in  which  the  variables  are  L,  6r,  H,  ty  and  of  the 
arbitrary  constants  one  refers  especially  to  X,  (r,  H,  while  the  other 
two  refer  to  Z,  g,  h,  I  find  a  solution  in  which  the  variables  are 
h  9y  K  t,  while  all  the  three  arbitrary  constants  refer  to  L,  6r,  H. 
The  gain  in  simplicity  and  brevity  will  be  immediately  evident.  All 
the  essential  properties  of  the  solution  are  easily  obtained,  and  one 
or  two  new  ones,  which  do  not  appear  to  have  been  noticed  hitherto, 
are  added. 

(ii.)  Let  L  =  ie; 

then,  substituting  for  It  and  neglecting  7?i,  we  obtain  on  integration 

G=(G)^te,   F=(H)-hre, 

where  (G),  (U)  are  arbitrary  constants.     Substituting,  we  find  easily 

-  =  —- cosfl-h  -—  +1   H, 
dt       dJ  dk) 

de         ,    .    ^ 
-  =  A  sm  tf, 

dt 
in  which  A,  V  are  supposed  to  have  been  expressed  in  terms  of  (G), 


•  Theorie  de  la  Lime,  Vol.  i.,  Chap.  m. 

t  Journal  de  lAo^tviUe^  1868  ;  Mecaniqiu  CcU»te,  Chap.  xi. 

J   /lulMiti  A^tronomiqitt',  Vol.  ix  ,  p.  336. 

j   Treatise  on  the  Lunar  Theory ^  Chap.  ix. 
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(H),  and  the  variable  9.     These  equations  may  be  solved  by  con- 
tinued approximation,  giving 

Q  =  Q,  +  l,Qj  COB  jO,(t -he); 
whence     9  =  9^  +  Ijiffj  cos  jO 


■  0'  =  1...Q0), 


in  which  c  and  9^  or  9o  may  be  taken  as  the  arbitraries.  The  last 
expression  does  not  contain  c  explicitly,  since  Oq,  Oj,  9,,  ypj  are  func- 
tions of  (Q),  (ff),  and  9^  (or  9^)  only.     The  equations  also  admit  of 

the  integral 

^cos^-|-5+rV9  =  0, 


where  (7  is  a  function  of  the  same  three  arbitrary  constants. 

Putting  r  =  t9;   (?'  =  i'9;+(G),  k  =  %'q',+(H), 

and  considering  L\  G\  H'  as  the  arbitrary  constants,  we  have 

L=  L'-\-i^j\l^j  COB  jO     ^ 

G  =  G' -{■{' l,j\l^j  COB  jO 

H  =  H' -^  t"l, jyPj  COB  jO 

-B-AcoBe=z  i^^j+i'VSii/o cos^^  ) 

yl/Q  being  a  function  of  Jv',  G\  H'  only. 

(iii.)  Write  E'  =  il  cos  O+B  : 

the  canonical  equations  become 

djW      dG__dW      dH 
dl  '      dt  dg'      dt 

dg  _  dB'  dh      dR' 


(1), 


dL 

dt 


Br 


di 

dt 


dJR!_  

SL  '         it      SG  ' 


dh 
dt 


Sh' 


The  principal  function,  8y  satisfies  the  partial  differential  equation 


dt 


+R  =  0, 


where   B'    is   supposed    to   be  expressed   iu    teiins    of   /,    g,  h,   I, 

dS    dS    dS  ,  . .,  . . 

•i—  ,  TT-  .  r—  by  means  of  the  equations 

vl     dg     oh 

r    as    ^    as    „   as 

Ij  :=:  —  ,      Or  =  -;r— ,      Ja.  =  — — . 

ol  dg  oh 

2  C  2 
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The  preceding  values  for  L,  (7,  H  give 

a.9 


ds 
dt 


=  L'-\-i^j\l/jCosjt)y 


=  ff+i^jil/jcosjd, 


=:II'-\-  C^j^fj  COS  jd. 


=  yi^^-\-i''n'%jyi^jCOSJti. 


A  solution  of  the  partial  differential  equation  for  5,  involving  the 

variables  Z,  gr,  h^  t,  and  the  three  arbiti^ary  constants  L\  (7,  IT,  i.i 

therefore 

/8  =  L74-(?V-fH'^-h^i/^o-h5\^;  8in/0, 


where 


6  =  i7-|-t"(7+i  A  +  i    n  /-fg, 


(2), 


as  before.     The  well-known  I'esults  of  Jacobi  give,  as  the  other  three 
integrals,  the  equations 

W  =  |^=/,  +  ^^+5|*sini^ 

where  (Z),  (gr),  (^)  are  three  new  arbitrary  constants. 

The  six  constants  L\  G\  JET,  (Z),  (g),  (ft)  form  a  canonical  system, 
and,  if  we  put 

the  equations  satisfied  by  the  arbitraries,  supposed  variable  in  order 
that  Bi  may  be  included,  are 

dI/_dB^         dff^dR,  JK=Mi.. 

dt    3(/)*     dt    S(gy     ^t    a(;o' 

^)  =  -^'?l     d{g)__cR^     d  (h)  ^  _  Br, 
dt  a//'     dt  CO''     dt  oir' 
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Change  the  variables  (Z),  (gr),  (h)  to  l\  g\  h\  where 

r  =  (o-«^.  9'=...,  A'  =  .... 

A  simple  and  well-known  transformation  shows  that  the  equations 
satisfied  by  the  new  variables  are 

dt  "  ar  '  •••'  '"'    dt"    92.''  ""  "" 


where 


B,  =  R,  +  ilf^. 


(iv.)  It  is  only  necessary  now  to  show  that  this  is  the  final  canonical 
system  obtained  by  Delaunay.     Let 

^  =  tV  +  ig'  +  i'h'  +  i"nt  -{•  q. 

Dy  reversion  of  series,  we  obtain  from  (2) 

!/  =  (?) -<^.  +  %  sin  j8', 

h  =  {],)- A -^^h^BinjO'. 

Hence  l\  g\  W  are  the  non-periodic  parts  of  Z,  gr,  h.     Also,  from  these 
equations  combined  with  the  valae  of  0  previously  obtained, 


e^B'-^^Bj^uije'    

ff  =  e,(t+c),  Oj  =  t7,+iv>+r/i^; 

and  the  equations  (1)  become 

L  =  L'+ie,    G  =  G'+i'o,   H  =  -ff'+re 

where  0  =  60 + 20^  cos  jO' 


(3), 


} 


w, 


the  coefficients  Z,,  gr^,  A^,,  0^,  8;,  Oo  being  functions  of  L\  0\  H'  only. 

Since  L\   0\  H'  are  the  non-periodic  parts  of   i>,  G,  fl"   when 
expressed  in  terms  of  0,  we  have 

nL'  =  [   Ldd. 


H 
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The  equations  (3),  (4)  give,  since  B,  Q\  take  the  values  0,  »  together, 

r  =  -i-  f'(L'+i0o+t2e>  cos  jO')(l  +  2jO,  cos  jd')  (W' 
'  Jo 

where  ^  =  ^,0,4- 26.0, +30, 9,+  ... . 

Hence,  if  L^,  0^  H^  be  the  constant  parts  of  X,  G,  H  when  expressed 
in  terms  of  the  time,  the  new  variables  are,  by  (4), 

Again,  E,  =  i?,4-»/'o 

=  Ri  —  B—A  cos  ^ — i''n'S,j\lfj  cos  j  ^ 

=  E-rv(L-r)A-; 

and  i/r,  =  -  C + t"'n'G  -  ."V  (L-L')/i 

Finally,  it  is  evident  that,  if  A ,  the  coefficient  of  the  periodic  term 
considered,  be  neglected,  the  values  of  X,  G,  JET,  Z,  g,  h  reduce  to 
L\  G\  H\  l\  g\  h\  This  completes  the  relation  of  the  solution  to 
that  of  Delaunay. 

We  have  thus  seen  (1)  that  the  six  new  variables  are  the  non- 
periodic  parts  of  the  old  variables  when  expressed  in  terms  of  6 ; 
(2)  that,  when  all  the  variables  are  expressed  in  periodic  series,  the 
coefficients  of  the  periodic  terms  can  all  be  deduced  directly  from 
those  of  the  expression  for  0 ;  (3)  that  the  secular  parts  of  Z,  gr,  h 
are  the  derivatives  with  respect  to  L\  G\  H'  of  the  negative  of  the 
constant  term  to  be  added  to  the  disturbing  function.  The  last 
result  shows  that,  if  Z^,  g^^  h^  are  the  secular  motions  of  Z,  g,  h,  the 

expression  l^dL'+g^dO'+KdH' 

is  a  perfect  differential.     This  result  is  a  case  of  a  similar  theorem 
obtained  by  Prof.  Newcomb  in  the  general  problem  of  n  bodies.* 


•  Smifhsoniati  CoHiribttiions,  Vol.  xxr.,    **  The  General  Integrals  of  Planetary 
Motion/*  (  5. 
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Thuraduy,  June  Wih,  1896. 

Major  P.  A.  MACMAHON,  R.A.,  F.R.S.,  Presideut,  in  the  Chair. 

The  President  announced  that  the  Council  had  awarded  the 
De  Morgan  Memorial  Medal  to  Mr.  Samuel  Roberts.  Mr.  Robertfl, 
who  was  present,  cordially  thanked  the  Council.  The  Medal  will  be 
pi*esented,  and  the  grounds  of  the  award  stated,  at  the  Annual 
Meeting  in  November. 

The  President  then  informed  the  members  present  that  the 
Council  had  adopt-ed  an  address  to  Lord  Kelvin  on  the  occasion  of 
the  Jubilee  of  his  Professoriate,  and  that  it  had  been  signed  by  the 
President  and  Secretaries,  and  stamped  with  the  Seal  of  the  Society, 
and  that  he  (the  President)  had  been  requested  to  present  it  in  the 
name  of  the  Society.  The  text  of  the  address,  which  had  been 
illuminated  and  bound  in  a  volume,  was  then  I'ead  by  the  President, 
and  ordered,  on  the  motion  of  the  Treasurer,  to  be  entered  in  the 
minutes. 

To  THE  Right  Hon.  Lord  Kelvin,  D.C.L.,  LL.D.,  Past  Pbesidbnt  of  thb 

ROYAIi  SOCIKTY. 

My  Lord, — 

It  is  at  once  the  duty  and  the  pleasure  of  a  Society  associated  with  that 
special  branch  of  science  of  which  you  have  made  so  brilliant  applications  to  add 
its  warmoat  congratulations  to  the  many  you  will  receive  upon  the  ocoaiion  of  the 
Jubilee  of  your  Professoriate  in  the  University  of  Glasgow. 

The  London  Mathematical  Society  recalls  with  pride  the  fact  that  from  the 
earliest  days  of  the  Society  you  have  been  a  member.  It  recognizes  that  for  more 
than  half  a  century  your  work  in  Mathematic<d  Physics  has  had  a  foremost  place 
in  sustaining  the  reputation  of  this  country  in  the  science  which  it  represents. 

The  Council  and  member",  represented  at  your  Jubilee  celebration  by  their 
President,  tender  you  heartfelt  wishes  for  your  future  happiness. 

We  remain,  my  Lord, 

Your  obedient  servants, 

Percy  A.  MacMahon,  Major,  R.A.,  r.R.S.,  PresidmC, 

ROBBRT  TUCKKR,  M.A. 

A.  E.  H.  LovB, 
London,  11,  vi.  96. 


a,  M.A.  >  ^^^   j^ 

5,  M.A.,  F.R.S.  3 


Mr.  Alfred  Edward  Western,  B.A.,    Scholar  of  Trinity  College, 
Cambridge,  was  elected  a  member  of  the  Society. 
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The  following  communications  were  made : — 

Waves  in  Canals :    Mr.  H.  M.  Macdonald   (communicated  by- 
Mr.  Love). 
On  the  a,  6,  c  Form  of  the  Binary  Quintic :  Mr.  J.  Hammond. 
Construction  for  the  Four  Normals  to  a  Central  Conic  drawn 

through  a  Given  Point :  Prof.  G.  B.  Mathews. 
On  a  Two-fold  Generalization  of  Stieltjes'  Theorem;    Dr.  H. 
Taber. 
These  last  two  papers  were  taken  as  read. 

Mr.  Samuel  Roberts  explained  the  abstract  of  "  Not^s  on  Mag^c 
Squares,"  by  the  Rev.  A.  H.  Frost  (communicated  by  his  brother, 
Dr.  P.  Frost). 

The  following  presents  to  the  Library  were  received  : — 

Williamson,  B. — **Aii   Elementary  Treatise  on   the  Integral   Calculus,"  8vo, 
7th  edition  ;  London,  1896.     From  the  author. 

"  Beibliitter  zu  den  Annalon  der  Physik  und  Chemie,'*  Bd.  xx.,  St.  6  ;  Leipzig^, 
1896. 

**  Memoirs  and  Proceedings  of  the  Manchester  Literary  and  Philosophical 
Society,"  Vol.  x.,  No.  3 ;  May,  1896. 

**  Proceedings  of  the  Cambridge  Philosophical  Society,"  Vol.  rx.,  Pt.  2  ;  Lent 
Term,  1896. 

Darboux,  G-. — **  Lemons  sur  la  Th^orie  G-6n6ralo  des  Surfaces  et  les  Applications 
Geom6trique8  du  Calcul  Infinitesimal,"  Partie  4  (second  fascicule),  8vo  ;  Paris,  1896. 

**Monatshefto  fiir  Mathematik  und  Physik,"  Jahrgang  vn.,  Hefte  4,  5,  6; 
Wien,  1896. 

**  Bulletin  of  the  American  Mathematical  Society,"  2nd  Series,  Vol.  n.,  No.  8, 
May,  1896  ;  New  York. 

**  Proceedings  of  the  Physical  Society  of  London,"  Vol.  xrv.,  Pt.  6  ;  June,  1896. 

**  Nyt  Tidsskrift  for  Matematik,"  A.  Aargang  7,  Nr.  2,  B.  Aargang  7,  Nr.  1  ; 
Copenhagen,  1896. 

*' Archives  Neerlandaises  des  Sciences  Exactes  et  Naturelles,"  Tome  xzx., 
Liy.  1  ;  Harlem,  1896. 

"  Rendiconto  doll*  Accadcmia  dclle  Scienze  Fisiohe  e  Matematiche,"  Vol.  n., 
Paso.  4,  April,  1896  ;  Napoli. 

**  Bulletin  de  la  Societc  Math6matiquo  de  France,"  Tome  xxr^.,  No.  4  ;  Paris, 
1896. 

Bulletin  dee  Sciences  Mathcmatiqucs,"  Tome  xx.,  Mai,  1896  ;  Paris. 
Nachrichton  von  dor  Konigl.  Gescllschaft  der  Wissenschaften  zu  Giittingen," 
Matk-Phys.  Elasse,  1896,  Heft  1  ;  Geschaftliche  Mittheilungcn,  1896,  Heft  1. 

**  Annales  de  la  Facultc  des  Sciences  de  Marseille,"  Tome  v.,  Fasc.  4 ;  Tome  vi., 
Faso.  1,  2,  3  ;  Paris,  1896. 

**  Atti  dclla  Reale  Accadcmia  dci  Lincei — ^Rendioonti,"  Vol.  v.,  Fasc.  8,  9,  10  ; 
Roma,  1896. 

**  Educational  Times,"  June,  1896. 


it 
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"  Indian  Engineering,*'  Vol.  xix.,  Nob.  17-20,  April  26th  to  May  16th,  1896. 
"  Meznorie  doUa  Reg^  Accademia  di  Scienze,    Lettero  ed  Arti  in  Modena,*' 
Serie2,  Vol.  xi.,  1895. 

**  Annals  of  Mathematios,"  Vol.  x.,  Noe.  2-3  ;  Jan.-Maroh,  1896. 


On  the  fl,  6,  c  Fonn  of  the  Binary  Quintic.     5y  J.  Hammond,  M.A. 
Received  Juno  2n(],  1896.     Read  June  11th,  1896. 


'*  lo  not9  it  appcantt)  niBtt  mottgi)." 

Reoobdk's  ArithwutUk,^ 

1.  If  10  is  an  imaginary  cube  root  of  nnity,  and  A.  a  disposable 
constant  which  may  have  nny  value  we  please  except  zero,  then, 
writing 

r=X  («';.  + a,y)  \ (1), 


wc  have 
and 


I.e., 


X+Y-\-Z  =  0, 
^X»  +  i^r»-h  0Z»  =  aj»X»  (i4ai'  +  Bai -h  0) 

+  10a^y»X*(Xw-f5ai'+0) 
+  10a^t/'X*(^iu«+B«  +  0) 

-hy*X*(^ai+5oi«+C), 
^X*  +  i?P+CZ»  =  (a,  6,  c,  a,  6,  c)(a?,  yY 


(2), 


*  Kohcrt  Hcoordo  wrote  the  first  treatise  on  Algehra  in  the  English  language, 
which  was  puhlishod  in  1657  under  the  title  of  **  The  Whetstone  of  Witto,  which 
is  the  scoonde  parte  of  Arithmetike :  containing  the  Extraction  of  Rootcs ;  The 
Ck>s8ike  Practise,  with  the  Rule  of  Equation  ;  and  the  Workes  of  Surdo  Nomhers.*' 
See  Hutton's  Tracit,  3  vols.,  8vo,  1812,  Tract  33.  He  died  in  1558,  hut  his 
Ariihmetick  continued  in  use  for  more  than  a  century,  and  went  through  many 
editions,  of  which  the  last  known  to  De  Morgan  was  that  of  Edward  Hatton,  1691>. 
y&Qii  Cuwpauiwt  to  the  AhHanac^  1837,  or  Jrithmetical  liooks,  1847.) 
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where  a  =  X*  (AJ^  -f  7?w  +  C), 

The  form  (2)  to  which,  by  aid  of  Sylvester's  canonical  form,  the 
general  quintic  has  now  been  brought  may  be  called  its  a,  6,  c  form, 
or  we  may  speak  of  it  as  the  quintic  (a,  6,  c) ;  and  we  shall  use 

a     b     c 
Af,  a,  6',  c ,  respectively,  to  denote  the  determinant 


h    c    a 


and 


cab 

its  three  minors,  which  may  be  called  tlie  determinant  of  the  quintic 
(a,  6,  c)  and  its  three  minors. 


Thus 
and 


^  =  3tt6c-tt'-6'-c* 


(3), 


(4). 


It  follows  immediately  that 


b'c'-a*  =  ka^ 
cd^b'^  =  kb 
a'b'^c*  =  kc  , 


(5), 


I.e.,  the  quintics  (a,  6,  c)  and  (a',  5',  c')  are  so  related  that  the  co- 
efficients of  each  of  them  are  pi-oportional  to  the  corresponding 
minor  determinants  of  the  other.  This  relation  may  be  briefly 
expressed  by  saying  that  these  two  quintics  are  cojijugate  quintics. 

The  determinant  of  (n,  6,  c)  being  /i,  that  of  (a',  h\  c)  is  A*',  and  it 
will  be  seen  hereafter  that  the  canonizant  of  (a,  5,  c)  is  k(si^-\'j^), 
and  its  skew  invariant  A;*(tt''— c**).  Hence  the  canonizant  of 
(a\b\c)  is  ^(aj*-|-y*),  and  its  skew  invariant  ^"(a*— c*);  for  (6) 
shows  that  a',  c'  change  into  ka,  kc  respectively,  whilst  k*  changes 
into  Ac*. 


But 


(a'^-O  =  (bc-ay-iab-ify  =  k  {a^'-c^), 


80  that,  disregarding  the  power  of  k  which  enters  as  a  factor,  the 
skew  invariants  are  the  same  for  both  quintics. 

The  constant  X,  which  is  still  at  our  disjKisal,  may  be  so  chosen  as 
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to  make  A;  =  1 ;  and  then  the  conjugate  pair  of  quintics  (a,  6,  c)  and 
(a\  b\  c)  have  the  same  canonizant  (a^-f  ^)  and  the  same  skew 
invai'iant  (a^^i?),  the  determinant  of  each  quintic  is  eqnal  to  nnitj, 
and  the  coefficients  of  either  of  them  are  equal  to  the  corresponding 
minor  determinants  of  the  other. 

2.  The  simplest  quadratic  co variant  (2,  2)  of  the  quintic,  and  its 
canonizant  (3,  3),  may,  as  is  well  known,  be  derived  from  the  in- 
variants of  the  quartic 

ae-Ud-^-Sc^ 

fl  re  -f  2bcd  —  acP—Ve  —  tf^ 

by  changing  a,  6,  c,  &c.,  into 

ax-\-by^     6a; -hey,     cx-{'dy,  &c. 

Thus,  for  the  quintic  (a,  b,  c),  these  two  covariants  are 

-3  (or-f  6y)(6a;-f  cy)-h3(caj-f  ay)«, 

and  3  {ax  -|-  by)(bx + cy)  (ca;  +  ay)  —  (ax  -f  byY — (6a;  -f  q^y—{cx -|-  ay)*. 

Or,  dividing  the  quadratic  covariant  by  —3,  and  simplifying  by  the 
use  of  equations  (3)  and  (4),  we  obtain 

(2.2)  cV-6'a;y-hay, 

(3.3)  k(^+^), 

where  A;  is  the  determinant  of  the  quintic  (a,  6,  c),  and  o',  6',  c'  are 
the  coefficients  of  its  conjugate. 

Referring  now  to  the  list  of  concomitants  of  a  cubic  and  quadratic 
given  on  p.  348  of  Elliott's  Algebra  of  Quantics,  it  will  be  seen  that, 
in  consequence  of  the  identical  relation 

3a'6V-a'»-6'»-c'*  =  A;', 

which  subsists  between  the  coefficients  of  (2 .  2)  and  (3 . 3)  above,  the 
five  invariants  of  a  general  cubic  and  quadratic  reduce  to  four  only, 
when  we  substitute  the  coefficients  of  this  cubic  and  quadratic. 
In  fact  No.  6  on  the  list  becomes 

and  No.  14,  J„  =  k'  (c*  -  3a  6 V+ 6'»+c »)  S  -  A;*, 

when  we  make  the  required  substitutions.  This  is  as  it  should  be, 
since  the  quintic  has  only  four  invariants,  viz.,  those  obtained  from 
Nos.  2,  13,  6,  15  of  Elliott's  list  by  substituting  the  coefficients  of 
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(2  . 2)  and  (3 . 3)  in  them  (i.e.,  by  changing  a,  6,  c,  a',  ct  into  c  —  J6', 
o',  A:,  k  respectively).     Thus  we  have 

(4.0)  4aV-6'»  %  (4  times  No.  2), 

(8 . 0)  W  (twice  No.  13), 

(12 . 0)  A;*  (No.  6), 

(18.0)  ^*(a'»-c'«)  (No.  15). 

In  like  manner  we  obtain  the  four  linear  co variants 


(5.1) 

k{a'z+c'y) 

(No.  9), 

(7.1) 

k{-(a'b'+2c")x 

+  (b'( 

;'+2a")y} 

(twice  No.  10) 

(11 . 1) 

l^{a'x-cy) 

(No.  11), 

(13.1) 

fc'(c''x  +  o"y) 

(Elliott's  L^) 

the  three  quadratic  covariants 

(2.2) 

cj^—h'xy+a'y' 

(No.  1), 

(6.2) 

k^xy 

(No.  4), 

(8.2) 

Vic'if-ay') 

(No.  8) ; 

and  the  three  cubic  covariants 

(3.3) 

k  (as'+y*) 

(No.  3), 

(5.3) 

k(b'a?-2a'a?y  +  2i 

5X1/'- 

.by) 

(twico  No.  7), 

(9.3) 

k^i^-y') 

(No.  5). 

3.  The  remaining  covariants  of  the  quintic  (9  in  number)  are  all 
of  them  of  orders  superior  to  3.  Five  of  these  are  accounted  for  by 
taking  the  quintic  itself,  and  the  four  Jacobians  of  it  and  (5.1), 
(2.2),  (6.2),  (3 . 3)  respectively.  Writing  down  their  values,  we 
have 


(1.5) 
(6.4) 
(3.6) 

(7.5) 
(4.6) 


o«» + &bx*y + lOcx'y' + lOox'y'  +  5bxy* + cy», 

k  {{ac'-ba:){x*+4a;/)  +  (bc'-ca'){4i>*y+y*)+6{cc'-aa')x'y'] , 

oie*+46«'y+6Mi»y'+4aa!y*+V        2e'x—b'y 
6x*  +  4ca?y  +  6a«y  +  46ay+cy*     —  6'«+2o'y 

ft*  (juf-¥Zbx*y+2c3?x^-2cui^^-Zbxy*-q^), 

k  {bji!^+4^y  +  5ax*y'—bcx'y*—4!a3n/—bt/'). 
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The  Hessian  (2.6)  of  the  quintic  (1.6),  the  Jacobian  of  (2.6)  and 
(1.5),  that  of  (2.6)  and  (3.3),  and  the  result  of  operating  with  (2.2) 
on  (2.6),  complete  the  list  of  covariants.  Forming  the  Hessian  of 
the  quintic  (a,  &,  c),  and  remembenng  that  equations  (4)  give 
ac— 6'  =  h\  Ac.,  we  have 

(2 . 6)  6  ««-3aV2/ + Qcxy  -  76Vy» + 6aV^*-  3cV  +  ^V- 
The  Jacobian  of  (2.6)  and  (1.5)  is 

(aa  +  266')  a»  -  (266'  -f  C(/)  f 

-(4ac'-h 6a'-8c6')  afy  -f  (4ca'-f  6c' -8a6')  xt/" 

-|-(19a6'-86c'-14ca')a^y*  -(19c-6'-86a -14ac')ic't/' 
-(34aa'-2966'-8cc')  a?y*  +  (34cc'- 2966' -8aa')  a^/ 
+  (37ac' -476a' -f  16c6')a^t/*-(37ca'- 476c' -f  16a6')  a;y, 

which,  by  using  the  identical  relations 

a6'  +  6c'H-ca'  =  0, 
6a'+c6'+ac'=  0, 

may  be  made  to  assume  the  somewhat  simpler  shape 

(3.9)  (W+266')«»  -(cc'  + 266')  t/» 

—3  (ac'— 3c6')  afy  +  3  (ca—  3a6')  xy" 

4-3  (9a6'-2ca')  oFy"  -3  (9c6'-2ac')  a-y 

-(34aa'-2966'-8cc')a;y -f  (34cc'-2966'-  8aa')  aj*/ 
-1-21  (ac'-36a')aj*y*  -21  (ca'-36c')  ^y. 

The  Jacobian  of  (2.6)  and  (3.3)  is 

(5 . 7)  k{a'x^ - 4c'aj«y  +  96Vi/^- 13a'a?y  -f  13c'«'y*-96'a;y  +  4a'ar/- cy). 

Operating  with   (2.2),    i.e.,    with   a'oj-f  6'3,9y-f  c'3j,   on  (2.6),  and 
dividing  the  result  by  3,  we  obtain 

(5a'6'  +  4c'^)  x'  -h  (26'c'- 20a'*)  a?y  -f  (48c'a'-  216'')  a^y* 

+  (2a'6'  -  20c'')  xy"  -f  (56'c'  +  4a'')  y\ 

This  may  be  simplified  a  little  by  adding  the  square  of  (2.2),  and 
dividing  the  sum  by  5,  which  gives 

(4.4)     (a'6'-f  c'')aJ*-4a'yt/-h(10c'a'-46'-)  ary-4c'V4-(6V-f  a'')y*, 
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or  we  may  subti'act  9  times  the  square  of  (2.2),  and,  after  dividing 
by  5,  use  equations  (5)  to  simplify,  which  yields  the  alternative  form 

k  (cx^  -f  4(1^1/  -h  6hxh/  -h  4cxy^  -h  ay*) . 

• 

4.  Observing  that  17  of  the  23  concomitants  of  the  quintic  (a,  5,  c) 
are  expressed  naturally  in  tenns  of  A;,  a\  h\  c\  it  seems  right,  for  the 
sake  of  uniformity,  to  give  similar  expressions  for  the  remaining  6. 
And  it  will  only  involve  the  repetition  of  three  foims  to  give  all  the 
covariants  whose  orders  surpass  3,  in  this  shape ;  which  is  done  in 
the  following  list, 

(4.4)     (a 6'  +  c'') aj*-4aVf/ +  (lOcV-46'')  a:y-4c'^iry» 

-f  (6V -f  a'')  y* + /i  (c V - Vxy  +  ay')', 

(6.4)  (a'6'2  +  h'o''  -  2c'a'*)  {x'  +  ^xy")  -f  6  (a''-  c")  a^y" 

+  (2a'c''-&  a''-c'6'^)(4f'y  4-y*), 

k  (1.6)     (feV-a'')(a^+10j^y»)  +  5(cV-O(A+^!/*) 

+  (a6'-c'0(10a^y+y»), 

7/  (3 . 5)     (a''6'  +  6  V  -  2r/^a')  (aj*  +  lOa^V) 

-(9a'6c'  +  2a'»-36''-8c'0  x*y 
+  (9a'&V-8a'»-3fc''  +  20  o-y* 
-  (c%' + 6''a'-2a'*c')  ( lOo^y  +  f) , 

(7.5)  A;  [(6V-a'')(a;»-2^y)  -f  3  (cV-6'»)(at*y-iry*) 

+  (a6'-0(2.r»y'-y»)], 

(2.6)  &'(a!"-7a^y«  +  y")-3a'(a;'y-2a;y)-3c'  (xif-2x*y'), 

(4 . 6)  (aV-  6'^)  (a^  -  y*)  +  (a'6'-  c'')  (4a^y  -  S^y ) 

+  (6V-a'«)(:>a'y-4ry»), 

(5.7)  A;  {a'(a^-13xy+4a;y)-c'(y'-13a^y*+4«:y 

+  96'(:ry-a.y)}, 

k  (3.9)         (3a'6V-a'»-26'»)  or'  -(3a'6V-26'»-0  y'* 

+  3  (3a  V-46'c'»-f  cVO  a^y  -3  (aV*-4?/a''  +  3c'6'').Ty« 

H- 3 (2a'c'' - 1 1 h'a^ + 9c'6'') ary     - 3 (9a'6'^ - 1 1  h'c^  +  2c'a'';  a-y 
H-(3a'6V+34a'='-296''-8c'»)  a;y-(3a'6'c -8a'' -296'^ +  840  A' 
+  21  (3a^'«  -f  ?>'c'*  ^  4r'a'*)  x^y''         - 2 1  (3r'6''  -f  ?/a'' -  •ia'r'')  a V, 
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in  which  all  the  CO  variants,  except  (1.6),  (3.5),  (3.9),  are  rational 
integral  functions  of  A;,  a',  b\  c\  and  the  variables ;  and  these  three 
fonns  become  so  when  multiplied  by  k. 

6.  If  in  the  23  concomitants  of  the  quintic  (a,  b,  c)  we  change 
A:,  a\  b\  c  into  fc*,  ka,  kby  kc^  respectively,  we  obtain  those  of  the 
conjugate  quintic  ;  and,  if  in  these  we  change  k,  a,  6,  c  into  A;',  a\  b\  c\ 
respectively,  the  original  23  forms  are  restored,  each  multiplied  by  a 
power  of  k. 

Thus,  from  (5.1),  the  simplest  linear  covariant  of  the  quintic, 
whose  value  (Art.  2)  is  k  (ax-{-cy)y  we  obtain  the  corresponding 
covariant  of  the  conjugate  quintic,  viz.,  ^•'(aa?4■cy)  :  and  fjx)m  this 
we  get  kf^  (ax-\'Cy)y  which  is  the  original  form  (5.1)  multiplied  by  Ar\ 

And  so  in  general,  if  the  form  (p,  9),  whose  degree  18-  p,  acquires 
the  factor  k"  in  consequence  of  the  successive  performance  of  both 
substitutions,  then,  since  each  of  them  doubles  the  degree  of  the 
form,  k'*  (p,  q)  must  be  of  the  degi-ee  4/?,  i.e., 

3yu  -\-p  =  4p, 

so  that  h  ^^P- 

The  invariants  of  the  conjugate  quintic  are 

ik»(4ac-62),     lc\     k\     A:"(a»-c»); 

but  the  second  and  third  of  these  are  expressible  as  rational  integral 
functions  of  the  invariants  of  the  original  quintic,  and  the  last  of 
them  is  (see  Art.  1)  merely  the  original  skew  invanant  multiplied 
by  a  power  of  ^•,  so  that  the  only  fresh  form  is  k'  (4ac—b^).     In  fact, 

k'b  =  k'  (aV-6'0  =  i  (4.0)(12.0)-|  (8.0)^ 

A:«=  (12.0)^ 

A;"  (aJ^-t^)  =  k'^  (a'-c")  =  ^•«  (18.0). 

Similarly,  we  may  reject  all  such  co variants  of  the  conjugate 
quintic  as  are  rationally  and  integi-ally  expi^essible  in  terms  of  k, 
and  the  23  concomitants  of  the  original  quintic ;  but  it  is  best  to 
postpone  the  entire  question  of  reducibility  until  we  know  more  of 
the  concomitants  of  a  pair  of  conjugate  quintics. 

6.  Those  which  remain  to  be  calculated  belong  to  both  quintics 
conjointly,  but  not  to  either  of  them  separately.  They  are  suflBciently 
numerous  to  form  the  subject  of  a  separate  communication,  but  a  few 
specimens  of  them  are  given  in  this  article. 
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From  the  two  quadratic  covariants,  viz., 

and  h  (cx^  —  hxy  +  ay') , 

one  of  which  helongs  to  the  original  quintic,  and  the  other  to  its 
conjugate,  we  obtain  the  joint  inyai*iant 


^(2ac'-&6'-h2ca'), 


and  the  Jacobian 


k  [(6c'— 6'c)  35*4-2  (ca—ca)  a?y-f  (a6'— a'6)  t/^], 
which  are  two  of  the  forms  in  question. 

If  in  this  Jacobian  we  give  a',  h\  c  their  values  in  terms  of  a,  6,  c, 
it  assumes  the  shape 

k  (6c-|-ca  +  a&)(6— c,  c—a^  a—h)(x,  yY^ 

and,  if  we  give  fca,  A;6,  kc  their  values  in  terms  of  a\  h\  c\  it  becomes 

(6 V  +  ca  +  aV) (c  —  h\  a  —  c,  V — a ) (a?,  y )'. 

By  operating  with  either  of  the  conjugate  quintics  on  the  other,  we 
obtain  the  well-known  lineo-linear  invariant 

ac'— 666'  + lOca' — lOac' +  666'— ca'  =  9  {ca  —ca). 

The  residtant  of  two  conjtigate  quintics  is  merely  the  fifth  pmcer  of 
their  lineo-linear  invariant. 

For,  since  (a6  +  6c  +  c<i)  —  a  (a  -f  6  -f  c)  =  a', 

with  similar  expressions  for  6',  c',  we  have  identically 

(a,  6',  c)  =  (a6  +  6c  +  ca)(a;+y)*-(a  +  6-f  c)(a,  6,  c), 

where  (a,  6,  c)  and  (a',  6',  c)  denote  the  conjugate  quintics  ar*-f  &c., 
aV+<feo. 

Now  suppose 

(a,  6,  c)  =  (xy^'-yxi)(xy^'-yx^)  ...  (xy^-yx^), 

and  let  Qi,  Q„  &c.,  denote  the  results  of  substituting  the  roots  of 
(a,  6,  c)  in  (a',  6',  c'),  so  that 

Qi  =  (a6-f  6c+ca)(a?i  +  t/0'. 
with  similar  expressions  for  Q^,  Q,,  Q^,  Qj.. 
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Hence  the  resnltant  is 

=  (a6  +  6c-fca)'(-c  +  66-10a+10c— 66+ay 
=  9'(c-a)'(a6  +  6c  +  ca)* 

=  9*(ca'-c'ft)*, 
whicli  is  exactly  the  fifth  power  of  the  iineo-linear  invariant. 

7.  In  conclnsion,  the  case  in  which  the  invariant  (8.0)  vanishes 
will  he  considered,  and  the  formal®  of  Art.  2  will  be  used  to  prove 
that,  in  this  case,  the  quintic  can  be  brought  by  a  linear  transforma- 
tion into  the  form  ».,/%«.  ^t  x 

«*-hl02'+45z  =  const., 

which  occurs  in  the  theory  of  the  solution  of  the  quintic*     When 
(8.0)  =  l^b'  vanishes,  we  must  have 


since  k  cannot  vanish. 


6'  =  0, 


Thus  the  quintic,  multiplied  by  k  (see  Art.  4),  becomes 
-a'  (o^  +  lOa^/)  +  5c V  (x'y + xy') - c'^  (lOa^y" -h y") ■ 


5'y  = »?  J ' 


Multiplying  this  by  a'^c^y  and  writing 

ax  =  ( 
cy 

we  obtain     c"  ( - f»  +  U*n  -  lOW)  +  a"  ( -  lO^iy*  +  Hi* 

Now  (18.0)=A;*(a'*-c'»), 

and  (12.0)  =  k\ 

so  that,  if  (18.0)  =  k% 

we  have  a'^—c'^  =  A:*J, 

where  J  is  an  absolute  invariant. 


--»•) 


♦  See  Weber,  Elliptitehe  Functionm  und  Algebraxtehe  Zahlen  (8vo,  1891),  p.  319  ; 
and  Kiepert,  "Auflosung  der  Gleichung  Sten  Grades,"  CrelW^s  Journal^ 
Bd.  Lxxxvu. 


VOL.  XXVII. — NO.  560. 
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And,  writing  6'  =  0  in  the  determinant  of  the  conjugate  qnintic,  we 

Hence  a'*,  c**  are  proportional  to  I— 1,  —  J— 1,  and,  when  these  values 
are  substituted  in  the  quintic,  we  obtain 

This,  equated  to  zero  and  simplified  by  writing 

gives  8Iv» + 3m*  -  lOuV  +  IBuv*  =  0, 

which  takes  the  form 

«»-hl0»*+45;5  =  -24Iv/^  =  const.,* 


when  we  write 


It  should  be  noticed  that 

(5.1)  =k  (aX'\-cy)  =  ku^ 
(11.1)  =A^(aa;-hcV)  =*;*«, 

r5 1^ 

so  that  z  is  the  absolute  co variant    \,  '       v^(12.0)  multiplied   by  a 
numerical  constant.  ^     '   ^ 


♦  Comparing  —  24/'v/^^  with  tho  constant  term  of  the    equation    given    by 
Weber  (he,  cit.),  we  have 

-24V-3  =  7,  =  8I24V«^H«2i:«g, 


K-IC 


so  that  K^  may  be  found,  as  a  function  of  the  absolute  invariant  /,  by  solving  a 
cubic  equation. 
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The  Transformation  and  Division  of  Elliptic  Functions, 

By  A.  G.  Greenhill. 

Read  13th  December,  1894.     Received  4th  February,  1896, 
and  in  Recast  Form  22nd  April,  1896. 


Two  important  papers,  with  the  title  "  The  Transformation  of 
Elliptic  Functions,"  have  been  communicated  by  Professor  Felix 
Klein  to  the  London  Mathematical  Society,  and  published  in 
Volumes  ix  and  xi  of  the  Proceedings. 

Professor  Klein  has  greatly  honoured  our  Society  by  choosing  its 
Troceedings  for  the  publication  of  such  fundamental  ideas  in  his 
theory — ideas  which  have  subsequently  received  their  fullest  develop- 
ment in  Klein  and  Fricke*s  Modulfunctionen, 

As  the  present  communication  is  of  the  nature  of  a  note  or 
commentary  on  these  two  papers  of  Professor  Klein,  in  Vols,  ix 
and  XI,  the  same  title  has  been  adopted ;  and  the  object  of  the 
present  paper  is  to  show  how  to  express  the  various  parameters 
employed  by  Kleiu,  Kiepert,  Fricke,  and  others,  for  a  given  trans- 
formation, explicitly  in  terms  of  a  single  parameter. 

Thence  it  is  easy  to  construct  numerical  cases  required  in  the 
applications  of  elliptic  functions  ;  two  such  cases  have  been  worked 
out  in  the  sequel,  and  the  chief  results  stated. 

Starting  with  the  various  modular  equations  given  by  Kiepert 
and  Klein,  the  object  of  the  present  paper  is  to  express  their  pai-a- 
meters  in  terms  of  another,  in  such  a  manner  that  it  is  possible  to 
write  down  the  various  division  values  (TheiUwerthe)  of  the  second  as 
well  as  of  the  first  stage  {Stufe)j  the  parameters  of  Klein  and 
Kiepert  being  symmetric  functions  of  these  division  values  ;  and  the 
method  is  illusti-at^d  at  length  in  its  application  to  the  simplest 
cases. 

2  1)  2 
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1.  In  the  second  paper,  in  Vol.  xi,  a  certain  quantity  is  intro- 
duced which  Klein  denotes  by  z. ;  expressed  in  the  Jacobian  notation 
by  the  Eta-function,  this  z^  is  given  hy  a  division  value  (Theil-werthe), 

inthefonn  (_i).,.  =  <^..ff  (2„ir'i,  5-),  (1) 

for  a  transformation  of  odd  order  n  ;  and  Klein  shows  {Math.  Ann., 
XIV,  XT,  and  xvii)  that  the  roots  of  the  modular  equation,  for  in- 
stance, of  order  5,  7,  or  11,  can  be  expressed  in  terms  of  z.. 

Professor  Klein's  Note  in  Vol.  xi  is  a  mere  statement  of  the 
principal  results  he  had  then  arrived  at;  the  theory  is  fully 
developed  in  Vol.  ii.  Part  v,  of  the  Modulfunctionen  (^^  M.  F."),  and  it 
is  there  shown  that  these  «.  functions  satisfy  a  number  of  biquad- 
ratic relations,  which  can  be  derived  from  the  well-known  four- 
part  theta-function  formula 

0  (v-^w)  0  (r-w;)  0  (t-^u)  0  (t—u) 

'{-0{w'hu) 0  (w;-ti)  0  (^+v)  0  (t-v) 

H-^  (tt-f  v)  0  {u-v)  0  (t-^w)  0  {t-w)  =  0  (2) 

(Brioflchi,  Annali  di  Mathematical  xii,  1883;  xxi,  1893;  xxi^  1894; 
Rendiconti  delta  R.  A.  del  Lincei,  1893). 

2.  But  in  working  with  Halphen's  y„  function,  defined  in  his 
Fonctions  Elliptiques,  i,  p.  102,  I  have  found  that  the  relation  connect- 
ing Halphen*s  y  with  Klein's  z,  for  a  transformation  of  odd  order  n, 
caa  be  written  ^_^^,^^  =/'x-«X-'-r.,  (3) 

where  /  is  the  function  employed  by  Kiepert,  defined  in  his  article 
"  Ueber  Theilung  und  Transformation  der  EUiptischen  Functionen," 
Math.  Ann.y  xxvi,  p.  369,  this  /  being  connected  with  the  r  employed 
by  Klein  by  the  relation 

r-»  =  A"-7**,  (4) 

where  A  denotes  the  discriminant,  so  that 

We  find  also  that 

i-lYz  =/'e-'<-'"'''-»?^  =/»r  (=^)  (6) 

n  \   n   / 

in  Kiepert's  notation  (Math.  Ann.,  xxxiii,  p.  7),  a  different  t  function 
fi*om  that  employed  by  Klein,  but  the  i-eciprocal  of  Ualpheu's 
/function  (F.  E.,  in,  p.  210). 
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As  for  A,  it  is  a  quantity  defined  by  the  relations 


and  generally 


with  p  =  l,  2,  3,  ...  i(n-l); 

and  now  the  relation  y^  =  0 

is  satisfied. 


(7) 


(8) 


3.  Klein's  biquadi-atic  relation  (9),  M.  F.,  ii,  p.  314,  derived  from 
the  four-part  theta-function  formula  (2),  is  now  seen  to  be  the  equi- 
valent of  Halphen's  formula  {Fonctions  ElliptiqueSf  i,  p.  102) 

(9) 


ym*nym-n  •""  yiw+i/ii»-iy«    yH+iy»i-iyii» » 


derivable  at  once  from  the  defining  relation 


pnu^pmu  = 


_  ^m^H^m.j 


r^r. 


^—   trt%   #w  *  »' /  »w  -  w 


(11) 


and  the  identity 

pnu—pmu  =  (pu—pmu)  —  (pu—pnu),  (12) 

or  of  the  relation  (Halphen,  F.  j&.,  i,  p.  104) 

ym*nym-Hyp*qyp~q T yH^pyit-pym-nyiw-f  •  yi>+«y»*-«y»i*f y»i-j  ^^  " ;    ^a*'/ 

of  which  (9)  is  a  particular  case,  obtained  by  putting 

j9  =  1    and    g  =  0. 

4.  The  relation  (8)  can  be  treated  as  the  equation  of  a  curve,  con- 
necting Halphen's  z  and  y  as  coordinates  ;  and  when  x  and  y  can  be 
expressed,  rationally  or  irrationally,  as  functions  of  a  pai*ameter  r, 
the  quantities  y.  and  z^  and  the  roots  of  the  modular  equation  can 
be  expressed  as  functions  of  this  parameter. 

Moreover,  the  separate  division  values,  of  which  Klein  and 
Kiepert's  parameters  are  symmetric  functions,  can  be  disentangled 
from  each  other  and  written  down. 
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5.  The  formulas  in  the  Modulfunctionen  by  which  relation  (3)  can 
be  established  ai'e,  in  the  first  place,  equation  (8),  M.  F,,  ii,  p.  282, 


',0 


X-1 


(U) 


(15) 


and  equation  (1),  p.  281, 

or,  introdacing  Kiepert's  /  function,  defined  in  the  Math.  Ann.,  xxvi, 
p.  388,  by 

y»=''/^=(-l)"-"-  (16) 


X-1 


n 


then  (108)  may  be  written 

(-l)T.  =  /»».,.,.(«„ -J).  (17) 

Changing  then  in  formula  (14)  to  the  transformed  modulus, 

r 


(-!)*<  = 


a/^.  («.  — «l)(*.  — «l)  ...  ^  ...  (^.— «|(n-l))' 


(18) 


where,    with    the    notation    of    the     article    on    "  Pseudo-Elliptic 
Integrals,"  Proc,  Lond.  Math.  Soc.^  Vol.  xxv,  p.  200, 


-to    —a -a  —     ^'>x^>-x_       .y...xy.-x 

..0        Fx,0-«.        «X-  -^^,        —  «         ^2^a        . 


Thence,  from  these  relations, 

i        2    ^         2 -^  2     2 


(19) 


(20) 


(-!)•«:  = 


(21) 


2^72. .  y.+iy.-i-y.+a 7.-2 ...  yjin-n+.yKn-i;— 

The  numerator  N  of  this  expression  (21)  is  given  by 
jy^r  =  y;+»  (y,y,y, ...  y.-i)'  (y.*iy.+2 ...  y4(»-ij)' 

=  yrHyiy2...y»(«-iO',  (22) 

while  the  denominator  D  is  given  by 

D  =  a^*y,.y..iy._jy._8 ...  ysyjyi  •  yiyjys  ••  y.-iy.y.+i 

... y4{»-i)—  •  y.+iy.+2 ...  y2«-8y2«-2y2*-iy2«+iy2.+2  ••  yi..-!)*. 


y4(i«-i)-«+iyi(»t-i)-«f2 ...  y4 («-!)+• -iyi(fi- 1)1-- 
^^"(yiyjya  •••  y.-i)'y.(y.My.+2  ..  ynn-D-JS 


CJ3) 
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and  this,  from  relations  (7)  and  (8),  reduces  to 
D  =  aj*"  (y^y, ...  y.-i)'y.(y.4.iy.*2 ...  y4(».i)-.)* 

^*  (y4(»-i)— ♦iy4(»«-i)— 1-j  •••  y4(H-i))' 
=  a:*"X'"y:*(>,y,...y4(»-i))*;  (24) 


so  that,  finally, 


a^k- 


(25) 


as  in  equation  (3) ;   and  thence  Klein's  function  z^  can  be  expressed 

in  terms  of  a  single  parameter  c,  when  x  and  y,  and  therefore  y«  and 

X,  are  given  as  functions  of  the  parameter  c,  satisfying  Halphen's 

relation 

y«  =  0.  (26) 


6.  Using  the  notation  cr.  and  t„  to  denote  a- 1 j  and  r  f  -^  J ,  and 

putting  (Halphen,  F,  E.,  i,  pp.  102  and  198), 


—  ./.  ^-*(."-i> 


then  (7)  may  be  written 


y.  =  ^.^ 


^"    (-0-    {ry ' 


(27) 

(28) 


(29) 


(r(n-h22J— 1) 


III 


n 


^-»(2p-l)^-|»(2i>-l) 


ftf 


cr(n-22>+l)~ 

7» 


-_  g(2p-l)(2,.)/i.  ^-(2p-nn^-|(^-l)i« 


in  consequence  of  equation  (9),  F.  E,,  i,  p.  170 ;  so  that 


1  ' 


or,  in  Kiepert's  notation. 


A  = 


U(V)]' 


(30) 


(31) 


(32) 
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Otherwise,  writing  v  for  — , 

n 


and 


80  that 


or 


a  (n— a)  t?  =  a  (2«— at;) 

=  6*^1"-'^  a  (av), 


g2,  («-•»)   __ 


y  (n— g)  V 
nav 


n 


(33) 


(34) 


(36) 


(36) 

(37) 
(38) 

(39) 


and  Kiepert's  function 

r^  =  ^.,(^„).^  ^2ai^^  (g-(2,.)/»-  ^^y  ^^  ^  ic-»-*A-"»ai  (••-!)  y^ 


=  «-*  A->  y. . 


(40) 


7.  A  number  of  cases  of  this  relation  (8)  or  (26),  for  the  simplest 
values  of  n,  have  been  worked  out  in  my  paper  on  "  Pseudo-Elliptic 
Integrals,"  Proc.  Land,  Math.  Sac.,  Vol.  xxv,  and  by  means  of  these 
results  the  roots  of  the  modular  equations  given  by  Prof.  Klein  in 
Proc,  Lond.  Math,  Soc,  Vol,  ix,  p.  123,  can  now  be  expressed  in 
terms  of  a  single  parameter. 

In  his  paper  "  Elliptische  Fnnotionen  und  Gleichungen  funften 
Grades,"  Math.  Ann,^  xiv,  Professor  Klein  continues  his  investiga- 
tions, and  expresses  the  roots  of  the  modular  equations  of  order 
n  =  2,  3,  4,  and  5,  in  terms  of  a  single  parameter. 

The  degree  of  the  modular  equation  of  prime  order  n  being  n  -f  1, 
and  the  roots  being  denoted  by 


^x '     ^0'     ^1»     ^2*      •••      ^H-1 
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then  for  n  =  2  (Math.  Ann.,  xiv,  p.  153),  comparing 

27r       ' 


and 


._4a-<r+<r')' 
27a*(l-<r)'  ' 


(41) 


(42) 


the  roots,  r^,  t^,  r„  for  a  given  value  of  t/,  are  expressed  by  Klein  in 
terms  of  cr,  the  anharmonic  ratio  {Doppelverhdltmss)^  or  squared 
Legendrian  modulus  jc*,  by 

4(r 


^«>  =- 


'"o  =- 


''i   = 


4  (1-0-) 

1 

4(r(l-cr)  J 


(43) 


For  n  =  3,  Klein  expresses  the  roots  of  the  modular  equation  in 
terms  of  a;, :  ar„  which  ratio  he  calls  the  tetrahedron  irrationality ^  by 
means  of  the  relation 


-64r  (!^x\x,W,f 


(44) 


and  he  finds 


= ?i 


4» 


where 


fr  = 


e  = 


e^\     r  =  0,  1,  2. 


For  n  =  4,  the  modular  equation 

j^  (r«-H4T-|-l)»^  (>y«-f  14i?*-f  1)» 
lU8r(r-l/'        lOSvU*?*-!)* 

gives  the  six  values  of  r  as 


(45) 


(46) 


(47) 


(48) 


in  terms  of  iy,  called  the  octahedron  irratimiaUty ;  and   Legendre's 

modulus  .  .        ^  ,tt\\ 

(49) 


«:  :=  I/',      r  =  A.-*  =  r/*. 
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8.  The  next  important  extension  is  to  the  case  of 

n  =  5, 

and  Klein  expresses  the  six  roots  of  this  equation  in  r  in  terms  of 
the  ratio  ,„.. 

which  he  calls  the  ikosahedron  irrationality y  by  means  of  the 
tkosahedron  form  /,  defined  by 

and  the  relations       t^  =  — r'— * ,  (53) 

^^  _  (c    v.-^VAfii-e  V,)  ^  (54) 

where  e  =  e^ ,    p  =  0,  1,  2,  3,  4.  (55) 

So  also  for  the  roots  of  the  qnintic  resolvent 
/  :  /-I  :  1  =  (r-3)»(r*-llr+64)  :  r  (r'-10r+45)'  :  -1728,     (56) 
or,  patting  rzzzgi?^  in  Brioschi's  form, 

;r»-10aj»+45a;+  -^^  =  0.  (57) 

The  values    r  =  3,  11,  19   make  K'/K  =  ^3,    ^(11),  ^(19)  ; 
and  lead  to  interesting  numerical  results  ;  thus,  when  r  ==  19, 

''-7  =  i[-l+»V(19)]=-rl. 

(Lectures  on  the  Ikosahedron,  p.  60,  by  Felix  Klein,  translated  by 
G.  G.  Morrice,  1888;  Math,  Ann.,  xiv,  p.  417;  Modtdfunctionen,  i, 
p.  649.) 

9.  Professor  Klein  passes  on  to  the  solution  of  the  modular  equa- 
tion of  order  ^ 

n  =  7, 

in  the  Math.  Ann.,  xiv,  p.  428,  and  xv,  p.  251 ;  also  in  the  ModuU 
fw^ctionen,  i,  p.  692. 
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T_  (r'  +  13r  +  49)(r*  +  5r  +  l)» 

1728r 


The  modular  equation  (Proe.  Land.  Math.  Soc,  Vol.  ix,  p.  124)  is 

(58) 

and  Klein  shows  how  the  eight  roots  of  this  equation  may  be  given 
in  terms  of  three  parameters 

A,   /i,   F,     or    2?„   z.,   z^, 

connected  by  the  biquadratic  relation 

AV+A+»''^=0,  (59) 

or  z[z^-\'z\z^-\-zlzi  =  0.  (60) 

In  the  Modulfunctionen,  i,  p.  701,  we  must  take 

K  Hy  v  =  «4»  ^»  «i ;  (61) 

and  the  biquadratic  relation  is 

zlz^  -h  2?J«i  +  s:\z4  =  0.  (62) 

10.  But  it  was  shown  in  the  Proc.  Lond,  Math,  Soc,  Vol.  ixv, 
p.  223,  that  these  quantities  can  be  expressed  in  terms  of  a  single 
parameter  z^  there  defined,  by  means  of  the  relations 

\  =z  z,  =z  •- z^  {z-iy 

;i  =  ^,=  -2»(i5-l)*    .,  (63) 

satisfying  the  relations  (59)  and  (60)  above. 

Halphen's  x  and  y  are  given  in  terms  of  the  parameter  z  by  the 
relations 


aj  =  2r  (!-«)«,     yz=:z{l-z), 

and  thus  the  relation 

yy=  (y— a;)aj— y*  =  0 
is  satisfied ;  also 

The  roots  of  the  modular  equation  (58)  are  then  shown  to  be 
expressible  in  terms  of  z  by  the  relations 


(64) 
(65) 
(66) 


_         49^(g-l) 
'"•  ^+5z*-8;j+l 

49 


,  K  ,      1      ,  2?— 1 ' 

«  +  5+  ;; H 


(67) 


l-z 
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where 


and 


,    -    ,  1         .    «— 1 

1—*        « 


e  =  e*",    r  =  0,  1,  2,  3,  4,  5,  6, 


(68) 


(69) 
(70) 


=  ft  =  -«-♦(«-!)♦, 


(71) 


a,  =  ii-=     *-»(*-l)-». 


(72) 


Thus  the  irrationality 


«»(«_!)♦  =  X», 


(73) 


where 


(74) 


plays  the  same  part  here  as  the  ikosahedron  irrationality  17  in  equa- 
tions (53)  and  (54). 


Also 


a 
a 


1-=-    z 
2 

4 


(75) 


This  parameter  «  is  seen  to  be  intimately  bound  up  with  Gierster's 
Hauptmodul  M  ("Ueber  Classenanzahl-relationen/'  Math.  Ann., 
XVII,  p.  81)  ;  for 


If 


=  ^=- 


«-r 


(76) 


and,  as  the  values  of  r  are  unaltered  by  the  group  of  substitutions 


1         «-l 
1--Z        z 


(77) 


Giei'ster's  M  is  equivalent  to  minus  the  reciprocal  of  our  z. 
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Put 


then 


z  =  —X— 


2_ 

X 


^  l~8jg-f5z'-fg» 
z(l^z) 

aj«-6^-5a;*-lla;»-6ar»-5a;-hl 


T  +  6  = 


xi^tlX!^ 

'  +  a-+l) 

iiP+sif+x*+a?+x 

•+X+1 

a<(a!'+l)(a!"+a 

'+1) 

aJ-l 

«(«'+l)(«'-l)' 


(78) 


(79) 


11.  A  straightforward  algebraical  verification  of  equation  (58)  by 
the  roots  given  by  (67)  and  (68)  would  be  very  formidable ;  but  mean- 
while Mr.  T.  I.  Dewar  has  performed  the  verification  for  the  special 
numerical  case  corresponding  to 

z  =  2, 

and  he  finds  that  this  makes 

98 


''•  13' 


and 


1728  J  =  -  8478-4438756456981). 


(80) 


Also,  considering  only  the  real  seventh  roots, 

a  I  =  -  2*    =  -  1  -34590019263234  ^ 
a,  =  -2"*  =  -0-90572366426391 
a^  =      2  -♦  =  +  0-82033535600764 
and  these  make  Tq  =  - 0005323020754, 

and  then  1728J  =  - 8478443876. 

A  similar  numerical  calculation  makes 

rj  =  -3-555254192736 -2-7129854828131, 

30143023137291471  +  23001-895151881873* 


(81) 

(82) 
(83) 


and 


1728J  = 


=  - 8478-44387579-0-0000000016880451, 


(84) 


and   these  three    values  of  J  are  sufficiently   close  to  serve  as  an 
ai-ithmetical  verification. 
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Another  numerical  cape  can  be  constructed  by  taking 

z=— 2c08f7r,      T  =  — 6. 

So  also  we  may  verify  that  the  roots  of  Galois'  resolvent  of  the 
seventh  degree, 

^ -h  ^ Aa;* yx-Vlq^^^  =  0,  (85) 

are  given  by 


r  =  1,  2,  3,  4,  5,  6,  7 
(Klein,  Jifaf/i.  ^wn.,  xiv,  pp.  426,  458 ;  M,  F.,  i,  p.  754). 


(86) 


12.  The  highest  prime  number  for  which  Klein's  modular  equation 

is  rational  in  t  is  ,  _ 

n  =  13; 


and  now  (Proc,  Lond.  Math.  Soc,  Vol.  ix,  p.  126) 

_  (T'^5r-i-18)(r*-f7T»-^20r»-H9r-fl)' 

1728r 


(87) 


and  tT,  the  transformed  absolute  invariant,  is  the  same  function  of  r*, 
^^'™  rr'  =  13.  (88) 

It  was  shown,  in  the  article    "  Pseudo-Elliptic  Integrals,"  §  50, 

that  the  relation 

y„  =  0  (89) 

can  be  satisfied  when  x  and  y  are  rational  functions  of  a  parameter 
c  and  of  VG^  where 

(7=  l-f-4c-f-6c*-f  2c'  +  r*-f2c*-fc« 

=r(l  +  2c-c»-c»)'-f4c«(l  +  c)»,  (90) 

80  that  the  curve  of  equation  (89)  has  a  deficiency  2. 


13.  Then  y.  can  also  be  expressed  as  a  rational  function  of  c  and 
^/C,  and  now  we  are  able,  from  relation  (3)  and  from  the  relation 


(91) 


(Klein,   "Ueber  gewisse  Theilwerthe  der  O-Funciion"  Math.  Avn., 
wii,   p.  569),  to  express    the  fourteen  roots  of  equation  (87),  the 
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modular  equation  of  the  thirteenth  order,  in  terms  of  c  and  '/C,  in 
the  form 


flO 


13 


4  +  c- 


l+c' 


(92) 


l  +  e 


(l+'i' 4'e«-*'V 
V        ..1  A^         I 


4  +  r- 


T+^' 


where 


1  +  c         c 
e^-*,     r=0,  1,  2,  ...  12, 


(93) 


(94) 


the  A^s  being  expressions  such  that  A^  is  a  rational  function  of  c 
and  '/O,  and  A  being  taken  as  the  real  thirteenth  root,  the  various 
imaginary  roots  being  obtained  by  appropriate  factoi-s  of  powers  of 

e^**  {Free,  Land,  Math.  Soc,  Vol.  xxv,  p.  256). 


14.  In  the  general  case,  from  (3)  and  (91), 


fi«  _.  / iy\-(3««v«»'y2- — ;  ||a«  y?- 


on  putting 


y. 


7- 


or 


(|)-=(-i)-x-(^.)". 


(95) 

(96) 
(97) 


15.  In  the  special  case  of  w  =  13  it  was   shown  (Proc,  Land.  Math, 
Soc.y  Vol.  xxv,  pp.  252-255)  that  the  relation  (89)  is  reduced  to 

2>*-(l-c'-c»)p-c  (1  +  c)'  =  0,  (98) 

by  means  of  the  substitutions 

(99) 


and  then 


also 


P 
1  — c-4c*— r'  _  __A        ,Jl      il+c 
c(l+c)       "      ^     ""^l-hc"^     c~' 


(100) 


y? 

76 


A  =  ^7  =  - 


2i 
ys 


\»  =  21  =  - 


yz 


y  z 


cp    J 


(101) 


and 


p2i'-r|;?5r'  p3r— pr  j?2r  — p5t''  13 
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Denoting  ^  by  a.,  then  we  find 

P  =  1+4+11  +  29 -f  70+86+69-f  84 -MOO  +  68-f  35  +  27  + 19 +  7-fc^ 
Q=l+4+12  +  10  +  14+32+29  +  14+13  +  13+6  +  c", 
P»-e»0=-4c(l+cy^ 

"*«  "      X"      2c«(l+cy' 
E=l  +  7  +  19  +  19-9-26  +  7  +  26-8-17+8+6-4-l+c", 

fif  =  l  +  6+8-l-12-l  +  12-l-7+2+2-c", 

2P-S«a=     4c^'(l+c); 

1  +  c 

E  and  S  being  obtained  from  P  and  Q  by  writing for  c ; 

c 

»  ~      X^Vp/    ~      2c»(l+c)'' 


a"  = 


u 


X» 


!r+[7A/(7 
2c'^(l  +  c)»' 


!r=  1  +  15  +  100+388  +  965  +  1604+1825  +  1482  +  960+581+334 

+  155  +  50+10+c^ 
l7=l  +  13  +  73  +  230  +  443+537+416  +  216+83+27  +  7+c", 

obtained  from  P  and  Q  by  writing  — for  c ; 


<  = 


1  +  0 

20^(1  +  0)*' 


a 


IS 


=  ^'(^T- 


2c»(l+c)'' 


Thence 


<iia6  =  — 


1  c  1  ,  ^ 

c  l  +  c 


(103) 
(104) 


BO  that  a  change  of  VO  into  —  VC  interchanges  o^  and  a^,  a,  and  a,, 
a^  and  Oq,  but  leaves  r  unaltered. 
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So  also  it  will  be  found  that,  while  r  is  unaltered, 


(i.)  the  change  of  c  into  — 


(ii.)  the  change  of  c  into  — 


unai 

1  +  c 

igws 

Oi    into 

«4i 

(h       II 

Os. 

a»       .1 

Oil 

a*       II 

«|i 

(h       II 

««i 

«•       II 

oi; 

1+c    , 

— ! —  fthn. 

ncrofl 

o,    into 


II 


a. 


«5 


an 


II 


II 


II 


II 


fl»i 
Ooi 

Oil 
Oji 


05- 


16.  Various  other  relations  connecting  the  a's  can  be  written  down, 
thus:—  ,  1^^ 

z 
with  similar  expressions  for 


(h(h^     08«6i     «5^4'     *4^i     ^f^; 


(106) 


a  Oj 


=  — ^  = 


A»|,      y(l+c)' 
with  similar  expressions  for  a^a^  and  a^Oi ; 

with  similar  expressions  for  Oto^  and  a^o, ; 
with  similar  expressions  for  a^a^  and  a^ai ; 


(106) 


(107) 


(108) 


(h(h 


s    4 


with  similar  expressions  for  cia^  and  o^^i ; 
VOL.  XXVII. — NO.  561. 


2e 


(109) 
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a,        21* 


S  5  5  6  6 

with  similar  expressions  for  -*-^  ,  -^ ,  -^-^ ,  -*  -* ,  -5—? ; 

a^  a^  tti  a^        a^ 

and  so  on. 


(110) 


These  relations  are  important  in  showing  that  the  irrationality  of 
the  thirteenth  root  may  be  taken  once  for  all. 


17.  A  direct  algebraical  verification  of  equation  (87)  by  the  roots 
given  in  (92)  and  (93)  would  be  a  task  still  more  formidable  than 
that  I'equired  for  the  corresponding  case  of  «  =  7  ;  but  here  again 
Mr.  T.  I.  Dewar  has  performed  the  numerical  verification  for  the 
special  oase  obtained  by  taking  in  (90) 


l  +  2c-c*-c»  =  0, 
thus  making  \/0=  2c  +  2c^. 

Taking  the  positive  value  of  VC,  this  makes 


and 


y  = 


x»  = 


13 

a, 


13 


a.  = 


13 

a,  = 

IS 

a,  = 


IS 


IS 


(l+c)" 

c' 

(l  +  c)" 

(l+c)' 

c' 

c" 

(1  +c)« 

c' 

(l+c)' 

-c»(l  +  c)« 

1 

c«(l+c)» 

(l  +  c)" 

I' 


(111) 

(112) 


(113) 


(lU) 
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while  the  negative  value  of  VC  would  merely  permute 

O]  and  a^,     a^  and  a,,     Of  and  o^. 
Writing  ecjuation  (100)  in  the  form 

"-       c(l-fc)       "^' 

then  the  roots  of  (111)  make 

..  13 

and  this  value  of  r  .  substituted  in  (87),  makes 


1728J  =  - 


2"x7xl7'x23 
318 


=  - 1075008-6252986. 


(115) 


(116) 


(117) 


The  three  roots  of  (111)  are 


o        2ir      o       4ir 
2co8y,     2cosy, 


2  cos  y  ; 


and  we  can  thua  put 


c  = 


2cos— - 

7 


=  1-246979603717467, 

=  2  cos  -— 

1+c  7 

— !—  =  2  cos  -rr 

c  7 


(118) 


(119) 


Mr.  Dewar  now  calculates 


— a4  = 


1-212310485995257^ 

0-829535995876051 

0-668998253055627 

1-232994543430555 
0-661495338916045 
1-822375951044485 
2  s  2 


►  J 


(120) 
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and  thence        To  =  —  J  (l  +  ai4-a,+a,+a4+a,+a,)* 

=  -J(-0006021232698262)« 
=  - 0000012084542226  ;  (121) 

1728Jo  =  —  +746+15145To+124852rJ+ ... 

=  - 1075008-6257122,  (122) 

a  close  agreement  with  the  result  of  (117)« 

18.  Mr.  Dewar  has  gone  on  farther  to  the  calculation  of  the 
imaginary  root  r„  and  the  corresponding  value  of  /;  and  he  finds  in 
a  similar  manner,  from  (93), 

Tr  =  -J  (l  +  e«»'ai  +  e''«*'o,+  ...+e«'«*'ae)«, 

=  -  3-521253401250 + 286124793802*,  (123) 

r^  =  +  4-212485752989  -  20150358067145t,  (124) 

tJ  =  -h  42-821940684550 + 83007483054998*,  (125) 

r;  =  -  388-291894015211-169-766192550990*,  (126) 

rj-f  5ri  +  13  =  -0-3943781253261-5-844118377045*,  (127) 

r;  +  7r;  +  20rJ+19Ti  +  l 

=  -  701902408787331  +  62-642738313476*,  (128) 

and  substituting  these  values  in  (87), 

,  728  7  =  3785377-7728290-3075866-2102691* 
'         -3-52125340125 +  2-86124793802* 

=  - 1075008-6257-0-00036754*,  (129) 

a  close  agreement  with  (117)  and  (122). 

Mr.  Dewar  employed  in  these  calculations  the  new  multiplying 
machine  invented  by  Mr.  Macfarlane  Gray,  which  is  capable  of  multi- 
plying together  two  numbers  of  sixteen  figures. 
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19.  The  special  case  of 


n  =  9 


may  be  considered  at  this  stage  ;  this  is  the  case  receiving  particular 
attention  in  Joubert's  memoir  "  Sur  les  equations  qui  se  rencontrent 
dans  la  theorie  de  la  transformation  des  fonctions  elliptiqaes,"  Paris, 

1876. 


The  relation 


y»  =  0, 


or 


y8  (y-a;-y')-(y-«)'  =  0, 


is  satisfied  by  patting 


ai  =  p»  (1  -p) (1  -p  +/)•),     y  =  !>'  (1  -p)y 


(130) 


(131) 


so  that  the  curve  (130)  is  unicursal ;  and  now 


X  =  ^  =  l-— =  p-y. 

74  y 


(132) 


With  these  valaes, 


o'  = 


/  (1  -py 

(1  -py 


a 


9  _ 

5 


(133) 


and 


Oitt^a^a^  =  1. 


(134) 


Changing  p  into  = changes 

1—^ 


Oi  into  a^y     a^  into  04,     a|  into  a^ ; 


1  —  -n 

and  changing  p  into ^  changes 

P 


also 


aj  into  a,,     a,  into  a^,     04  into  ai ; 
ai  +  Oj+a4=  0. 


(136) 


As  stated  previously,  we  need  only  consider  the  real  ninth  roots  of  a*. 
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20.  It  was  shown  (Proc,  Lond.  Math,  Soc,,  Vol.  xxv,  p.  233)  that 


and  therefore,  to  the  complementary  modulus, 


^3^     -9p(l-p) 
T       1-6p+3p»+5b'' 


and  now  all  the  twelve  roots  of  Gierater's  modular  equation 

^_(r-l)'{9(T-l)'  +  8}' 
-64r{(r-l)'+l} 

can  be  expressed  in  terms  of  the  parameter  p. 


(137) 


(138) 


The  r  employed  here,  distinguished  as  Tq,  is  connected  with  the 

r  or  r,  employed  in  the  modular  equation  of  the  third  order  by  the 

relation 

(r,-l)'  =  r,-l, 


or 


T,  =  l+«(r,-l)»,      ««  =  1, 


(139) 


and  thence  the  twelve  values  of  r^  can  be  inferred  from  the  four 
values  of  r,. 

If  a  denotes  the  tetrahedron  irrationality  x^ :  a*,  in  §  7, 

1 


U  = 


8a»-+-l 


,     r;  =  8a»+l. 


tJ-1  =  (ri-l)»  =  2a,     ri  =  2a+l. 


(1^) 


For    instance,   in   the  Transformation  of  the   Nineteenth   Order 
(Fricke,  Math.  Ann,,  xl) 

19r  =  —  X,     19r  =  x\ 

a.''  =  4a:»+(8a;+19)«, 
'^''*  ~  6l3 '     ^  ~  ^'    '^''*  ~  ^^^  ' 


27       . 


19 


^3,0  -  jg,    '■m-27' 


(8  \^ 
~27/    ~^'  ^~'"»'  ''•.o  =  ^- 
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With 


yj=- 


2*. 7 


or 
and 


3.19' 
a  =  4,     or      -J, 

5  +  13*V3 


19a'-5a-h7  =  0,     a  = 


38 


=  9,   r;  = 


—  1 


give  the  same  value  of  /,  and  make 

3f  =  l,    jr  =  i, 

and  thus  correspond  to  a  multiplication  by  3. 

So  also,  for  n  =  27,  and  n  =  81,  243,  ...  {Math.  Ann,,  xxxii,  p.  67), 

^    ^-'•-       p(l-^)       '    ^>      l^p^f' 
.  ^    l-6p-^3p«4-p* 

•   (-p-^p'Xp-p'r 

^  l_6p+3p'+p» 


£4  = 


l4.3p-6p*+/-3('l-^+^«)Q?-i)') 


i:;?^*' 


w 


_(H-p)(2-p)(l-2p)(p-p')« 


21.  The  expression  of  x,  y,  and  y.  as  functions  of  a  single  parameter 
has  been  given  in  the  paper  on  "  Pseudo- Elliptic  Integrals,"  Proe, 
Lond,  Math,  Sac,  Vol.  xxv,  for  the  odd  numbers 

3,  5,  7,  9,  11,  13,  and  16. 

As  a  verification,  let  us  examine  again  the  three  simplest  cases  of 

n  =  3,  5,  and  7. 

For  n  =  3,  the  single  z  function  is  Dedekind's  n  (oi)  (Brioschi, 
Annali  di  Mathematica,  xii,  1883). 

For  n  =  5,     and     yj  =  0, 

and  X  =  ^  =  a^,    /-*=:aj»; 

so  that  ^  =  -X*  =  --x*,  (141) 

the  ikosahedron  irrationality  (Proc.  L,  M.  8.,  xxv,  p.  215). 
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For 


n  =  7     and     y^  =  0, 
x  =  z  (1— «)',    y  =  z  (l—z), 


ri 


=  y— a;  =  2*(l— «); 


(142) 


and 


(-54-^=:     X-"yi=     «-> (!-«)-•  =  a;  •,     (143) 


employing  the  relations  (70),  (71),  (72). 

The  case  of  7i  =  13   has   already  received   a  full  discussion    in 
§§  12-18. 


22.  The  case  of 


n  =  ll 


is  important,  as  being  the  earliest  number  for  which  the  relation 

/(/,J0=O,  (144) 

connecting  the  absolute  invariant  /  and  its  transformed  value  cT, 
considered  as  the  equation  of  a  curve,  is  no  longer  unicursal,  but  has 
a  deficiency  _  . 

The  equation  connecting  /  with  the  parameter  rj  employed  by 
Kiepert  {Math,  Ann,^  xxxiii,  p.  97),  or  with  Klein's  parameter  r 
{Modulfunctionen^  ii,  p.  440),  is,  when  rationalized,  a  quadratic  in  J, 
and  of  the  twelfth  degree  in  i;  or  r ;  and  these  are  connected  by  the 
relation 


The  relation 
is  reduced  to 


17  +  8  =  -^. 

•   r 


(145) 
(146) 


z  (1-z)  =  !;>  (l-p), 

or  2^  =  l+^/{V(l'-l)+l}. 

by  the  sabstitations 

x=yO—z),    y  =  z(l--^y, 


(147) 
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80  that  X  =  2i = ;g*y~^-y  =  ^-^-, 

X.  =  22=(lt^^  =  «y^£lll,  (148) 

74  y  p 

and   to    agree    with    the    notation   employed  in    *^  Pseudo-Elliptic 
Integrals,"  p.  241,  we  must  put 

^  =  l  +  c,     z  =  ^q, 

80  that  q(q-\'l)=c(l+cy         ^ 

2^+1  =v/a  -.  (149) 

0  =  4c(c+l)'+l- 
23.  Kiepert's  /  is  given  by  ("  Pseudo-Elliptic  Integi-als,"  p.  243) 


/-*  = 


x'^X" 


«•«'• 


(150) 


and  now,  written  in  the  order  employed  in  the  M.  F.,  ii,  p.  403, 

«,  =  -/»x-»X-«y,  =  -/»a!-»\-A      \.  (151) 

«,  =  -/»a!-iX-»y,  =  -/'x-U- V 

Thence   varioas   relations  ansae,  which  are  independent  of  the 
eleventh  root  of  X ;  for  instance, 


^'■■♦x^.-x 


which  is  true  for  all  values  of  n ;  and 


(162) 


^rX-* 


yfrs.1 


(153) 


».  =  y,  -j 
4.  =  0;J 
(Jfa^^.  -4wn.,  XVII,  p.  567  ;  M,  F,,  ii,  p.  409 ;  Brioschi,  Annaltj  xxi). 


2  2 


(154) 


4l!».)         ^\v.  a.  G.  Grernliill  (ni  fJi"  Tmns  format  ion  nmJ     [D(.'c.  13, 
Also  the  invariant  of  the  third  order  {Modulfuiictionen^  ri,  p.  410) 

x\       \        X*       X»  ^  X«        X»  / 
=  A/",  (155> 

after  reduction;  and  the  invariant  ^  (O  on  p.  411  can  also  be 
expressed  as  a  rational  function  of  x,  y,  s,  p,  /,  and  X  ;  and  thence  as 
a  function  of  the  parameter  i?  or  c  ;  but 

*  («.)  =  0. 

So  also  the  roots  of  Galois'  resolvent  of  the  Eleventh  degree  can  be^ 
written  down  in  terms  of  c ;    this  resolvent  is 

J:J-l:  1 

:  Jr»-.4r»4-  ^"'^y^^^r-4-h6iV(ll)  I 

X  {.^4-2r>.h  3-3yil)^>,  [5-h.V(ll)]  r-  l^-^^tVCll)  |  » 
:  1728 ;  (156> 

or,  putting  (B»  =  A  {r'  +  3r+5-tV(ll)}, 


80 


that     12g,  =  x{r*-r'-^J^if^r-l=i^], 


the  elimination  of  r  leads  to  the  resolvent  in  the  form 
«"-22Aaj«+ll  {9+2zV(ll)}  AV-11 .  12^,AV+88iV(ll)  AV 

+  11  {3-tV(ll)}  6(7,A»a?-144(^A»  =  0,  (157) 

the  roots  of  which  are  given  by  (Modulfunettonen,  ii,  p.  428) 

4r,  =  s'e'-"  (zt-z^z,:)^i  {l~iV(ll)}  %€'^^z,.z^.      (158). 
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24.  Again,  as  before, 


o"  = 


a"  = 


1_      ^ 


(aV 


-(?)"=- 


.11 


.11 


=(i)"=(i"=-(?r= 


yV 
X"*^ 


o:   := 


o"  = 


-/A\"_ 


(tr=(ir=-(ir=- 

(i;r=(X)"=-(;)"- 


X" 

x»* 


.-11       ^ 


(169) 


Thence  various  relations  ensne,  such  as 

s         X 


with  simUar  relations  for  5^^,    ?^,   ?5i£},   ?i£8 ; 

a,         Og         Oj        04 


^  ^  _  _  1—5 


with  similar  relations  for  0,0^  Oga,,  a^a^^  ^4^5; 

with  similar  relations  for  -4 1    -4- 1   -% ,    —?  . 

a*       a!       a'       a' 

8  »  5  4 


(160) 


(161) 


(162) 


These,  and  other  similar  relations,  show  that  one  eleventh  root 
will  serve  for  the  system ;    and  thereby  the  appropriate  power  of 

e^*  is   settled  in  the  case  of  the    imaginary  roots  of  the  modular 
equation  (Klein,  Math.  Ann.^  xvii,  p.  567). 
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25.  It  was    shown    (''  Pseudo-Ellii)tic    Integrals,"    p.  245)    that 
Klein's  r  is  connected  with  the  c  employed  above  by  the  relation 


80  that 


l«10r+T       jj.      l-h4c+2c*--5c»-2c*-hc*  ,t^qn 


^■^^-"7"   2(Br-ii) 

c  (l+c)(10+40c+31c*-28c»-9c*-hl0c*) 

4>(24-8c+12c'-f  9c»~c*--3c'~(^)  y/Q 

2c(l+c)(l+4c-9c«-27c»-13c*+c») 

_-10g~ll-hg 
"■"  2^^ 

-c*(l+c)'(10+40c+31c'-28c»-9c*+10c») 
_  ■|-c(l-hc)(2-h8c-H2c«-h9c»~c*-3/-c")v/0 

2  (l-f4c+2c*-5c»-2c*+c7 


(164) 


(166) 


where  0=l+4c(l  +  c)S  (166) 

and  ff'  =  4EP(fl'-ll)  +  (10J?+ll)«.  (167) 

Also,  we  shall  find  that 

dr      dH       dc        2di 


where  —  =  ?+4E+8+4-» 


(168) 


t^  =  (?+4?+84+4)(£»-h8?+16£  +  16),  (169) 

so  that  the  above  i-elation  (163)  is  a  qnintic  transformation  of  the 
elliptic  functions  obtained  by  putting  T5  =  11,  or  the  ikosahedron 
irrationality  17  =  1,  in  the  Transformation  of  the  Fifth  Order. 

26.  We  can  put  c  =  p  (t* ;  /;  w,  w )  — s>  (1*70) 

where  ^,  =  -i,    ^,  =  -|,    1728/  =  -^',  (171) 

and  then  fl"  and  r  will  be  given  by 

ff=,(.,r-,f,.')-y,    r=-^„      (172) 

"'=--(-l)+f-  <™> 
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(174) 
(175) 


Thus,  if  we  put      a  =  p  (w-  ^  j  -  —  , 

..                             l+4a+2a«-6a"— 2a*+a» 
we  can  write  r  = , 

lla'(l-ha) 

and,  for  any  given  value  of  u,  r,  and  JT,  the  five  roots  of  the  quintio 
in  c  or  a  will  correspond  to  the  group  of  arguments 


27.  Putting 


makes 


H=i 


a!*-|-aj+l 
aj"-l 


«"(a^-|-l)»(a^-l)' 

and  therefore  the  roots  of  H  =  0 

are  given  by 


c,  =  - 


1+2C08^ 


,    p  =  1,  2,  3,  4,  6. 


(177) 

(178) 
(179) 

(180) 


The  roots  of  BT-ll  =  0  (181) 

correspond  to  the  duplication  of  the  argument  in  Cj,,  so  that,  denoting 
them  by  6,, 

and  the  subatitution    c=  ^^'*'^^^^'~^'~^~^^  (183) 

reproduces  the  roots  c,  in  the  order  c^,  Ci,  C4,  c,,  c,.  (184) 

This  has  been  verified  numerically  by  Mr.  T.  I.  Dewar ;  he  finds 
ci  = -0-37278,        6,--   1-241098  a 


c,  =  -  0-64620, 
c,  =  - 1-39788, 
C4  =  +  3-22871, 


6,  =  -  0-754925 
6,  =  +  14-856874 
64=+  0-346486 
65  =  -  0-207337  ^^ 


(185) 


Cb  =  + 1-08815, 

we  can  thus  take  the  correspondence 

c  =  6„  64,  65,  64,  0,   65,   Ci,   c,,   6„  —1,   61,   Cj 
to  the  arguments 


Uf 


where 


«  =  (2,  4,  6,  8, 10,  12, 14, 16, 18,    20,  22,  24)  ^ , 

C  =  |»tt  — |. 


(186) 

(187) 
(188) 
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28.  The  corresponding  Transformation  of  the  Twenty-fifth  Order 


P=A 


(c,  1)^ 


W  c«(c+lf  (c»-2c*-.5c»+2c'+4c+l)' 

x(c»-13c*~27(j»-9c»+4c+l)* 


(189) 


will  be  given  by  taking  Gierster's  (Math,  Ann.y  xiv,  p.  543) 

r„=.l,     M  =  l, 


(190) 


equivalent  to  two  qnintic  transformations,  with 


r,  =  11,     T,  = 


125 
11  ' 


r.=:;Q,     rj  =  1375  ; 
the  first  being  that  given  in  (163),  and  the  second 


"^  3  "^(H-ll)'  '  H-ll 


11*  12.  IP      IP      10.11 


£P 


H 


with 


F«  =  4P»-(7,P-(?„ 


^  _  4x29x809      ^  _  61x471281 


3 


27 


(191) 


It  is  curioas  that  the  special  pseudo-elliptic  integral  considered  by 
Abel  (CEuvreSy  i,  p.  142), 

5a;-l 


J 


dx 

=  2  ch-»  JaJv/(«»+a!'H-3a:- 1) 
=  28h-'  ^  (aj»-|-a:4.2)  ^(^-1), 


introduces  elliptic  functions  of  the  same  modulus  and  invariants,  as 
IB  seen  when  we  substitute 

aj-1  =  1/c. 

Also,  in  §  8,  Klein's  ikosahedron  irrationality  17  =  1,  and 


r  =  ll,     r    = 


125 


1 


-_  -64 

n'  '"•"li'  """ir 
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29.  To  change  from  the  argument  u  to  the  argument 


V  =  u  — 


2r 


III 


26  ' 


we  most  take 


(192) 


_  2ab  (g-f  6)+8a6  +  2  (o  +  fc)  +  l-  ^/A^/B 
"  ~  2  (a-6)« 

{(36'  +  46+l)a+6»+46»+36  +  l}v'^ 
,^  -{(3o'+4a+l)6+a'+4a'+3o+l}v/B 


where 


and  then 


ia-by 

,  2ru       2 


1  +  2  COB 


2rT' 
11 


v'5  =  x/{46(5  +  l)'+lj 

_  2h*-8bl-6br-l 
26,+ 1 

=  -26',  6^.-46,-1; 


(193) 


,     (194) 


(195) 


(196) 


also 


hr  =  h,       h^r  =  - 


(26H-l)(2fe»-26-l)' 


6^  =  - -^- 


1 

6 


6  +  1 


,     (&C., 


(197) 


and  now  r  assumes  the  form  in  equation  (175) ;    and  the  division 
values  (Theilwerthe) 

p  (1,  2,  3,  4,  5)  1^ 

will  presumably  assume  more  symmetrical  forms  than  those  given  in 
**  Pseudo-Elliptic  Integrals,"  p.  243. 


30.  The  next  odd  number  for  which  the  deficiency  of  Kiepert's  or 
Klein's  modular  equation  is  not  zero  is 

n=15; 

and  the  division  values  in  this  case  have  been  worked  out,  in  terms 
of  a  single  parameter  c,  on  p.  260  of  "  Pseudo-Elliptic  Integrals." 
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Equation  (97)  can  now  be  written 

.:=(|)'=(-i,-v'(^)', 


(198) 


and      X  = 


2t=(c+l)y 


-  2??S^  {(c'+3o+3X(S'-2c'-c+l) 

-i(C+»o+d)  +(««+2<^-3c-l)-/C},  (199) 


0  =  (c'-c-l)(<?+3c+3). 


(200) 


80  that 


a 


a 


a 


a. 


a 


__J_  _(c'+3c+3)(c«+0-2c'-c+l)-(fl*+2<^+0-3c-l)./Cx 


2c(c+l)' 


xAy.;         (c+l)* 

A'W.^        y,,  W./ 
_    i  /rtV A. 

__l/yi*V  =  -^ 
X*  V  77  /        y? 


(201) 


and 


ya.  r.rs. 


Thence 


ai«4  = 


x« 


2(c+l) 

c*4-c4-l-f  a/0 
2(c+l) 


^  • 


(202) 
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31.  We  can  also  express  the  i  parameters  employed  by  Eaepert 
for  n  =  15  {Math,  Ann,,  xxxii,  p.  121)  in  terms  of  c. 

Starting  with  Kiepert's  relations,  for  any  odd  nnmber  n, 


••1 


(Math.  Ann,,  xxvi,  pp.  394,  427),  then 

>-    L(i&y    ^      /(i5)' 

*'      L(5)'i(3)»        /(6)'/(3)' 


(203) 
(204) 

(206) 


80  that 


fJ=A' 


B         »2w   ,^    /8«    /14w' 
*'  16*^  15 ''15*' 15" 

,    L(uyL(3y^  f(i&yf(sy 

i(5)«  /(5)'       ' 


^^2*.^<,4o) 

^___ 5        5 

r/i  ^  U^  ^<^  Ij^  ^^  ej'i  ^*^  u'^  ^Q<^  o^  l'^<^  u^  1^<^  c^  2*^ 

'^  15*^   15*^  15*^  15*^     15  '^    15  '^    15  ^    3 


(206) 


(207) 


A»y8     8     8     16     8 
=r   ^1  ^i  ^A  ^K  ^7 


as^'A" 


f.= 


_  V.y^y? 


o; 


V« 


w  hile 


»i     -.4 


«  717*78714 


__  ^7'7f 


a;*X^* 


(208) 


(209) 


(210) 
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80  that  f *  =  4-  =  —r^ 

^_(c  +  iy(,p-z)^  (211) 

reducing  to  a  rational  erpression  ("  Pseudo-Elliptic  Integrals,"  p.  258) 

Making  use  of  this  value  of  («  in  Kiepert's  equation  (448),  we  find 

r  ^  -5c(c+l)'(c»-f3c+3)-f(c-H)(r-h2)(2c«-h3c  +  3)v/0       ^oi ox 
'  2G(c^+3c+3)(c*+3c»-h4cH2c+l)  '     ^    ^ 

r  _  A  =  -5c'(c-H)(c'-h3c-f3)  -f  c  (c-h2)r2c»-h3c-h3)v/0        .o^n 
^^       i,  2(c+i)(c*-f'3c»+4?-h2c-f-l)  '      ^       ^ 

and  so  forth ;  thence  the  values  of  x,  y,  z  in  terms  of  c  in  Kiepert'a 
equations  (620)  Math,  Ann,,  xxxvii,  p.  390,  can  be  inferred. 

32.  In  the  preceding  cases  of  Transformation  the  order  n  has  been 
taken  as  an  odd  number,  and  the  resolution  of  the  cubic 

^'-9fP-9z  =  0,  (215) 

or  of  the  associated  form,  employed  in  "  Pseudo-Elliptic  Integrals," 

48(«+«)'-{(t/  +  l)«+a:t/]«  =  0,  (216) 

is  not  required ;  and  the  associated  elliptic  functions  are  of  the  First 
Stage  [Erster  Stufe), 

Bat  in  most  dynamical  applications  this  resolution  must  be  effected, 
and  elliptic  functions  of  the  Second  Stage  {Zweiter  Stufe)  must  be 
employed;  so  that  we  shall  find  it  useful,  for  the  purpose  of 
mechanical  problems,  to  follow  Kiepert,  and  to  determine  the 
modular  functions  corresponding  to  an  even  order. 

(Brioschi,  AnnaXi  di  Matematica,  xxii,  1894.) 

33.  Referring  to  Kiepert's  paper  "Zur  Transformation  der 
Elliptischen  Functionen,"  Math,  Ann,,  xxxii,  p.  1,  for  an  explanation 
of  the  notation,  and  for  the  meaning  of  his  parameters  denoted  by  £, 
the  following  table  of  results  shows  the  expression  of  the  f  s  in  terms 
of  a  single  parameter,  as  defined  in  "  Pseudo-Elliptic  Integrals  "  : — 


1894.] 


Division  of  Elliptic  Functions. 


435 


1  = 


n  =  2   {Math.  Ann.,  xxxii,  p.  66). 
L  (2)»*  =  ^f  (2)**  =  -  64r, 

16 


'4 


=  16-j,    16-;,,    or   -^. 


(217) 


«  ^  4 


(Math.  Ann.  xxxii,  p.  55  ;  and  " Pseudo- Elliptic  Integrals,"  p.  211). 


i,  =  L(4,y  = 


l-16a; 


>. 


(218) 


n  =  6        (p.  83  ;  and  p.  216). 

c 


L  =  -_M6V_.  ^      /(6)«      ^     ^ - 

'      L(3)«i(2)«      /(3)7(2)«      ^      (2-c)(l-2c) 

I  ^      J>(6)'       ^      /(6)»      ^    y    ^      -, 


i.= 


i.= 


L  = 


L  = 


L(3)'L(2)»     /(3)V(2)»      1-y     2(l-c)' 

l-£^        1-y        \l-c/ 
8{.     ^l-9y^o(l+c)' 

l-{,         y  -c 

8       _,_      _      2  (1-c)' 
9-£,  ^        (2-c)(l-2c) 

8«L    =l-9y  =  -2(l±^)!_ 
9-£,  ^       (2-c)(l-2c) 


and  (Math.  Ann.,  xxxvii,  p.  385) 

'-yi*%. 

where 

-ii 

v/»7 

where 

1 

«'=^f+7i' 

where 

(219) 


(220) 


•2  V  'I 
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n  =  8    (p.  57 ;  and  p.  226). 


£.= 


/(2)" 


=       '  (!-')     = 


{. 


=  1=4^  = 


k  = 


1+4S, 

^ 

l+4«, 


(l-2«)' 

l-Sa+Sa* 


=  ( 


=        (l-2«)»  = 


=  -Ji—=L  =  z{l-z)z= 


4.= 


f.= 


1+44, 

1 
1-4J, 

1-4S, 


2r 


(1  -2zy 

l-8z+8s^ 


=  ( 


c(l-c)(l-2c)-| 
(l-2c+2c«)* 

l-4c-f2c»Y 

c(l-c)(l-2c) 
(l-2c+2c«)» 

l-2c-f2c»Y 


(1-^)    ^ 


l-8z+8«* 


c(l~c)(l-2c) 
(1-4c  +  2g')*  J 


(221) 


w=  10     (p.  86;  and  p.  235). 


because 


t»- 

fi^rfi^y 

1— a— a 

/  (10)' 

=  x' 

-l^-^{i**i**...* 

""^  yiyjysyiysyeyzrsrft ' 

/(2)' 

=  iC" 

■^X-A-y, 

/(5)' 

=  x~ 

■•X-i^y(2«+4"+«'-» 

"^^  yfy4y«y8             -^ 

(222) 


(223) 


and  these  values  lead  here,  as  elsewhere,  to  the  result,  emplojing  the 
values  of  y  given  on  p.  204  of  "  Pseudo-Elliptic  Integrals." 


Thence 


^.= 


i.= 


ii  = 


&  = 


£.= 


1-5^. 

i-f, 
1-^. 

4 

1-f. 

_4_ 

4f. 


l+4a-o'"! 
l-o'' 

— g 

l+4a— g* 
— a 

l-g' 
1 — g— g' 

l  +  4g— g' 
1— a— a'  V 


(224) 
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Thence  {Math.  Ann.,  xxxvii,  p.  386) 

—  4 

u,u=  yf  ±  — ^,     where     f  =  ^4^5 

VyV=  -v/ifi  —7- ,     where     ly  =  - 

-  6  i 
Wj  w  =Vf  ±  — p,     where    f  =  -r" 

1-6  =  -  — +l-ha 
a 

1— I'm      Pf«-P'^' 


(225) 


and  patting 


(226) 


u«  =  ?  = 


«\j 


(4+b«) 


6(l-6)(4  +  6) 


>8M 


,^.^^.>^    (4-h2b-fe7 
b(l-6)(4  +  b) 


JM 


-.^-^^    (4-8fe-fe») 

6(l-6)(4-h6)J 


(227) 


The  eighteen  values  of  Gierster's  r,Q  (Math.  Ann.,  xiv,  p.  452)  can 

now  be  exhibited  as  a  group  of  substitutions,  involving  the  parameter  a. 

Passing  on  here  to  the  case  of  u  =  20  (Math.  A7m.,  xxxii,  p.  105), 

«'=y{^.(f.+i)(^,+i)} 

(l-a*)'    ' 


A  =  — a+a*-ha'; 


}■ 


={ 


l-a»         )   ' 


_(l~a-a»)(l-6a-a«)-5(l4-a')v/^ 
•  (l-o-a2)(l  +  4a-a*) 

and  similarly  the  values  of  jy„  iy„  jy^,  1/5  can  be  written  down. 
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n  =  12     (p.  103;  and  p.  248). 


and 


*•     /(3)V(2)' 

—a 

~l  +  a-f-a* 

t          l-3f, 

1-fa' 

^-      3^ 

-m' 

^=  ¥ 

—a 
~  l+a' 

f.-  2  J  +  l- 

_(l+a)' 

1-f, 

—a 

*■-         2 

•  •  •                                  •  •   • 

•  •  •                                     •  •  • 

a  =  '^J 

• 

Pk^ 

>-pi« 

(228) 


(229) 


and  thence  the  twenty-four  yalues  of  Gierster's  r„  in  terms  of  a  can 
be  exhibited  by  a  gronp  of  substitutions. 


w=14 


(p.  87  ;  and  p.  257). 


Beginning  with  f  4,  we  find 


^*      L(7)«i(2)"     /  (7)7(2)" 

—         g'^^X'^yty^y,  ...  y„y„ 


(230) 


I  _  X»  l!2i3i  =  Til  riM»  — 5Wi 


r? 


(231) 
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Putting,  as  in  p.  257  of  "  Pseudo-Elliptic  Integrals," 

r-f  c 


r  — 1 
**  1-fc  l  +  2c    ' 


(232) 


a  rational  function  of 


pov—pv  p2v-pov 


(233) 


With  this  value  of  ^^4,  Kiepert's  equation  (290),  p.  90,  for  ^,  becomes 

l+c-2c'-c»>a^„c(H-c)«.      c  (1-fc)'  (l-6c-16c*-8c»)  _  ^ 
"^»"^^H:27^'"""^  (1^2^?  "' 


l-h2c 


and  thence 


and 


>  ^  -7c(l+c)'a-h2c)-h(l-fc)(l-f3c+4c«)yO 
^'  2(l  +  2c)(l-f.c-2c«-c») 

where      0  =  c  (1  +  2c)  (4 + 5c + 2c*), 

>  ^  ^,  _  -7c(l4-c)(l4-2c)-Kl4-3c+4c')yO 
**       (^  2c(l  +  c)(l+c-2c"-c») 

i  -  j^-    l  +  2c^ 
^»-f,  -c(l+cy«^»' 

_8(l+c)(l+3c+4^VO 
"^ (1+ 2c7 

Al        1  _7c(l-fc)*(l-h2c)  +  (l-hc)(l-f3c+4c')yO 
^,  2c(H-c)(l-6c-16c*-8c»)  ' 

and  thence  (Math,  Ann,,  xxxvii,  p.  385),  for  n  =  14, 

_  7  (1 4. 2c-h4c*+22c»+44c*+32c^-h8c^) 
2(l-l-c-2c»-c»)(l-6c-16c«--8c») 

(1-h  3c+4c')  (1  +4c-4c'-  32c»-48c*-32c»-8c»)  y/0 
■*■    2c(l-hc)(l-}-'2c)(l-hc-2c«-c»Kl-6c-16c*-8c»)    ' 

and  (Math,  Ann.,  xxxvii,  p.  386) 


(234) 

(235) 
(236) 

(237) 

(238) 

(239) 


(240) 


(241) 
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where      ^  -  ^«  -  7c(l  +  c)'(l+2c)  +  (l+c)(l+3c+4o»)yO      042^ 
where      ^-^^-  2(l+2c)(l-6c-16c'-8«')  '  ^^*^^ 


and  thence  we  find  that  Kiepert's  relation 
is  satisfied. 


(243) 


w  =  16     (p.  59 ;  and  p.  262). 
Conyerting  Kiepert's  expression  for  (^  into  one  involving  X  and  y, 


M*  yfiV*  yioy« 

£  ^  Va*^  ^1^4  nj^i  ^  2jo2^?2!z2!*2i  =  2^§25252!? 
yi»y4  Mft  2vyj        ywrJ^i        ^VJyJ 

y'ys  rYi  yy. 


and  this  rednces  finally  to 


a«-l 


so  that 


>  _  ^  —^ 
^*      o«-2a-l 

•"        2f.  "a'-l 

>  _  1—2^,  _  a*  +  2a— 1 
^*  1  +  2^,  a»-2a-l 

*  _          ^«  —        ~<^ 

^*  1  +  2^,  a*-2a-l 


&=      l-2f.     = 


a'  +  2a-l 


a 


X  _      1—2^,     _  o»-l-2a-l 

.  ^v/(l-h4g)_      g'  +  l 
^*         1  +  2^,  a*-2a-l 


iL 
it 


&  = 


^  -        it  - 


fio  = 


a'4-2a— 1 
a* -hi 

a»+l 

— g 
a»  +  l 


(244) 


(245) 


Referring  to  "  Pseudo- Elliptic  Integrals,"  p.  263,  and  Math.  Ann,, 
XIV,  p.  542,  we  see  that  Gierster's 

r^.  =  -ts'  (246) 
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n  =  18         (p.  126 ;  and  p.  265). 
To  agree  with  the  notation  of  the  Modulfunctioneny  i,  p.  685,  we 
must  put  Gier.ter'8  ,„  =  _^_2,  (247) 


and  then  {Math.  Ann.,  xiv,  pp.  540,  541) 

2r,+9  =  (r.,-3)' 

2r,+8  =  (r,g+2)« 


(248) 

(249) 
(250) 


,1...— aX 


—  £)4j 


(P<^-PJ«)' 


pff—pfff 


7*\> 


puf-p^u>        {p(a-'pw)(puf—fffw') 


SO  that 


a^  +  y'=l. 


(251) 


Changing  the  sign  of  the  x  on  p.  269  of  "  Pseado-Elliptic  Integrals," 
we  now  find  that  the  relation  connecting  this  x  with  Kiepert's  {,  is 


'  X       r„  +  2 

__g»_g,«+25  +  l+yQ 


43(3  +  1) 


(252) 


ao  that 


6  = 


l-2f, 


18 


23(3  +  1) 

f.  =  1-26 

_8*  +  33«+0-l-v/Q 
23(3+1.) 


(253) 


(254) 


^  = 


=  _^ 


1+6 

_g'+33'-hO-l--/Q 
2  (3»-33-l) 


(256) 


6  = 


1-2^ 
1+6 

-<y'-9g'-63  +  l+3^/Q 
2(3>-33-l) 


(256) 
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80  that 


&= 


i+it 


^-Vii65-l+VQ 
2  (5»-33-l) 

1  =  ^5  =2*- 33-1 
i,       'it        3(5+1) 


,11 

'  3       3+1 


(267) 


(258> 


n  =  22    (p.  91 ;  and  p.  274). 

34.  Expressed  in  terms  of  our  X  and  y,  we  find  that  Kiepert's. 
three  parameters  (,  ^„  d  are  given  by 

.      L  (22)' L  (2)'  ^     /(22)'/(2)' 
*  i(ll)«  /(11)» 

x-fK-^ytYtYt ...  y„y» 

=  *^  yiy»y5yry»yiiyuyi6yi7yi»yM 


—  ^\ts  (yiy»y»y7y«yn)  > 

.  _       L  (22)*       _      /  (22)« 


^,= 


L(11)«L(2)*     /(ll)'/(2)* 

xw/yiT^ysyzytV 
Wjy4y«y»yio' ' 

L  (22)'      ^  . ,     /(22)» 
i(ll)*L(2)'  /(1 1)7  (2)' 


_  ^'    (yiy»y»y7y.)' 
a^^"  (y.y4y.y.y.,)' ' 


(2.59). 


(260). 


(261) 


and  we  have  to  express  these  quantities  as  functions  of  a  single 
parameter  c  by  means  of  the  relations  on  p.  274  of  "  Pseudo-Elliptic 
Integrals." 
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35.  Judging  by  analogy  with  preceding  cases,  the  parameter  fj 
seemed  likely  to  assume  the  simplest  form,  because  it  did  not  in- 
volve the  discriminant  A  ;  and  now  we  shall  find  that,  expressed  in 
terms  of  the  q  and  c  of  p.  274,  "  Pseudo-Elliptic  Integrals," 

t  _  Iq*  (g-l-c-c*)'  (£+1  +c)'(g-c^  .262^ 

''-     (l+c)(g-l)'(g  +  c)'(2-c-c')»      '  '•^''^^ 

where  q  is  given  as  a  function  of  c  by  the  quartic  equation 

(?+c)(5-c-c«)*  {cg«-(l  +  2c+c»-f  c»)  q'\'C''\'(?} 

-cg(g-l-c-c»)(5-c0(?+l+c)«=  0,     (263) 

which  can  also  be  written,  according  to  the  calculations  of  Mr.  St. 
Bodfan  Griffiths,  of  University  College,  Bangor,  in  a  form  ready 
for  solution, 

{2(l-hc)V-(2c+6c*-f4c»-f2c*)3-c*(l-fc)}« 

=  (4c-|-8c«-f4c»-hc*){(l  +  2c)^-c*(H-c)}«,         (264) 
orc*{(^-(2+4c-fc"-hc8)5+2c»(l  +  c)]* 

=  (4c-h8c*-f  4c»-f  c*)  5*  (g-c-c«)«.  (266> 

Thus,  from  (263),  we  can  also  write 

^*-  (I4.c)(g+c)(5-l)*(5-c-c«)' 

(266> 

and  the  elimination  of  q  between  this  and  (263)  will  lead  to  a  quartic 
equation  in  d,  which  is  discussed  in  the  sequel. 

36.  To  connect  up  these  values  of  q  and  c,  which  may  be  distin- 
guished when  required  by  q„  and  c^,  with  the  9,,  and  c,i,  employed 
in  the  Transformation  of  the  Eleventh  Order  in  §  22,  we  notice  that 


6oi        4(ii 
P 


^11      ^11 


6w 2w 

1 2ut        8&1 

12cil  4<k» 

^^"^'22 
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yiors 

-,_  Tip 


80  that 


ray 


-.  _  (g+c)(g-c~c») 


(q-cy 


i+cii=   I'll 


8w ^4« 

20w_    4« 


22 


22 


_(g4-c)(g-c~c«)' 
^11     _  _  :?n  _.  _  g-fl  +  C 
L±gil±gn^-(l-<-c)\ 


(267) 


(268) 


(269) 


(270) 


and  these  are  true  in  general  when  i^u,  ^i„  g„,  c^j  are  replaced  by 

37.  In  Kiepert*s  notation  (Math.  Ann.,  xxxii,  p.  96) 
i-=„+8  =  ?-h  44+8+4-1 

^=17    =({+2-2£-«)«;, 

«;«=  (?+44'  +  8i+4)(?+8?+16£+16), 


BO  that 


--^  I  =  2(4+2-25-'), 


and 


dT 


2di 
w 


(271) 
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Again  (Math,  Ann.,  xxxvii,  p.  386),  putting 

2 


while 


so  that,  from  (168), 


dc        dr 


U,       U=Z   y/(± 


ve 


A^==u-y(u«-8), 


du 


udu 


(272) 


(273) 


^G      T        -v/K-4mH4)      y((u»_8)(t*«-4t*«+4)}' 


(274) 


Put 


then 


t*«  = 


Put 


then 


a  +  l* 


du 


-v/(t*«--4tt«  +  4)         ^A    ' 


^=:4a(a  +  l)*-hl. 


S»  =  t*«-8  = 


tic2u 


IP 
6-11' 


^^dh 


y{(t*«-8)(tt«-4tt«+4)}        y^  ' 
B  =  46«(6-ll)-h(106-hll)«, 


the  same  function  as  H**  in  (167),  §  25. 
Thus 


dc    __  —jda  ,   ^dh 


and 


~-  can  be  reduced  to  the  form  of  — — -, 


(276> 

(276) 

(277> 
(278) 

(279) 
(280) 


(281) 


by  means  of  the  quintic  transformation  (163),  so  that  the  preceding 
relations  conceal  an  elliptic  function  relation,  the  interpretation  of 
which  is  given  hereafter,  in  §  61. 
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38.  In  Kiepert's  notation,  distinguishing  this  new  i|  by  an  accent, 

.80  that  -p  =  4y(iy'0  =  {v'\'v)(w'\'w).  (282) 

Also  2  */iy'  =  y(r+2)  +  v/(r-2), 

2yf  =  -/(t(7+22) -h  y(u^-22), 

-i-  =  {y(i;+2)+  v^(i;-2)}  { v/(t(^+22)-hy(«^-22)} 

=  2(£+3)v/(?+8?+16{  +  16)+2(i-h5)y(?+4?-h8{+4). 

(283) 

These  relations  seem  to  show  that  u,  v,  w  should  be  determined,  as 
the  simplest  functions  of  a  single  parameter  c. 

n  =  26     (Math,  Ann.,  xxxii,  p.  98). 

39.  We  notice  here  that  Kiepert's  (^  is  the  same  as  Klein's  r^,,  so 
that  we  can  put  ,  a^    ^ 

and  thus  (  can  be  determined  as  a  function  of  c  by  the  solution  of 
Kiepert's  cubic  equation  (333). 

To  obtain  the  £'s  as  explicit  functions  of  a  parameter,  we  should 
have  to  discuss  Halphen's  relation 

y,5  =  0  ;  (285) 

but  this  leads  to  difficulties  not  yet  surmounted. 

40.  The  connexion  between  Kiepert's  (  parameters  and  the  func- 
tion pn  employed  by  Abel  in  the  expression  of  the  square  root  of  a 
quartic  in  the  form  of  a  continued  fraction  is  remarkable  (Abel, 
(Euvresy  ii,  p.  167). 

Expressed  by  Halphen's  y  functions,  we  find  that  Abel's 

5^  =  -  2««  y^f^s^ ,  (286) 

and  29o  =  p  =  — 4c;  (287) 

thence  p,  =  *^^^ ,  (288) 

P 
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and,  since 


PmPm^l  =  ^Qm^ 


^^  •  •  •        #^  ^^ 


3j— 1    ^2.-3 


9^1 


Wirsys-..  yj.-i^    yL*i 


(289) 
(290) 


^''  32.    32.-2       3i  1? 


(yiysys "» y2a»i\  y2.-»2y2.»3  ^091^ 
yjy4y«--y2.^.2/       «* 


Written  in  Halphen's  notation  {Fonctions  Elliptiques,  ii,  p.  682) 
Abel's  continued  fraction  expression  is 

-v/{(a;»  +  ac  +  6)»-hiw} 

=  (^+ax+h)-^l  :  2iE±^+i  :  2C?±2i)  +1  :  ... 

P  Pi 

•  •  •  •  1^  A  •  •  •  • 

Pm 

=  (a;'  +  aa;+6)+j9  :  2  (x'^g)+pp^  :  2  (iC+^O+PiP,  :  ... 

:  2  (a;+gr«-i)  +i)«,.i2?«.  :  2  (a:+gr«)  +jp^^w^i  : ...,      (292) 


and  we  find 


gm  = 


|?(?M-hl)  V— pv' 


w 


ith 


Pm-iPm  =23«  =  4{p(m-hl)«— pt;}; 


(293) 
(294) 


so  that  the  continued  fraction  is  readily  written  down  when  it  is 
periodic,  and 


y«  =  0, 

leading  to  a  pseudo-elliptic  integral. 


(295) 


41.  But  without  having  recourse   to  the  transformations   of  the 
even  orders,  we  can  obtain  the  resolution  of  the  cubic 


iS  =  45(s+aj)*-{(y  +  l)«+«y}' 


(296) 


by  means  of  Halphen's  expressions  for  his  x  and  y  in  terms  of  a  and 
7  on  p.  377,  t.  II,  FonctioTis  ElUptiques, 


X  = 


_  {a«-2ay(2y«~3r-f2)+y*}» 
2«a«(a-l)«y*(y-l)* 


-       (y«-a)(y«-2y  +  a)(y'-2ay-ha) 


2/  =  - 


2»a(a-.l)y«(y-l)* 


(297) 


(298) 
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Now,  if  «.,  Sg,  s,  denote  the  roots  of  the  cubic  (1),  we  can  put 

».=  ar(y'-2y+o)',  (299) 

»,  =  Jf  (y'  -  2ay + a)«,  (300) 

S,=1P  (y'-a)',  (301) 

^here  jf  ^a'-2ay(2y'-3y  +  2).t-y«  ^^^ 


^_a«-2gy(2y'-3y  +  2)  +  y« 
2*«(o-l)y'(y-l)'       • 


42.  But,  if  we  put 


then 


where 
and  then 


y_l-2(j.'+g')  +  (p'-g')' 

l^V  ' 


__      {l-2(j>'+g')  +  (f'-g')«}« 

{(l+i»+g)(l+j>-g)(l-j>-fg)(l-j) 

2W 
„ (l+j.'-g')(l-p'+g»)(l-p«-g') 

^  ~  2yg' 


-3)}' 


(303) 

(304) 
(305) 
(306) 

(307) 


(308) 


(309) 


43.  In  the  poristic  problem  of  the  polygon  of  n  sides,  inscribed  in 
a  circle  of  radius  B  and  circnmscribed  to  a  circle  of  radins  r,  the 
centres  being  a  distance  c  apart,  we  may  put 


2K 
2>  =  en  —  ^ 


n       B—c 


'  =  »(-?)  = 


B+c 


(310) 


and 


«•  = 


1_    -  P'-9*  -        ■*fic 


-r* 


(311) 
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44.  Putting 

4,i  =  l-(p+qy 
4.  =  l-(p-5)»J' 

then 

16/i'i'' 

^                       (/i-v)' 

and  then,  putting 

ft+v  =  2a,    ny  =  fi. 

(312) 


(313) 


(314) 


(315) 


(/i-v)*  =  4(a'-/3), 


(316) 


then 


(a'-/3)' ' 


^       g  (a-2/3) 
^  a»-/8      ' 

4  (a'-/3)  ' 


(317) 


(318) 


(319) 


and 


S.=! 


I*/? 


'       (a'-/3) 


a* 


(320) 


45.  We  shall  find  it  convenient  to  use  the  symbol  Sr  to  denote  the 
value  of  8  cori^esponding  to  the  aliqnot  part  2rwjn  of  the  period ;  it 
also  simplifies  the  expressions  to  put 


and  now 


/3  =  ma] 


A>    '•^ 

w'a 

K  — 

(a-m)*' 

y  = 

(l-2m)a 
a—m 

t/-M  = 

(2a-l)m. 

and  we  find,  after  reduction 

VOL.  XXVII. — NO.  663. 

2  0 

(321) 


(322) 


(323) 


450      Mr.  A.  G.  (3reenbill  on  the  Transformation  and     [Deo.  18, 


«»— «i  =  «,+«       = 


«T-«J   =   ^ 


a— m 


(a-m)" 


(l-m)«a 


a— wi 


80  that 


a — m 


«T— «4 


_    Cm(l— 2m)  a— m*  (1— m) 


=  { 


}■• 


I 


«T-«8 


a 


(l-2m)(a-m) 

r^   ((l-2m)a-m'(l-m)V 
-mC(l-2m)a-ma-wy)   ' 


(324) 


(325) 


(326) 


(327) 


(328) 


(329) 


(330) 


g'      ((1 

(a-m)U 


/f^— /?7 


m'g 
a— m 


2m-h2m*)(l-2m)a-m(l~m)(l--3m-h3m'))  ' 

(331) 


2  (l-m)(l-2m>  a-m  (l-m)» 


1(1- 


-2m)'a«-m(l-m)(l-2m)(2-3m)a+m'(l-m) 


(l-2m)»a»-m  (l-m)(l-2m)(l 


— 3m)  a  +  m' (1— m)*")  *     fQQ2^ 
-3m)a-m*(l-m)')    '  ^        ^ 


«T-*8  = 


m' 


(l-2m,)«(a-m)« 


(l-2m)»a»-m(l-m)(l-2m)«(H-2m-2m»)a« 

4-4m»(l-m)»(l-2m)a-m*(l-m)* 

{(l-27w,)a--m(l-m)} 

X  {(l-2m)a-m(l-m)(l-2mH-2m*)}-' 


(333) 


Mr.  G.  H.  Stuart  is  engaged  on  the  calculation  of  the  succeeding 
equations,  and  he  has  found 


•S— «• 


—  '^q     _  3,1 78710 


n  —  rti 


_  (I -my a  (Aa^-Ba^+Ca-'D}  « 


a  — m 


lPa»- 


Qa^-^Ea 


"Si  ' 


(334) 
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where  A 

B 
0 
D 
P 

Q 

8 


(l-2m)»(l-2m-|-4w«) 

2m  (l-m)(l-2m)«  (l-3m+5m') 

wi«  (l-m)»  (l-2m)(l-4m+7m') 

m«(l-m)» 

(l-2m)»(3-6m+4m») 

2m(l-7n)(l-2m)*(3-7m+5m«) 

m*  (1-m)'  (l-.2m)(4-10m+7m«) 

m»(l-m«) 


(335) 


_     mV 


"[to:: 


i4a*-Ba»  +  Ca«-Da+^ 


{(l-2m)a-m(l-m)'}{(l-2m)a-m»(l-m)}(Pa»-Qo-fjB)-l 


where 


^  =  (l-2m)« 

i?  =  2m(l-m)(l-2m)»(2-7iM+7m') 

0  =  2m«  (l-m)«  (l-2m)«  (3-llm+13m«-4m»-f  2m*) 

D=m»(l-m)*(l-2m)(4-17m+27m'-20wi»+10m*) 

JE7  =  in*  (1-m)*  (l-5mH-  10m* -  10m' + 5m*) 

P  =  (l-2m)* 

Q  =  m(l-m)(l— 2m)(l-6m+6m*) 

J8  =  — m'(l— m)' 


,.   (336) 


So  also  for 


*7""*n»  ^T     ^if»  **^' 


The  form  of  the  denominator  of 


Sy—Sn 


can  be  inferred  by  putting 


Sy  8p     8y  «»«j 


pj 


and  of  the  numerator  by  putting 

(«,-«^) (*,-«». p)  =  (s^—SyXs^Sy)  ; 

and  these  relations  serve  as  a  check  upon  the  preceding  results. 

2  o  2 


(837) 
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These  equations,  (324)  to  (337),  ...,  provide  a  simple  method  of 
determining  the  division  values  of  elliptic  functions  of  the  second 
stage  in  terms  of  a  single  parameter  ;  for  putting 

Sy—Sn  =  0,    or    s^-Si  =  «^— «,»-*,  (338) 

gives  a  relation  hy  which  it  is  possible  to  express  a  and  m  in  terms 
of  a  single  parameter. 


Thus,  for  instance,  from  the  relation 


*T      h  *T      *io» 


(339) 


we  obtain  the  elliptic  functions,  sn,  en,  and  dn,  of  the  nineteenth 
part  of  a  period. 

46.  Expressed  by  a  linear  and  quadratic  factor, 
S  =  4tf(*+a;)«-{(y+l)ir+ary}« 
^[,         ^'«'    ]    f^,  4(l~2m)a~l     ,       mni~2m)«a«] 

(340) 
80  that,  denoting  the  roots  of  the  quadratic  factor  by  «.  and  s^,  we  find 

(s.^sXs^^s,)^'^^^^^^:^.  (341) 


,  xj  4l~8(l-2m)a 


(342) 


and,  according  to  the  order  of  magnitude  of  «.,  *^,  s^,  we  may  put 


-T,,   or   -f,  or  -icV 


(s-s,y 

,ga*  (g— wt)(a~m  +  l) 
1-8(1 -2m)  a 


(348) 


We  may  also  determine  Kiepert's  function  T  (McUh.  Ann.y  xxxii, 
p.  26)  by  the  relation 

2«=     n      ?^— ^.  (344) 


r-l        «^— J 
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47.  According  to  Halphen  (F,  E.,  ii,  p.  407)  x  and  y  are  given  as 
fnnctions  of  r  by  the  relations 


8/  X       a*3va*v 


(345) 


/  X       o-4ra*i? 


(846) 


Denoting  the  valaes  when  v  is  changed  into  pv  by  x,  and  y^,  then 
(F.  K,  I,  p.  106) 

-  ')iy;  _  («.,-»,)* 

"'"  y;        s,    ' 


a;. 


=  2^e2J=    /§ 


(347) 


(348) 


and  now  the  substitution 


8^82f  =  UPt, 


(349) 


or 


*-«,  =lf*(^+ar,), 


(360) 


where 


M'ajp  =  5|jp— *^ 


(351) 


or 


M  =  3* 


changes  iS(fi;  a:,  y)  =  4/?  («+«)'— {(y+l)«+a!y}* 


(352) 


into 


itf"^  (^ ;  «pi  yp), 


and  makes 


Mds 


dt 


s/{S{s',x,y)}        ^{8{t;x^y,)}' 


(853) 


in  this  way  the  various  permutations  of  the  division-values  of  argu- 
ment pv  are  obtained. 
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48.  Thns,  for  instance,  when  n  =  11,  and 

711  =  0, 


we  find 


But,  if 


so  that 


while 


1  ^t 


rav! 


,t\> 


xiy-x-f) 


y«{ie(y-x-y»)-(y-«)*} 

(l  +  c+5)'(5-c) 

_        cq(l  +  c)* 
(H-c+3)'(3-c) 

^ 4c(l+c)'(A/a-l)' 

(l  +  2c+170)»(-l-2c+  V'O) 

_  (l+c)(l+2c+2c'-  VG) 

2?  ■ 


Ci  = 


l  +  2c- VO 
2c= 


/^  _l+3c+4c'+c'-(l  +  c)'/C 
J-    2i-       2       ' 


and  2,  is  thns  changed  into  z,  by  changing  c  into 

l+2c-'v/0 

*  « 

2c' 


-1 


and  the  same  substitution  changes  x^  and  y,  into  Jf,'  «,  and  if^  y^, 
where 

y.  4(i+c) 
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Similarly,  a  change  of 

c  into 


-l_4c-2c»-'v/Cf 


2(1 -he)' 

changes  a^,  y„  «i,  ...     into    M^^x^,  ^Vy%y  «i,  ... ; 

and  so  on. 

Calcnlating  the  division- values 

p(l,2,3,4,6)?^», 


for 


we  find,  with 


^=11' 


24(H-c)'pt;    =-2+  2c-l-27c*+  42(j»+18c*-  2c*-2c^ 


-h(    6c-|-13c»-l-  8c* -h  2c*)  a/0, 
24 (1  -f c)«p2v  =  -2-10c-33c«-  66c»-66c*-26c*-2c^ 

+  («6c-23c»-28c»-10c*)  a/C, 

24(l-|-c)'p3i;  =  -2-10c-33c*-  ZOt?-  M-  2,c'-^2,<?- 

-|-(-6c-|-     (?^  8c»-|-  2c*)a/(7, 

24  (H-c)'p4t;  =  -  2-22c-69(5»-102c'-78c*-26c«-2c« 

-!-(    6c-|-13cV  8c»+  2c*)  a/0, 

24(l+c)='p5t;  =  -2-10c-21c*-  18c'-  6c*-  2c*-2c« 


4.(-6c-llc'-  ^^  2c*)  VO, 


80  that 


r-6- 


24(H-c)«(?,  =  24  Sprr 

r-l 


=  -  10-50c-129c*-174c'-138c*-58c*-10c« 

-\-(-ec-'  7c»-  8c'-  2c*)  a/0, 

and   the  preceding  group  of   suhstitations    merely  permutes  these 
division- values,  and  changes  the  homogeneity  factor  M. 
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49.  The  value  of  x  ss  074.  may  be  derived   from    a;  =  ;i^  in  the 
following  manner : — 


Put 


80  that 


and  put  s(^ys[g)^x^  =  x\ 

so  that  8  (—- )  =  x—x\ 

Then  from  the  formula 


[r-l 

i- 

2n| 

L     2nJ 

where 


^''^s  4(a:-«-0(«-« -«/»)(«-« -0» 


1  «>  w 
*    2n 


+  (aj— «'• 


we  obtain,  after  reduction,  the  equation 

a^*-aj  (y  + 1)  ;c'»-2«*a;'-aj>  =  0, 


or,  putting 


/  X 

«  =  — 


r*+2r»+(y+l)  r*— «  =  0. 
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To  solve  this  qnartic  equation,  write  it  in  the  form 
when  the  right-hand  side  will  be  a  perfect  sqnare  if 

or  2^-^(y+l)  +  2to— a?t/ =0, 

or  4?(^+a:)«-[(y+l)#«-ha^}»  =  0, 

so  that  we  can  take,  from  (321),  (322),  (325), 


<»  = 


8^ 


t  =  V^8,= 


ma 
o— m 


(2t-y)  r»+2<r  +  f«+aj  =  -^^  (T+m)\ 


o— m 


and  thus  the  qnartic  for  r  or  x'  may  be  resolved. 

As  a  preliminary  verification,  take  2n  =  6 ;  then  we  can  put 

'7  =  2^'    *  =  y 
(Proc.  Land.  Math.  Sac.,  Vol.  xxv,  p.  216) ;  then 

(r»  +  r+y)«  =  y(r+l)«, 

t*-r(Vy-l)+A/t/(^/y-l)  =  0, 

/^    ^^y-i\'^(A-i)(-3A-i)^  ^r  a-A)a+3^y), 

This  quantity  y  =  y^  is  found  to  be  connected  with  the  parameter 
a  =  0,1  by  the  relation 

a» 

(l+a-fa«j«' 


y  = 


and  taking 


^y  =  — 


a 


l  +  a  +  a*' 


1-    A/y  = 


H.3Vy  = 


(l+g)' 

l-ha-fa*' 
l-ha-ha*' 


so  that 


i  +  ^+a^' 
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:and  this  agrees  with  the  value  of 


__  ajj^  __  gf>» — g^irf 


2L  -  y-g-y' 
~     y* 


Passing  on  to  the  case  of  2n  =  10,  we  have  (Proc.  Loud,  Matk* 
Sac.,  Vol.  XXV,  p.  236) 

(1— a)(l— a— a')' 


'10 


— a(l  +  a) 

y  =  yio  = 


8\» 


(l-a)(l-a-aO 


— a 


'       (l-a)(l-a-a*)' 


r  ■^'"      (l-a)(l-a-a'))    ^  1-a-a' l*'"^  l-a)  ' 
so  that,  putting  -4  =  —  a  -f  a*  +  a', 

r«  +  r ^ =        (l-a;r-H_    ^^ 

(l-a)(l-a-a»)       (l-a)(l-a-aO        ' 

/r  +  l  l-^-<^'+  V^^y  ^  (l-fa)(l-ha^-2^/il) 
\   "^^        l-a-a«       /  4(l-a)(l-a-a«)   ' 


and  thence 


r  =  —^5 ?—     and    *  (  77: 1 


fi-fil  — A-JL 


«i«-«Tff<«' 


can  be  found ;  so  that  the  case  of  /i  =  20  can  now  be  considered  as 
solved. 

With  2n  =  12, 

and  now  we  take  ("  Pseudo-Elliptic  Integrals,"  p.  248) 

1— a  1— a' 

so  that  (^+.+  .^A.y=(,+  .±_J^. 

and  thence  r ;  this  solves  the  case  of  ft  =  24. 


1894.] 
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and  we  take 


'-^'^  =  ^7TT^=S^^ 


2(l+c-2(?-(f) 


where 


(7  =  c(H-2c)(4+5c  +  2c*), 


_       _     0-h3c-h6c'~4c'-10c*-c^4-(l-h2c-2c'~2c»)>v/g 
^      ^"      ^  2(l+c)(l+c-2c»-c») 

0+3c+6c'-9c»-21c*H-0+16c^+8c^ 

so  that  Pt^<(^  can  be  found,  which  solves  the  case  of  /a  =  28. 

In  a  similar  way  the  case  of  /i  =  32.  can  be  derived  from  /i  =  16, 
fi  =S6  from  /n  =  18,  /i  =  44  from  /i  =  22,  Ac. 

50.  Considering  now  the  transformation  of  order  n  and  2n  together, 
the  Xy  y,  z,  ...  obtained  for  a  transformation  of  order  n  will  be  the 
a*,,  y„  2j,  ...  for  the  order  2n. 


Thus,  starting  with 
the  relation 

leads  to 


n  =  5, 

76  =  y— »  =  0, 

m  (1  -m)« 
l-2m     ' 


(354) 
(356) 


so  that 


a— m  = 


m 


l-2w' 


y  =  ^  =  -(i^J(l-2^). 


(356) 


(357) 


But,  from  the  transformation  of  the  Tenth  order  ("  Pseudo-Elliptic 
Integrals,"  p.  235), 


ys 


-  78  —  _  y'g'(g-hp-l)  _.  a* —a 


so  that  we  must  take 


m  = 


1 
iH-a 


1-a' 


(358) 


(359) 
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Otherwise, 


/      / 


9y  —  h  —   gg  — gj 


«T-«1 


(860> 


where  the  accented  letters  refer  to  the  transformation  of  order  2n  ; 
so  that 

In^y  =  >iyi  2^  =     y»     =  £±£.  (361> 


( 


Therefore,  for  the  Tenth  order, 


as  before  in  (3*59). 


(362) 


With 


n^=6, 


and  therefore  either 


m  =  1, 


(363) 
(364) 


or 


a  := 


m  (1 — m) 

2(1 -.2m)* 


(365) 


With 


m  =  1, 


/      / 


g        8 J — 8f St  —  Sj 

a— 1  8y — *i         8f — 8j 

T.T4     yj 


V(a-l)       ^ 


cpy 


(366) 


(l+a)(i>-«) 


— o 


1  +  0+0' 


(367) 


("  Pseudo-EUiptic  Integrals,"  p.  248), 


a  ^ 


—  a 


(l+a)«(l+a') 


(368> 
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But,  with  (365), 


a  == 


__  m  (1— m) 
2(1 -2m)' 


a 


1— m 


a 


a— m  1— 3m       (l-|-a-|-a*) 


«\t' 


m  = 


_  l4-2a4-4a»4-2a''4-a* 
l-|-2a+6a*  +  2a»+a*' 


a  = 


a'(l-f2o4-4a»-f2a'4-a*) 


(H-2a+6a*  +  2a»+a*)(l  +  2aH-8a*+2a'-|-a*) 


(369) 


(370) 


51.  But,  without  these  details,  we  notice  that  the  transformation 
is  effected,  in  terms  of  a  single  parameter,  either  by  putting 


for  the  order  n ;  or 


for  the  order  2n. 


Sy-8^  =0, 


«y— ^2»  =  00 » 


In  this  way  we  obtain  either 


m  =  1, 


or 


a  = 


m  (1— m) 
2(l-2m)' 


for  the  order  27i  =  6. 

For  the  Eighth  order,  put 


8^—8^  =  0, 


/oon\  m(l— m)  m* 


SO  that 


aj  =  — (l-m)(l— 2m), 


y 


=  _  (l-m)fl-2m) 


m 


and 


m  =  1—2? 


(371) 
(372) 
(373) 


(374) 
(375) 

(376) 
(377) 


("  Pseudo-Elliptic  Integrab,"  p.  226). 
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For  the  Tenth  order,  put 


=  0, 


or  (330) 


«>-«• 


a  = 


X^i 


y  = 


m*  (1  —  m) 
r-2m"  ' 

_  m'  (l-m)(l-2m) 
(l-3m+m«)" 

m(l  — m)  (1  —  27w) 
1 — 3m-|-m*       ' 


(378) 


(379) 


(380) 


80  that 


fn  = 


1-a 


("  Pseudo-Elliptic  Integralfl,"  p.  236). 
For  the  Twelfth  order,  put  (331) 

8,    «,-u,     or    «-  (i_2m)(l-2m+2m«)  ' 


(381) 


(382) 


a— m  = 


tnr 


(l-2m)(l-2m4-2wi«)' 


X 


_       (l~m)(l~2m)(l-3m4-3m') 


m 


,  __    _  _2_  _  1  —  2m  4-  2m* ,  ,  o-f  o* 


a; 


r?i 


1-a' 


(383) 


_  __  (l~m)(l-2m)(l~2m-h2m*)(l— 3m+3m»)        .^^. 

m* 


(385) 


(386) 


80  that 


m  = 


1-a 


(387) 


("  Pseudo-Elliptic  Integrals,"  p.  248). 

52.  For  the  Fourteenth  order,  put  (332) 

8^-8^  =  0,  (388) 

or  (l-2m)'a'-m(l-m)(l-2m)(2-3m)a-|-m«(l-m)*  =  0,   (?89) 
80  that,  putting  (1 —2m)  a  =  m  (1 — m)  y, 


(l-2m)'y»-(2-3m)  y+  (l-m)«  =  0. 


(390) 
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We  connect  up  with  the  results  on  p.  257  of  "  Pseudo-EUiptiO' 
Integrals,"  by  calculating 


/l-m\«  _  «7-^,  _  71074  _  ^y\ 
2(i  +  c)«'' 


80  that 


and  this  makes 


2+3c4-2c2->/(7 
m  = ^ 


(391> 


(392> 


(393) 


^7  =  - 


m 


(394> 


_  c(l-hc) 


^^^  =  2(i;c--2c'--^)  {c(l+c)(l-2c)  +  (l-c)^(7} 


(395) 


For  the  Sixteenth  order  ("  Pseado-Elliptic  Integi^als,"  p.  262),  with 

8,-8,  =  0,  (396). 


so  that 


m  =  1—z  = 


a«+r 


(397) 


(398) 


For  the  Eighteenth  order  (p.  265),  the  various  relations 

y,  =  0,       or       *-5  =  ^4,       «8  =  «8,    &C., 


(399) 


will  be  found  to  lead  to  a  certain  equation  between  a  and  m ;  and, 

putting 

_  m  ( 1  — m) 


a  := 


l-2m  = 


l-2y  = 


l-2m     " 
1 


1 


(400) 

(401) 
(402) 


and 


y  =  {l+q)x, 


(403) 
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we  are  led  to  the  equation 

{q-^iya?'^{q'  +  ^-2q-l)x^2^=0,  (404) 

having  the  discriminant 

=  5«H.2(^H-55*+105»+103»H-4gH-l  =  Q,       '(405) 

so  that  X  has  here  the  same  signification  as  on  p.  266  of  '^  Psendo- 
Elliptic  Integrals  " ;  and  now  the  rest  of  the  identification  can  be 
effected. 

53.  But  the  Twenty-second  order  is  of  importance  as  affording  an 
independent  determination  for  this  order  of  Kiepert's  parameters 

We  start  by  putting 


Sy         55   8y         «g, 


(406) 


and  obtaining  a  quintic  equation  in  a,  from  (330)  and  (331). 


Putting 


a  jm  mr 

-—  ^>     a  =  — ^— 

a—m  t* — 1 


(407) 


and  taking  the  square  root,  we  obtain  a  quintic  equation  in  t,  and 
in  m ;  and  this,  on  putting 

1 


m  = 


i+n' 


becomes     ^— n(2-n)(H-w-w')^*— w  (!  +  »')  ^ 


+n«  (3-w«)  ^H.w»(l-nH-nO  t-n^  =  0,         (408) 


a  quintic  in  t,  and  in  n. 

But  the  relation  2r  ^  (J^)^ 

which  is  the  equivalent  of     y^  =  0, 
leads  to  the  (a,  m)  equation  in  the  form 

(l~2m)a--m(l— my      (l--2m)'a 

(l-2m)»a 


(l-2y?i)(a-m) 


{ 


(1  — 2m)a— m(l— w) 


-m)'l  • 


(409) 
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I  am  indebted  to  Professor  E.  B.  Elliott  for  the  substitution 

l^ (l-2m)«a  ^^-'^^r, 

(1— 2m)  a— m  (1— m)*         m 

mfl—m)    (1— m)r— w  /A^/\\ 

m'      mr+l— 3m  /,m\ 

—"^  =  1-^:2^       r-2m      '  <*"> 

which  makes      »,— »,  =    ~      t   —m)r—m  /^_^y  (412) 

'      '  m       mr+1— 3w  ^  -"  ^       ■' 

.  _.  -  {(l-m)r-m}'(mr+l-2m)' 

and  leads  to  the  equation 

4m*H-2  (r^-Sr'+r'-Sr— 2)m» 
_(/-|.*-8/^+r»-5r-l)m* 
+r  (r*~4r»-2r»H-0-l)  m+r*  =  0,  (414) 

a  quartic  in  7U  ;  but  a  quintic  in  r. 

The  i*esolution  of  this  quartic  was  effected  by  forming  its  resolving 

*''^'°  V-<7.«-<,.  =  0,  (415) 

and  noticing  that,  if  it  has  a  rational  root  in  r,  this  root  must  be  of 

the  form 

12^  =  r»+^r*+Br»H-Cr*+l>r-l.  (416) 

It    was    then    found    that    the    special  namerical    values   of  r, 
r=l,  -1,  2,  3,  madel2«  =  -l,  -25,  -19,  -97; 
hence  -4  =  —  7,     J5  =  10,     C  =  — 5,     D  =  1 ; 

and  the  required  root  of  the  general  resolving  cubic  is  thus  given  by 

125  =  7^-7r*+10y»-5r*+r-l,  (417) 

and  this  was  found  to  verify  ;  as,  putting  125=6,  the  resolving  cubic 
breaks  up  into  the  linear  factor 

e-r*  +  7r*-l(V»+5r«-r+l, 

and  the  quadi*atic  factor 

2e«+(/-7r»+10r»-5r»+r-.l)  e 

-r^o^5^_^^_3^_y6^17^4_14y4^.3^_2rH2r-l. 
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The  discrimmani^f  the  quadratic  factor  is 

9(^o_g^^l3^_14^^2a/^-28r*H-19r*-6^+3r«-2r+l) 

=  9  [{(/-3i^-3i'H.4r'  +  r-l)«H-6r»(r-l)]«+8r*(r-l)«] 

=  9r*(r-l)«((H+5)«+8}, 

on  putting  E  = ^^—^- . 

The  quartic  (414)  can  now  be  written 
{4m>H-(r*-3r»H-r«-3r-2)m-r(r*-3r»H-r-l)}* 

=  r«(r-l)»(r»-3r*-r-l)(m-l)«,     (418) 

and  the  resolution  of  the  quartic  in  w  is  thus  effected. 
54.  Professor  Elliott  points  out  further  that,  if  we  put 

then  the  quartic  reduces  to  a  quadratic  in  y, 

y«-.(^_2r-l)  y+r  =  0,  (420) 

and  further,  putting  r  =     ^     ,  (421)^ 

this  quadratic  assumes  the  symmetrical  form 

aj'2/'H-2ajy(«+y)H-a^H-4a?y+y«+«H-y  =  0,  (422) 

or,  putting  aj-j-y  =  jp,     xy^q^  (423) 

(jP+3)"H-JPH-2?  =  0.  (424) 

Thence  we  can  deduce 

where  0  =  4c  (c+l)«H-l,  (426) 

so  that  we  may  put  « =  p  (*^~"i<^)""3>  (^27) 

t/  =  p(t,  +  |ai)-f,  (428) 
and  y  is  now  found  to  be  the  reciprocal  of  c^. 
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55.  Professor  Elliott  has  also  made  a  similar  redaction  for  the 
equation  (263),  connecting 


by  writing  it 


9  =  9)1    and    c  =  C|), 


(1 +c)  V  (g -c-e^)'+c^«  (3-c-c*)  {(1 +2c)  3-c'-c^} 

-c  {(l+2c)  3-c»-c'}*  =  0,      (429) 
and  now,  if  we  put 

,  =  ,,^^^7""?   ^>  (430) 


the  qnartic  (429)  reduces  to  the  quadratic 

(H-c)Vh-c'z-c  =  0. 
Here  again,  by  putting 


(431) 


c  =  — ,     «  =  — a;— 1, 

y 

the  quadratic  (431)  becomes  the  same  as  (422). 


(432) 


The  relations  connecting  this  q  and  c  with  m  and  r  may  be  written 


r=     ^      q-\'l+c 
1— m  q—c—c^ 


1-hc 


^-g-c  - 


c      5— c*  jH-l  +  c  ' 


(433) 


and  the  elimination  of  q  between  this  and  (264)  leads  to  the  relation 
(2c+4c»H-c«)r-c»(H-c)H-(cr+l  +  c)v/(4c+8c»+4c'+c*)  =  0,  (434) 


or 


(rr«-(2c+c2)r-l-c  =  0, 


(^35) 


a  quadri-quadric  relation  between  c  and  r,  which  becomes  the  same 
as  (422)  when  we  put,  as  before. 


1 
c  =  — , 

y 


X 


a;H-l 


2h2 
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The  elimination  of  m  between  (414)  and 

r(r  — 3)m-|-r' 


where 


p=Pii  =  H-c 


111 


is  found  to  lead  to  the  equation 

jp*-(/-4i^+5r*+0+2)jp' 

H-(/-4r*H-5r*-4r»H-6r*+r+l)p« 
+r  (rH-l)(r»- 27^+0-1)  jp+r»  =  0. 


(436) 


Expressed  as  the  difference  of  two  squares,  preparatory  to  resolu- 
tion, the  equation  may  be  written 

[2p(p-r*+r-l)-r(r'-2r-l){(r-2)jp  +  l}]« 

=  r«(r-l)(r»-3»^-r-l){(r-2)|>  +  l}'.     (437) 

In  Professor  Elliott's  procedure,  this  quartic  equation  is  replaced 
by  two  quadratic  relations,  by  putting 


^_p(p-r»-fr~l)^ 
r(r— 2)p-fr 


(438) 


and  then  (436)  becomes 


u'-(r»-2r-l)  u+r  =  0, 


(439) 


the  same  as  (420)  ;  so  that,  u  and  y,  if  not  equal,  are  the  two  roots  of 
this  quadratic,  and 

p  (p-r'-hr—l)    ,   (2m  — l)(m— r)  _  ^ 
r(r— 2)jpH-r  r(r-l)(w-l)  ' 


or 


y(p-.r»-hr-l)  _  (2m-l)(m-r)  ^  ^_2r-l. 
r(r— 2)jp+r  r(r— l)(m— 1) 


Here,  as  before  in  (419),  it  is  the  relation  (438)  which  still  requires 
interpretation,  as  an  elliptic  function  formula. 
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56.  We  connect  np  these  functions  m  and  r  with  the  z^  and  jp^, 
employed  in  the  transformation  of  the  Eleventh  Order,  by  the  relations 


?li  —  ^4'""^>  _  1  — ^ 


after  redaction ;  while 


z 


u 


g,— g,  _  (1  — 2m)a-f  m(l— m)* 


«,-«! 


(l-2m)(a— m) 


Pn 


=  (l-m)(l-2m) 
mr+1— 3m 

—  ^1  — <^i  _  _  m  (1  — 2m) 
*5— *i       (mr+1— 3m)r' 


Expressed  in  terms  of  m  and  r, 


ax  (1— m)T— m 
/I         M  C  (1  — m)  r— i/i)  ' 


8. 


g,-g. 


_     _  (1— m)'  (1— m)r— m 
m         mr+1— 3m  ' 


,—54  =  m'(l— m)'  ( z — -— )  , 

'      *  ^  ^   \mr+l-3m/ 


«r— «6  = 


1  — m 


(440) 


(441) 


(442) 


(44:^) 


(444) 


(445) 


(446) 


(447) 


__  {(1— m)r— m}'(mr-f  1— 2m)' 
'^"■**  ■"  (^iM^l-3^0^  ' 

_     —      (1^    \(1  —  w,) r^rn  f^l  —  m)j^— wir+m  (1— 2m)  V 
V     *,  -  m  {,1     m)  -^^^^^-^^  Lmr«+(l-3^)  r-m(l-2m)J  ' 


<&c., 


^., 


so  that 


'-.         _,_m(l-m)»(r-l)'(r-m)'{(l-m)r-m}' 
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while 


*i~««  = 


(1— m)(l-2m)(r-2w)  {(l-m)r-m} 


__  ~(l-.my(l~2m)r 
*^""       (7iir-fl-3m)*       ' 


«|-*4 


(449) 


(460) 


«4-«a  = 


_  (l~m)«{(l-3mH-m')r'-h(l-"2m)(l-3m)r-m(l-2m)'} 


«»-«6  = 


m  (mr  -|- 1 — 3m)* 

(l-m)(r-l)(r-fl-2m)  {(l~m)r— m) 
m'(mr  +  l— 3m) 


__  (1— m)  r  (r— 2m)  [(1— m)  »*--»^ 
m(mr+l — 3m)  ' 


h-h 


(451) 

(452) 

(453) 


aoid  therefore  Kiepert's  /  is  given  by 

/■'  =  -(«i-0(«j-«4)(*4-««)(*8-«6)(«6-«i) 

_  (l-m)^(l-2m)V(r-l)(r~2m)*(rH- l-2m) { (l-m)r-m}» 
""  m*(mr+l  — 3m)* 

X  {(l-3m+7M*)r*+(l-2m)(l-3m)r-m(l-2m)*},     (454) 


whence  Kiepert's 


T«  =  fn(5,-0. 


(455) 


57.  Also,  from  (341), 


,  w  ,_,(7>i^l)»{m(r-fl)-l}'{m«(r~3)-m(r+2)-hrl 

{m(r-3)H-l]' 

456) 


so  that,  as  in  Halphen's  F.  E,,  iii,  p.  245, 


>  _  _L^22)l_    _  _  /(22V 
^'      L(liyLi2r      /(11)7(2)« 


(457) 


m'(m-l)'(r-l)«(m-r)«{m(r-3)+l} 

{w'(r-3)+m(r+2)-r}»  *         ^       ^ 
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58.  Kiepert's  parameter  (  can  be  calculated  from  the  formula 

f  =  ^^-^#'  =  ^/(2r  r'  =  -  ?g,  (459) 


K  K 


or 


^  -      (AT)'     ■ 


(460) 


and  then  we  find,  in  terms  of  m  and  r, 

(r~l)(m-r)«(2m-l)'{4mnrH-l)-2m(3r-fl)-fr] 

"~      r2(2w-r-l)(m-l)|2m'+m(r*-3r-l)+r} 

X  {m»(r-3)+m(r+2)  — r) 

and  thence  Kiepert's  ly,  or  Klein  and  Fricke's  t,  by  the  relation 

,+8  =  l  =  ^±*^!±M±i.  (461) 


59.  To  find  the  I'elation  between  Kiepert's  (  or  $^  and  our  r,  we 
must  eliminate  ?/i  between  these  equations  and  the  (m,  r)  equation 
(414) ;  the  work,  which  is  very  laborious,  has  been  carried  out  for 
me  by  Mr.  Gr.  H.  Stuart. 

Contrary  to  anticipation,  the  equation  for  ^j  in  terms  of  r  is  the 
more  complicated ;  it  is  a  quartic  in  i„  but  of  the  twenty-fifth  degree 
in  r ;  however,  it  was  noticed  that  the  coefficients  of  f,  could  all  be 
expressed  rationally  in  powers  of 


H  =  r^-3r*-3r»-h4r^-hr-l 
r*(r-l) 


(462) 


so  that  the  quartic  for  fj  could  be  written 

Zr£J-(2ff+80H*+792H»-f2816IP+3509H-|-1331)£j 
+  (5^+ 16JT*H-88JBr'+ 184JT^-342H-265n  £J 
+  (SIP + 7522"+ 143)  ^1  - 1  =  0,  (463) 

or,  resolved  as  the  diffei'ence  of  two  squares, 

{(8H^-f21JT+ll)^+(8£P+7.5JT+143)i,-2}2 

=  {(H+l)^,-(H+9)}J5r^,     (^164) 
where,  as  in  (167),  H''  =  4H'-h56B-  +  220£r+121 

=  4ff  (J3'-ll)  +  (10ff+ll)^  (465) 
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Similarly,  Mr.  G.  H.  Stuart  fonnd  that  the  quartic  for  f  in  terms 
of  r  could  be  written 

ff(f+4)H(4B--ll)(f+4)f-(JI'+10ff+ll)^  =  0,    (466) 

The  elimination  of  H  between  these  two  equations  (463)  and  (466) 
will  be  found  to  lead  to  a  reciprocal  quartic  in  ^„  which  breaks  up 
into  Kiepert's  two  quadratic  equations  (303)  and  (306)  (Math.  Ann.y. 
XXXI  r,  p.  92)  ;  for,  from  (467),  in  Kiepert's  notation 

jr  =  2(w'-2)H-ll, 

so  that  (464)  can  be  written 

(SH^ + 21J5-H- 11 )  ij  +  (SIP  +  75HH- 143)  f,  -  2 

+  {(Jff+l)^-(ir-h9)f,}[2(w»-2)ir-ll}  =0,  (468) 

and  eliminating  H  between  (466)  and  (468),  two  quadratics  in  H^ 
will  lead  to  the  result. 

60.  Writing  equation  (467) 

/   /it       2  \*        J     Q       -12Jff+ll-hH'  ,-pQv 

then,  from  (278),       6-11  =  ir  ^^ 


=  ir 


_  ,,a2g-ll-hg' 


2(H-11) 
.       , ,  22IP + 88ir+  121-hllH'  . . ^^. 

6  =  11 2'(Er-ii7 •        ^^^^> 

We  may  distinguish  this  H  by  writing  it  H  {$),  where  0  denotes 
the  elliptic  argument ;  as 

H'iO)  =  p'id ;  g,,  g,), 
where  (M.F.,  ii,  p.  444)  j,  =  — ,    g,=  -^- , 

g'-27gl=-ll\    ./  =  -fr|[!;  (471) 
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and  now  we  find  we  can  put 


while 


6  =  fl- («+!«), 
'■^  €  ~'b-h  ' 


«       /   /tL    2  \»      86+33 


-«        t    a-l  /t       2  \'       121 


47a 


61.  Klein  and  Fricke's  r  is  also  an  elliptic  function,  which  may  be- 
distinguished  by  its  elliptic  argument  ^  as  r  (^)  ;  in  fact, 


ff(^)  =  -llr(0),     £»  (^)  =  llr' (^). 


Ar. 


Let  ^'  denote  the  argument  of  r  when  f  is  changed  into  -r-.^thfr 

eftect  of  which  is  to  change  2kc'  into  its  reciprocal,  or  to  change  from 
a  positive  to  a  negative  discriminant  A,  or  from  Klein's  /  to 
Kiepert's  /;  then 


(♦)  = 


ff)  = 


^+4f+8f+4' 


f+8f  +  16f+16' 


where 


'-'^^       (f +4f  +8^+4)'  ' 


Ya'%  -  (£+0-16£-32^ir 
'■^'*-'      (^  +  8^  +  16^+16)'" 

«c»  =  (?+4^+8f+4)(f+8f+16f+16). 


Thence,  by  means  of  the  addition  formula 

H(,±^')  +ff(,)  +ff  (f )  +  14  =  i  {  f^l^^  } ', 

-11  {r(^±^')+K^)  +  K?')}  +14  =  i  {  rit)-r'(^)  1  ''  ^^'^^ 
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we  find,  after  redaction,  that 


=  11+ 


11' 


(^^-M 


80  that  we  can  take         f +f'  =  ^+f«». 

Similarly,  with        u«  =  (  y^+    ^  )'  =  -1- , 


80  that 


121 


=  8, 


a+1      6-11 

B»  in  (275),  we  find 

nr^     ^'\       a*-2a*— 5a*-f2a*+4a  +  l 
^^♦■"♦^  =  a^(i+l7 ' 

so  that  ^-.0'  =  ^, 


(473) 
(474) 

(475) 
(476) 


(477) 
(478) 


if  ^  is  the  argament  of  the  elliptic  function  a,  which  is  sach  that 


with 


_     4  _  19  T^_'^ 

9f-j^    9i-      27'    '^■"      11*' 


an  elliptic  function  already  employed. 

These  relations  (474)  and  (478)  may  serve  as  interpretations  of  the 
elliptic  function  properties  implied  in  equations  (419)  and  (438). 


62.  Thence 


^  =  H^  +  ^)+>> 


so  that,  starting  with  c  in  the  transformation  of  the  Eleventh  Order, 
we  may  put 

Cii  =  c=:pH*H-^)-i    with    gr,  =  t,    S'8  =  -i^; 


VO  =  >v/(4c»+8c^+4cH-l)  =  p'\  iO^-ff), 
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and  then 


Ur'=p'{i(_0+ff)+^]. 


U         ...  124  41.61 


Putting  in  (462) 


c  +  1 


gives 


rr/A\  -  c'-2c*-5c»+2c'+4c+l 
ff(«) ^(^^1), 


so  that       c  =  c(tf)=p(tf)— f,     with    g-,  =  f ,    ?,  =  — i^; 

1 


and  then 


C-,  = 


The  duplication  formula,  for 

H=:H(e)     and     r  =  r(^), 

^  ^  ■"  4Er»  H-  56ir  +  220J3'+ 121 


or 


,  ,2fl^ (l+r)(l+r-llr'  +  llr') 

T^^u)-  l_20T  +  56T'-44r» 


(479) 


(480) 


(481) 


(482) 


(483) 


will  often  be  required  in  the  numerical  applications. 

63.  So  also  the  relation     s^—Sn  =  0 
may  be  replaced  by  (337),  in  the  form 

and,  fi-om  (447)  and  (456), 

(1— m)(r— m)'{(l-.w)r— m}'(mrH-l— 2m)' 

m  (mr-|- 1 — 3m)'  r* 

^(l-m)»{(l-.m)r-m}'*{(l-m-m>-2mH-3m«} 

(mr-f  1— 3m)'  ' 

or  (r— m)*  {(1— m)r— mj  (mr-|-l--2m)* 

=  m(l-m)*{(l-.m-m«)r~2m+3m»],     (485) 

a  quintic  in  m,  and  in  r;    and  Mr.  James  Hammond  has  found  that 
this  (m,  r)  relation  becomes  the  same  as  (414)  if  we  write 

1— m  for  m,     and     ^— ^^^ — ^  for  r. 


(484) 
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64.  The  special  nnmerical  valaes  in  the  cases  of  Complex  Mnltipli- 
cation  implied  in  the  Modular  Equation  of  the  Eleventh  Order  proyide 
interesting  applications  of  the  preceding  theory. 

Taking  Kiepert*s  form  of  the  modular  equation  (3256)  {Math. 
Ann,,  XXXII,  p.  98),  it  will  be  found  that  the  coefficient  of  W  can  be 
resolved  into  the  factors 

(i+6)(.|  +  7)(„  +  l)(,i+4)(i,-8)(if+2i,-44)(if'+4i|-16), 
and  these  are  found  to  correspond  to  the  cases  of  complex  multipli- 
cation  where  the  ratio  of  the  periods 

^  =  ^2,  V7,  v/7,  y(19),  y(43),  y(10),  ^(35) ; 

and  then  L  (11)'  is  found  to  be  the  corresponding  complex  multiplier,, 
so  that 

i;(ll)*  =  3t- y2,     -2i-fv^7,    2i+A/7,    i{-5t+v/(19)}. 
i[^t  +  y(43)},    t>v/(10),    i{-3i+y(35)}. 

Kiepert's  notation  can  be  connected  up  with  that  employed  by 
Brioschi  {AnnaJi  di  Matematica^  xxr,  1893,  p.  309)  by  putting 

i(ll)  =  *{ori^)}.    J  =  ^„&c. 

65.  In  a  similar  manner,  when  the  ratio  of  the  periods 

|'  =  y(22-p')=y(21),  y(18),  y(13),  v/6, 

we  may  take  L  (22)'  as  the  corresponding  complex  multiplier,  and 

L(22)«  =  l+tV(21),    2+iV(18),    3  +  iV(13),    4+iV6; 
also, 

i(2)-  =  i«,'=-64(^^^±^)'(^^)\    64(^3+^2)', 

-{y(13)+3}»,    64(V2+1)«; 

derived  from  the  corresponding  special  Talaes  of  the  modolns  given 
in  the  Proe.  Land.  Math.  8oc.,  Vol.  xix,  p.  301. 

When  the  ratio  of  the  periods  is  v^(13),  we  shall  find  that 

i  =  2»,    {•  =  -8t,    «*  =  4,    t.  =  10v'(13),    «o  =  -3y(13), 

v/,'=  5^(13) +  18, 

L(2)**  =  -  ^  =  ?n'=  -64  {5y(13)  +  18}, 
or  2kk'  =  5y(13)-18  =  i  i^(l^=3 1 ', 

a  verification  of  the  well-known  result. 
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Also  -W— 26"'     ^W  =  267(13)' 

H(^+^')  =  -^,     o((9')=--|,  4c. 

So  also  we  find  that,  for 
K7K  =  V'6,        f  =  -l+tV3,     i»=      8,      ti«  =  2,     t;  =  6, 

K7K  =  y(18),   f=      l+iV3,    f»  =  ^8,      ti«  =  6,    t?  =  98, 

K7K=:y(21),   ^=       1+^3,     f  =     8i, 
«*  =  4+2v^3XV3+l)*,    t;=32A/7  +  18-v/(21),    v  =  84+48>v/3, 

A'  =  i(t;+r)  =  (2^/7+3A/3)(8+3A/7)=  (  ^^^  ^^)' (^±^)'. 


66.  With 


K 


=  a/2, 


and 


L  (2)"  =  i«i|'=  16  (i-  -ic)'  =  64, 

L  (2)*  =  V2, 

i^+4f+-|  =  i|  =  -6, 


^•+4^+6^+4  =  0, 
{^+2)(?+2^+2)=0, 
f  =  -2,    or    -iH-i. 

Then  u  =  0,     t;  =  2,     ^^?  =  - 14,     i?'  =  1, 

Also  a  =  GO  ,  so  that  ^  =  0,  and 

2irQtf)=-8+eV2,    -ff(tf)  =  -5H-2tV2, 
so  that  -ff  (df  +  lOH  (^)  H-  S3  =  0, 

and  the  discriminant  of  the  quartics  (263)  and  (414)  vanishes,  so  that 
the  quartics  have  a  pair  of  eqnal  roots. 

When       JEr(^)  =  -f.    r(f)=|-.     r'(^)=lli^, 


tlien 


>_      4+y(44) 
*~  3         • 
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With 


K' 
K 


^  =  ^1 


2cr'  = 


1 


and 


16 


X(2)'*=f,l'=-:^  =  -2". 


c«/ 


This  is  satisfied  by  taking 


and  then 


80  that 


With 


and 


With 


and 


With 


=  -1; 


'■(♦)  =  +,   ^ilO  =  li 


^'(f)  =  ^^.     t'(^')  =  »V7; 


49 


a(tfO=0. 


2^ 
9  ' 


K' 

k 


=  y(19), 


f»+4?+4f+4  =  0. 


*V(19) 
4 


f = y(43), 

vvy      jg.        \f/  32 

{•+4^-8^+4  =  0. 
I  =  v/(10), 

^,' =  16  (!-.)•=  64  (^J^ 


which  we  find  is  satisfied  by 


^=-3-^/5,     i**=-2,     v  =  2,    i|'  =  l. 


1894.] 


Division  of  Elliptic  Functions. 


47» 


Then 


f^\       7-3 a/5        ,,  ,       11  a/5-24. 


4 


a/2 


/'^'\      7 +3  a/5        .,^,.       11  a/5 +  24. 


H(0-^')  =  -^  =  ff(5a),     if     ir(a)  =  -i 


With 


I  =  a/(35), 


=  -2  +  2a/5,     r(^)  =  L^^\     T'(^)=l^. 


So  also  we  find  that 


?-  =  y  (22) 


corresponds  to 


L(22)«=y(22),     ^  =  2,     r(0)=r(f)  =  ^^'     ^' W 


7  a/2 
22   ^ 


fl'(tf+|a,)  =  Qo,     tf=f«; 


a(tf')=-f     a(i^  = 


i^=-i 


But 
so  that 

and 


*«'  =  <?, 
0— 0'  =  2^,     or    0  =  —  0'. 


Now 


so  that 


u 


»  =  8,     v  =  198,      a/i,'  =  2(a/2  +  1)«; 


16 


(l-,c)'  =  ^i7'  =  64„', 


-1-K  =  2  (a/2  +  1)*; 


agreeing  with  the  corresponding  value  of  the  modulus. 
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Other  nnmerical  cases  can  be  worked  oat,  as  further  applicatunis, 
•corresponding  to 

T  (f )  =  —  1»    0  =  |*»,  Ac. ; 

^*''       y(ll)     *     ^^^  y(ll)      '  **^' ' 

fl"  (*+f'.)  =  11.     ff  W  =  00 ,  4c. 
67.  The  case  of  ^  =  v/(ll) 

Ik 

corresponds  to  the  yanishing  of  Kiepert's  W;  and 
TT  =  ^  =  v/(i? +8)  y(i;«+ V-72i,-364) 

=  (^^-2-2^')y(^-h4^+8^4-4)y(^+8f«+l«+16). 
The  value  f  =  0,  or  cx) ,    makes    r  =  oo ,   j|  =  —  8, 

and  /=-— , 

as  required  in  this  case  (Proc,  Land.  Math.  Soc,  Vol.  xix,  p.  306). 

When  ^+2-2^-' =  0, 

or  ?+2f«-2  =  0, 

and  we  put  ^  =  16kk, 

then  2y(icic')  +  2y(2«0-l  =  0, 

the  equation  obtained  by  putting 

in  SchrOter's  Modular  Equation  of  the  Eleventh  Order. 

When  ^•+4?+  8f+  4  =  0, 

or  ^+8f»  +  l«+16  =  0, 

then  t(7  =  0,    t'  =  0, 

and  I  =  2/(11),  or  ^^ 

(Klein- Fricke,  Modtdfuncttonen^  ii,  p.  437). 
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^Note  added  November,  1896. 

It  was  considered  important,  as  a  check  upon  the  accnracy  of  the 
foimnlas,  to  have  some  numerical  verifications  of  the  results  in 
special  cases  of  the  Transformation  of  the  Eleventh  and  Twenty- 
second  Order ;  and  this  has  been  carried  out  by  Mr.  T.  I.  Dewar. 

The  object  is  to  calculate  the  twelve  values  of  y,  namely^ 

y..  yoi  yi.  Vt^  —  vw 

the  roots  of  Klein's  "  Multiplier  Equation  of  the  Eleventh  Order  " 
(Math.  Ann,,  xv,  p.  88 ;  M,  F,,  ii,  p.  442),  in  the  form 

y«4.11A(-90/+40.12(7,y*-15.216(7,t/»-|-2.1447;y') 

-12(7,.216(7,Ay-llAy-llA*  =  0, 

equivalent  to  Kiepert's  L  equation  (147),  Math,  Ann,,  xxxi,  p.  428, 
when  we  take 

If  one  root  y^  or  L^  is  known,  the  remaining  eleven  I'oots  are 
g-iven  by  the  o*s  of  §  24,  from  the  formula 

y^  =  1?^  =  -  A  (l-|-e>*'aj-|-e»%  +  e»»'a,-h€»  »*-a,+e»«-aJ*, 

y.     K        li 

e  =  e^'',     r  =  0,  1,  2, ...  10 

(Klein,  Math.  Ann.,  xvii,  p,  667), 
noticing  that  a,  =  a,  in  equations  (159). 
First,  with 

f  =  y(ii), 


and 


Ave  take 


and  then 


''-      3" 
12^,  =  32,    2l6p,  =  56  v^(ll), 

y.  -  -£L  =  v/(ii) ; 

T=oo,     H=0; 


and  therefore,  as  in  (180),  we  may  take 
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1 


l-»-2co5 


2:w 

11 


=  — (r372.  785.  .^7.  771.  79L  7, 


and  tbiff  make*,  in  Q49). 


and.  in  $  22. 


y 

X 

a-* 
X 


=  _(>642.  952.  33.-..  136.  877, 

=     0-821.  476.  167,  568.  4:38. 

-0254,  428.  8M,  456.  417, 

-0-045,  421,  605.  252,  541, 

-a:356.  7%.  697,  749,  900, 

-0-467.  :304.  294.  715,  509, 

-0-9:^3,  176,  117.  881,  270. 


Now.  in  §  24,  Btarting  with 

a,  =— X-^^ 

and  thence  determining^  a,,  o^,  a^  a^  from  the  relations 


Mr.  Dewar  finds  that 


«««!  = 

09^1  = 

XV 

a»aj  = 

-   y 

1 

m 

M 

«4«6  = 

a,  = 


<u  =  — 


SO  that 


1-230,  578,  018,  091,  480, 

1-771,  424,  180,  284,  673, 

0-583,  448,  985,  672,  033, 

0-909,  841,  056,  781,  324, 

0-864,  171,  339,  453,  279 ; 

1  +  5^  =  - 0-078,  625,  430,  537,  181, 


a. 
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^._(1+Sal' 
•        v/(ll) 


=     0001,  863,  927,  552,  231, 
agreeing  closely  with  the  approximate  value  given  by 


''•l2y,.216y. 


»         > 


12y,  =  32, 
21673  =  56  v/(ll). 
So  also  the  imaginary  roots  are  given  by 

L],  L]o  =  2-323362  d=  1-9341 12i, 
lI  L]  =  1-698161  ±0-366919i, 
Ll  ij  =  -  2-776133  ±  2-259814i, 
L',  L]  =- 0164155  d=3-579350i, 


Next,  with 


Ll  Ll  =     0-576146  d=  0-2471941. 


|  =  y(22)      or    ^(A), 


we  take 


and 


r  ^ 


22 


o  =  — 


2' 


483 


in  (175)  ;  and  therefore,  with  our  c  out  of  phase  with  this  a  by  one 
twenty-fifth  of  a  period,  we  can  take  the  h  and  V'JB  the  same  as  the 
(•  and  \/(7  just  employed  with 

f=y(ii); 

and  now,  fix)m  (193), 

c  =     27-028,  919,  189,  803,  4, 
or  =  -    1063,  634,  337,  710,  340, 

according  to  the  sign  attributed  to 


VA  =  iV2. 


2  1  2 
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Taking  c  = 

V0  = 


y  =  - 


27-028,  919,  189,  803,  4, 

291-442,  741,  535,  938,  85, 

145-221,  370,  767,  969,  4, 
897-631,  636,  212,  663,  5, 


aj  =  -  131252-928,  291,  711,  92 ; 
and  a  rapid  calculation,  from  the  formnlaA 
l^t  =  {(y+l)'+4aj}'-24c  (y  +  l), 
21%  =  {(y  +  l)'-l-4r}*-36x  (y-hl)  {(y  +  l)«-h4c}  +216^, 


Bhowed  that 


y,  =  &  =  11-325, 


and  therefore  corresponds  to 


7,-775-540  a/2. 


Now 


I=V(h) 


y,  =  -7v/(ll)(A/2-l)«(&V2+2), 


and 


80  that 


0^  =  - 50-820,  195,  781,  427,  47, 
X  =  263-305,  853,  647,  054, 
X^^  =  1-659,  746,  895,  262,  522, 
oi  =  -  0-218,  712,  903,  083,  518, 
a,  =  0-773,  432,  664,  433,  080, 
a,  =  -  2053,  977,  923,  433,  609, 
a.  =  -  1-465,  129,  712,  633,  559, 
a^  =  1-964,  405,  935,  908,  983, 
l+2o  =  0-000,  018,  061,  191,  377. 
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Taking  the  second  value, 

c=-1063,  634,  337,  710,  340,  0, 

VG  =     0-991,  348,  563,  851,  883,  5, 

z  =     0004,  325,  718,  074,  058,  25, 

y  =     0004,  619,  769,  581,  744,  308, 

X  =     0004,  599,  785,  760,  966,  573 ; 

and  these  give  values  to  12^^  and  216^,,  which  make 

y,  =  -^t  =  1538-675, 

which  corresponds  to 

y,  =  775  -h  540  V2,    K'/K  =  V'(22), 
Now  y,=  7v^(ll)(A/2-|-l)*(9^/2+2), 

ii=-y(ll)(A/2-hl), 

and  .T»  =     0166,  307,  767,  947,  716,  8, 

X  =  -0011,  305,  225,  190,  562,  9, 
X^  = -0-665,  312,  040,  870,  516, 

oj  =      3-395,  657,  270,  978,  186, 

a,  =  -.0081,  537,  962,  826,  480, 

a,  =     0-614,  208,  346,  818,  869, 

a,  =  -2-830,  940,  071,  212,  028, 

a,  =  -  2-077,  159,  775,  134,  698, 


so  that 


l-hSa=     0020,  227,  808,  623,  849, 


But  now,  from  a  consideration  of  the  approximate  value  of  XJ  in 
Kiepei't's  equation  (147), 

jt^  11 

«^i2y..216y,' 

we  see  that,  in  accordance  with  the  general  principle  stated  in  §  5, 
these  second  values  of  a  must  be  employed  with  the  transformed 
modulus,  corresponding  to 

K7K=V'(2^11). 
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ConFerselj,  the  first  series  of  values  of  a  must  be  employed  when 

K7K=y(22); 

and  now        Ll  = -y(ll)(  v^2  +  l) 

=  — 8-007,  OiO,  550,  218,  830, 

Ll         -11" 

=  -. 0000,  000,  000,  029,  655,  148,  541,  5, 

Ll  =     0000,  000,  000,  237,  449,  976,  894,  55:3. 


Also  L',  l/Jo  = 
L],li  = 
L^t  L^  = 
L^,  Ll  = 

With 


5-96687  ±  8-29103t , 
4-75298  d=  7-520941, 
9-99196  ±3-28036/, 
7-3 1464  ±3-838-24i, 
0-11247  ±9-63335/. 
K7K  =  v/(2^1l), 


and  the  second  series  of  values  of  the  a's, 

Xl=  y(ll)(^/2-l), 

=      1-373,  790,  969,  468,  031, 

^  _  (1-hSa)' 
il  -11 

_      0000,  409,  164,  241,  723,  06 
""      ~~  -11 

-0-000,  051,  100,  558,  209,  852, 

2-5203793  ±1-5134366/, 

1-8423729  ±0-0747787/, 

1-0898557  ±  3-7294405/, 

-4-0969314  ±1-4719174/, 

-  2-0425644  ±  3-8031382/.  ] 
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The  Construction  of  Nasik  Squares  of  any  Order,* 

By  Rev.  A.  H.  Frost,  M.A.,  St.  John's  College,  Cambridge. 

Bead  June  11th,  1896. 
Received  June  18th,  189(3 ;  in  revised  form,  Sept.  17th,  1896. 

The.  object  of  this  paper  is  to  give  a  method  by  which  Nasik 
sfjuares  of  the  n*^  order  can  be  formed  for  all  values  of  n;  a  Nasik 
s(^uare  being  defined  to  be  "  A  squai-e  containing  n  cells  in  each  side, 
in  which  are  placed  the  natural  nambei'S  fix>m  1  to  w*  in  such  an 
order  that  a  constant  sum  ^n  ( n*  -f- 1 )  (here  called  W)  is  obtained  by 
adding  the  numbera  on  n  of  the  cells,  these  cells  lying  in  a  vari6ty  of 
directions  defined  by  certain  laws." 

Introduction, 

Diagram  A.     An  unlimited  plane  is  divided  into  an  infinite  number 

of  equal  squares,  here  called  cells,  by  two  systems  of  equidistant  and 

unlimited  pai'allel  lines  at  right  angles  to  each  other.     Every  n***  line 

is  dai-kened,  making  an  infinite  immber  of  squares,  each  containing 

n'  cells. 

Definitions, 

A  line  is  said  to  pass  through  a  cell  when  it  passes  through  its 
middle  point,  and  a  cell  to  lie  on  a  line  when  its  middle  point  lies 
on  it. 

The  middle  point  of  the  corner  cell  which  is  common  to  the  bottom 
rew  and  left  column  of  one  of  these  squares  is  taken  as  the  origin  of 
coordinates,  the  axes  of  .r  and  y  being  the  lines  through  the  cells  of 
the  bottom  row  and  loft  column,  which  will  be  called  the  axis  rew 
and  axis  column,  the  square  being  called  the  origin  square. 

The  coordinates  of  a  cell  are  those  of  its  middle  point,  the  unit  of 
length  being  the  distance  between  the  middle  points  of  two  con- 
tiguous cells. 

The  oi'dinates  of  the  cells  of  the  rew  next  to  the  axis  row  being 
(me,  that  rew  will  be  called  the  first  ix)w. 

Similarly,  the  column  next  to  the  axis  column  will  be  called  the 
first  column.  If  the  coordinates  of  a  cell  are  2  and  3,  they  will  be 
written  2,3 ;  and  the  line  from  the  origin  through  that  cell  will  be 
denoted  thus  (2,2). 

Whatever  numbers,  lettei's,  &c.,  are  placed  in  the  cells  of  the  on'gin 

♦  For  Table  of  Contents  see  p.  618. 
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square,  the  same  are  supposed  to  be  in  the  corresponding  cells  of  all 
the  outer  squares,  as  in  Diagi*am  A.  The  position  of  an  outer  square 
is  determined  by  the  oooi'dinates  of  the  cell  that  corresponds  to  the 
origin  cell,  which  will  be  marked  0,0 ;  these  will  therefore  be  posi- 
tive or  negative  multiples  of  n,  the  order  of  the  squares.  Hence 
when  the  cooixlinates  of  any  cell  are  given,  if  such  multiples  of  n  are 
added  to  or  subtracted  fi*om  its  abscissa  and  ordinate  as  will  make 
each  a  positive  number  less  than  n,  these  will  be  its  coordinates 
measured  from  the  0,0  cell  of  its  own  square.  E.g.<,  when  n  :=  5,  a 
cell  —13,28  must  have  3x5  added  to  its  abscissa,  and  5x5  taken 
irom  its  oixlinate,  showing  it  to  be  the  cell  2,3  in  the  outer  squai'e 
-3,5. 

Hence,  any  multiple  of  ii  may  be  added  to  or  subtracted  from  the 
cooi^nates  of  a  cell ;  the  effect  being  only  to  indicate  a  similarly 
situated  cell  in  some  other  square  ;  such  cells  will  be  called  similar 
cells.  When  the  coordinates  of  a  cell  are  measured  from  the  origin, 
they  will  be  called  its  origin  coordinates,  and  when  from  the  0,0  cell 
of  its  own  squai*e,  its  H([uare  coordinates.  If  p,  q  are  the  coordinates 
of  a  cell,  the  cells  on  (p,q)  are 


0,0  ...p,q  ...  2p,2q  ...  u—  l.p^n  —  l.q  ...  np^nq. 

Hence  every  line  from  0,0,  through  a  cell  p,q,  after  passing  through 
n— 1  cells,  enters  an  outer  square,  the  coordinates  of  whose  0,0  cell 
are  p,  5,  and  by  symmetry,  if  produced,  will  pass  through  recurring 
groups  of  the  same  n  cells ;  these  will  be  called  a  group,  and  the 
same  cells  but  in  a  different  order  will  be  regarded  as  the  samt* 
group,  and  groups  of  cells  will  be  called  different  groups,  even  if  all 
but  one  in  each  ai*e  the  same. 

Normal  Lines, 

Diagram  B  gives  the  square  of  5,  and  the  5  lines  from  the  origin 
through  the  5  cells  of  the  first  ivw  and  those  of  the  axis  row.  These 
5  -h  1  or  6  lines  will  be  called  in  every  square  its  normal  lines.  When 
n  is  a  prime,  these  n-^l  lines  pass  through  n— 1  different  cells,  in  all 
through  m'— 1  cells,  which  with  the  origin  cell  make  up  exactly  the 
n*  cells  of  the  square. 

Stviilar  Cells. 

Cells  are  called  similai*  when  they  have  the  same  cooi*dinates  in 
their  squares.  Hence,  for  two  cells  of  two  normal  lines  to  be  similar, 
they  must  be  on  the  same  row,  and  their  abscissae  must  differ  by  h 
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maltiple  of  n.  Thus,  if  jp^l  and  q^l  have  similar  cells  on  their  r*'' 
row,  these  cells  will  be  rp^r  and  rq;r,  and  r{p—q)  =  f»n,  where  |j,  q. 
and  r  are  less  than  n.  If  n  is  prime,  this  condition  cannot  be  satisfied, 
showing  that  no  two  normal  lines  of  a  square  of  n  can  in  that  case 
have  similar  cells ;  and  that  every  cell  of  the  square  is  found  on 
some  one  of  the  n-^\  normal  lines. 

Parallels. 

Diagram  G  gives  the  line  (2,1)  with  the  cells  through  which  it 
passes,  and  its  4  parallel  lines  that  are  seen  to  be  obtained  by 
increasing  4  times  by  unity  the  abscisssB  of  each  cell.  The  cells  on 
these  5  parallels  exactly  correspond  to  the  25  cells  of  the  square ; 
similarly,  with  any  square  of  the  n^^  order,  n  being  prime. 

Lines  through  Similar  Cells. 

If  lines  are  drawn  through  any  two  similar  cells,  not  0,0  cells,  in 
the  plane,  they  will  have  on  them  groups  similar  to  the  group  on  one 
of  the  normal  lines  or  its  parallels.  We  may  transfer  the  origin  to 
one  of  those  similar  cells.  Dealing  with  the  new  square  of  which  this 
origin  will  be  its  0,0  cell,  one  of  its  cells  will  be  similar  to  the  other  of 
the  two  similar  cells.  Let  this  be  the  cell  3,2,  Diagi*am  D,  which  has 
its  similar  cell  in  the  adjoining  square  on  the  noimal  line  (4,1).  As 
the  two  similar  cells  3,2  on  the  2nd  row  are  5  cells  apart,  their  cells  on 
the  4th  row  will  be  2  x  5  cells  apart,  and  therefore  similar,  and  so  on 
till  on  the  10th  row  the  two  lines  reach  the  0,0  cells  of  outer  squares. 
The  diagram  shows  that  it  is  only  the  2nd,  4th,  6th, . . .  cells  of  (4,1)  that 
are  similar  to  the  cells  of  3,2  in  order ;  but  these  are  the  same  as  the 
intermediate  cells  of  2,1  in  a  different  order  (Todhunter,  Algebra,  Art. 
707).  Similarly,  we  know  that  the  group  of  cells  on  (4,1)  is  the 
same  as  that  on  the  line  from  0,0  through  the  cell  3,2  of  the 
adjoining  square  5,5,  and  so  on  ;  a  like  process  shows  that  the  lines 
through  0,0  and  the  similar  cells  in  a  column  are  the  same.  In  a 
similar  way  it  may  be  shown  that,  when  two  lines  fi'om  0,0  have  two 
similar  cells,  not  only  is  the  group  of  cells  on  each  the  same,  but  the 
same  as  on  the  lines  through  any  of  the  dissimilar  cells  of  the  two  lines. 
E.g.,  if  the  line  through  4,1  and  3,2  in  the  origin  squara  is  drawn, 
as  this  line  and  the  line  (4,1)  have  similar  cells  on  the  row  above  4,1, 
their  cells  on  the  succeeding  rows  will  be  similar,  and  the  two  lines 
have  on  them  the  same  group  of  cells. 
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In  a  square  of  w.  Diagiam  D,  ^  if  two  lines  are  drawn  from 
0,0,  one  through  the  cell  p,l  of  the  let  tow,  the  other  through 
the  cell  i,q  of  the  1st  column,  the  celln  of  these  two  lines 
on  the  3*''  j-ow  will  be  l,q  and  pq,q.  If  these  two  cells  are  similar, 
pq  —  l  =  fin,  and  the  cells  j',1  and  l.q  are  called  allied  cells. 
Similarly,  if  the  lines  j.J  and  l.p  are  drawn,  their  cells  on  the 
J)""  row  are  pq.p  and  J,p,  and  the  condition  of  their  being  similar 
cells  is  pq—l=:iin,  the  same  as  before;  this  condition  being 
satisfied,  the  two  cells  q.l  and  l.p  are  allied.  It  may  be  a<lded  that 
the  lines  through  these  two  pairs  have  on  tbem  the  same  group 
of  cells    as   on    p,l,  l.q,  and  q,l,  1-p-   for,  in  Diagram  E,  where 


/ 
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l/». 

^ 

^ 

Pf9 
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u 

■^ 

o*J 

-^ 

p  =  S,  3  =  2,  pq^l  =  fi->  is  :ix2— 1=5,  the  lines  throngh  p,I, 
l.q  and  p,l,  pq,<i,  having  similar  cells  on  the  row  above  it,  have 
the  same  group  of  cells  on  each.  Now,  if  p  is  prime  to  »,  and 
p,  2p,  %. ...  n— 1  .p  ai-e  divided  by  «,  all  the  remainders  will  be 
different  (Todhunter's  Algchrn.  Art.  707)  ;  if,  therefore,  qp  be  the 
multiple  of  p  which,  divided  by  n,  leaves  a  remainder  1,  there  is 
only  one  such  multiple,  and  we  have  pq  =  ^«  +  l.  When,  therefore, 
ji  is  prime  the  numbers  1,  2,  3,  ...  h  — 1  can  be  aritinged  in  a  series  of 
allied  pairs,  and  no  number  less  than  »  can  he  its  own  ally  but  1  and 
n  — I.  For,  if  I' be  Biich  a  number,  we  shall  have  ixr^fjii+1,  or 
r^— 1  =  fn,  or  r— 1  X  c+l  =  *"',  and.  as  i-  is  positive  and  <n,  r  =  1 
or  n  —  \.     Thus  the  numbers  2,  .3,  ...  n—'i  con  without  repetition  be 


exhaustively  e 


inged  i- 


-3 


different    allied     pail's     (Cbrystal's 


Algehra,  p,  524,  Part  ii.).     Therefore  the  lines  through  the  cells  of 
the  1st  row  and  Ist  colnmn  have  the  same  groups  of  cells,  and  no 
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line  can  be  drawn  from  0,0  that  has  a  group  of  cells  different  from 

the  n-hl  normal  lines.     In  every  square  l,n— 1  is  allied  to  n  — 1,1; 
for  (»— 1)'  is  of  the  form  wlf-|-l. 
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Paths,  a7id  the  way  of  Tracing  them. 

If  each  of  the  w  cells  of  a  line  from  0,0,  when  it  lies  outside  the 
origin  square,  has  its  square  coordinates  marked  in  the  similar  cells 
of  the  origin  square,  the  cells  thus  marked  will  be  said  to  be  on  the 
path  of  that  line.  The  path  may  be  ti'aced  without  drawing  the  line 
into  the  outer  squares  in  the  following  manner  : — 

To  trace  the  path  of  the  line  from  0,0  through  the  cell  3,2  in  a 
square  of  7.  Here,  in  Diagram  F,  the  abscissa  being  3  and  ordinate 
2,  begin  hx>m.  the  origin,  count  3  along  the  axis  row,  and  the  cell  3,0 
is  reached  ;  from  it  count  2  upward  in  its  column,  and  3,2,  which  is 
called  the  1st  cell  in  the  path,  is  reached.  Again,  counting  from 
3,2,  3  cells  along  its  row,  we  reach  6,2 ;  and  from  it,  counting  2 
cells  upward  along  its  column,  the  2nd  cell  6,4  of  the  path  is  reached. 
As  counting  3  to  tlie  right  from  6,4  leads  out  of  the  squai'e,  the  3  is 
counted  from  the  opposite  end  of  its  row,  leading  to  2,4 ;  from  this, 
counting  2  upwai*d  along  its  column,  we  reach  2,6,  the  3rd  cell  of 
the  path  ;  3  cells  along  its  ix)w  lead  to  5,6  ;  and,  as  counting  2  cells 
upward  takes  us  out  of  the  square,  the  2  is  counted  from  the  bottom 
of  the  column,  bnnging  us  to  5,1,  the  4th  cell  of  the  path.  Thus 
continuing,  we  reach  4,5,  the  6th  and  last  cell  of  the  path.  One 
step  further  leads  us  outside  the  squai'e  to  0,5,  and  from  it  to  0,7, 
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the  0,0  cell  of  the  squai*e  above  it.  In  tracing  any  path  in  any 
square  of  n,  or  writing  the  cells  along  any  path,  the  n^  cell  is  a 
0,0  cell,  a  most  useful  t^st  of  the  accuracy  of  our  work. 

To  fill  the  Celh  nf  a  Nasik  Square^  n  being  prime, 

A  p  is  placed  in  the  cells  of  a  path  2>,i,  and  its  parallels  formed  by 
placing  p„  j7„  . . .  Pm-  1  after  each  p  in  the  p  —  1  cells  of  its  row.  Each  of 
these  n— 1  lettei*s  will  appear  on  the  n — 1  cells  of  any  other  path,  as 
((f,i)  ;  for  when  (g,i)  passes  through  a  cell  with  p^  it  cannot  pass  again 
through  a  cell  with  pr\  for,  on  leaving  the  1st  prt  the  path  of  j^^  is 
that  of  (j?,i),  and  cannot  cut  the  path  of  (g,i)  again.  Hence  we  shall 
have/?,,  p„  ...pn.\  on  the  cells  of  (g,i),  and  np  on  those  of  (p,i).  Vice 
versa,  if  in  another  squai'e  the  pai'allels  of  (g,!)  are  drawn,  we  shall 
have  g„  g„  ...  g«.i  on  the  cells  of  (^,2),  and  nq  on  those  of  (5,i).  Then, 
if  these  two  squares  are  superposed,  we  shall  have 
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a  square,  in  the  n*  cells  of  which  are  all  the  combinations  of 
PiPiiPii  '"Ph-\  with  q,  qi,  ...  (/„.i,  and  where  along  the  path  (p,i)  we 
have  np  and  2g,  and  along  (q-,!)  nq  and  1p,  but  along  the  other  m—  1 
paths  l,p  and  l,q. 

I^  P^Pi^  '"Ph-\  =  0,  1,  2,  ...  n—  1,  in  any  order, 

and  g,  5„  ...  5„.i  =  1,  2,  ...  w,  in  any  order, 

and  the  p's  are  multiplied  by  ?/,  the  cells  will  be  filled  with  the 
numbers  1  to  n*  in  the  scale  of  n. 

In  Diagram  G  we  have  the  supei*posed  square  of  7,  in  which  p  and 
.    q  are  placed  along  the  paths  (3,1)  and  (4,1),  and  the  6  parallels  of 
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each  are  entered,  and  in  Diagram  H  we  have  the  same  square  in  the 
septenary  scale  with  numerical  values  assigned  as  below : — 

P  Pi  P\  P%  Pi  Pi  JPfl     and     q  (7i  7,  g,  q^  q^,  g., 
0362514  153764  2. 

If  each  p  is  multiplied  by  7,  the  numbers  being  read  in  the  septenary 
scale,  we  have  in  the  V  cells  the  numbei*s  ivom  1  to  7*,  and,  by  these 
valnes,  34,  the  middle  number  of  1  to  7*,  is  in  the  middle  of  the 
square,  and  the  pairs  of  numbers  on  opposite  sides  of  and  equi- 
distant from  34  on  6  of  the  lines  through  34  make  2  x  34 ;  we  have 
7x34  along  each  of  the  6  lines  from  34  through  22,  51,  43,  07, 
and  the  column  and  row  through  34  and  their  parallels.  The  lines 
through  64  and  36,  one  having  7  x  4  in  the  place  of  units,  and  the 
other  7  X  3  in  the  place  of  7'8,  have  not  the  same  summation. 

In  the  square  of  5,  if  the  p'a  and  q's  ai*e  placed  in  the  cells  of  2,1 
and  3,1,  we  shall  have  W  along  the  other  four  normal  lines  (0,1), 
(1,1),  (5,1)  and  (1,0),  viz.,  the  rows,  columns,  and  the  two 
diagonals,  with  their  parallels.  We  may  now  pass  from  the  primes, 
after  giving  what  may  be  regarded  as  a  Nasik  square  of  the  least 

pHme  2. 
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a  gives  the  square  with  p  on  the  cells  of  the  axis  row,  and  p^  on  those 
of  the  1st  row ;  h  gives  a  square  with  q  on  the  cells  of  the  axis 
column  and  g,  on  those  of  the  1st  column ;    in  c  they  are  superposed. 

c  d 
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If  p,  p^  =  0,  1,  g,  qi  =  1,  2,  c  becomes  d  in  the  binary  scale,  which^ 
in  the  denary  is  e,  with  diagonal  summations. 

When  n  is  not  pnvie* 

First  when  n  is  even  and  equals  2rn,  where  m  is  prime. 

The  simplest  case  is  when  n  =  2  x  3. 

Here  we  have,  besides  the  7  normal  lines,  3  other  lines  with  difEer- 
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ent  groups,  viz.,  through  the  Ist  column  cells  1,2,  1,3,  and  1,4, 
(1,5)  and  (6,1)  having  the  same  group.  These  10  lines  are  given  in 
Diagfram  1,  where  it  will  be  seen  that  on  none  of  them  are  any  of 
the  4  cells  3,2,  3,4,  2,3,  and  4,3 ;  but  that  two  of  these  cells,  -^,2, 
3,4,  appear  on  the  line  (3,2),  and  the  other  two,  2,3,  4,3,  on  the 
line  (2,3).  The  36  cells  of  the  squai*e  will  therefore  be  found  on 
these  12  lines.  As  when  n  was  prime,  it  may  be  shown  that  the 
lines  through  any  two  cells  (only  one  of  which  may  be  a  0,0  cell) 
have  the  same  group  of  C  cells  as  we  have  on  one  of  these  12  lines 
or  their  parallels. 

In  Diagi'am  J  the  12  paths  of  these  12  lines  are  given,  and  on  the 
cells  of  each  path  is  placed  its  sign  as  below 

0,1  1,1  2,1  3,1  4,1  5,1  1,0  1,2  1,3  1,4  2,3  3,2 

These  letters,  or  (as  afterwainis)  numbers,  will  be  called  path  signs, 
or  simply  signs. 

Intersections  of  Paths, 

Definition. — When  a  letter,  as  ft,  is  placed  on  the  cells  of  a  path  2,1, 
and  its  parallels  filled  in  as  in  Diagi*ams  K  and  L,  such  a  filled  square 
will  be  indicated  thus,  sq.(2,l)^,  8q.(2,l),  sq.(/3),  or  simply  the 
square  of  2,1  or  ft ;  and  it  will  be  observed  that  each  path  is  ent 
on  its  2nd  and  4th  cell  from  0,0  by  2  others  and  on  its  3rd  cell  by 
3  others. 
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We  have  now  to  find  what  two  squares  can  be  superposed  that  will 
have  different  combinations  of  signs  on  the  cells  of  their  paths  and 
parallels.  No  two  squares  can  be  superposed  if  any  of  their  paths 
after  leaving  the  0,0  cell  cut  each  other  on  another  cell,  for  then  we 
should  have  the  same  combination  in  that  cell  as  in  the  0,0  cell. 
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The  line  tlirough  0,V  shows  that  sq.(0,l).  cannot  superpose  the 
#5  squares  of  P,  y,  ^  or  of  6,  ^ ;  therefore  it  can  superpose  the  other 
6  squares  a,  r,  f>,  A.,  fi,  I.  As  the  same  is  true  of  each  of  the  12 
lettere,  we  have  12  x  6  supei-posed  squares  ;  but,  as  each  appears  here 
twice,  we  have  36  difEerent  pairs  of  squares  that  can  be  superposed. 

Now  we  have  all  the  12  letters  on  the  3  cells  8,3,  0,3,  3,0,  4  on 
each,  and  the  squares  of  these  12  letters  may  be  thus  grouped  : 

8q.(0,l).     sq.(2,3).     sq.(4,lX     sq.(2,l),    C, 

sq.(3,2),     sq.(l,0),     sq.(l,4)^     sq.(l,2X    R, 

sq.(3,l)6     8q.(l,3)/     sq.(l,l)„     8q.(5,l),    1). 

Denoting  the  upper  row  by  C,  as  «:,  0,  y,  P  are  on  0,3  of  the  Column, 

2nd        „        R,  „  f ,  p,  fi,  X      „       3,0    „       Row, 
and  3rd        „        D,  „  6,  Z,  a,  c      „       3,3     „       Diagonal. 

If  the  12  paths  had  only  cut  each  other  on  the  cells  0,3,  3,0,  3,3, 
any  one  of  the  squares  of  C  could  have  been  superposed  on  any  one 
of  those  of  R  or  D,  and  any  of  R  on  those  of  D,  and  we  might  have 
had  3x4x4  or  48  superposed  squares  ;  but,  as  they  also  cut  each 
other  3  and  3  on  0,2,  2,2,  4,2,  2,0,  we  have  4  sets  of  3  squares 
that  cannot  be  superposed,  namely, 

8q.(0,l),     8q.(3,2),     sq.(3,l),;      8q.(2,3).    sq.(l,0),     sq.(l,3)r, 
8q.(4,l),     sq.(l,4)^     8q.(l,l)„;      sq.(2,l)/,     sq.(l,2)x    8q.(5,l)„ 

and  the  four  gi'oups  of  cells  on  C,  R,  D  have  been  so  arranged  that 
these  four  groups  of  squares  that  cannot  be  superposed  are  vertically 
over  each  other. 

Hence  every  square  of  C  can  superpose  3  squares  of  R  and  D, 
every  square  of  R  3  squares  of  D. 

We  have  therefore  in  all  3  x  12  or  3x6  possible  pairs  of  squares 
that  can  be  superposed,  the  number  obtained  before. 

Parallels, 

The  parallels  of  a  path  through  a  cell  p,l  on  the  1st  it>w,  whose 
sign  is  p,  are  obtained  by  placing  ^„^^  ...i?«-i  after  each  p  in  the  cells 
of  its  row,  and  those  of  a  path  through  l,r,  a  cell  of  the  Ist  column, 
whose  sign  is  r,  by  placing  ri,  r,,  ...  r„.i  over  each  r  in  the  cells  of  its 
column ;  and,  if  /  is  the  sign  of  a  factor  path,  its  parallels  are 
obtained  by  placing  /i,/„  .../»-i  in  the  cells  of  the  diagonal  throagh 


496 


Bev.  A.  H.  Frost  on  the 


[Jnne  11, 


each  /.    An  illustration  of  the  first  two  cases  is  given  \n.  Diagrams 
K  and  L. 

In  Diagram  K  wo  have  X  placed  in  the  6  cells  of  the  path  of  1,2 ; 
the  5  parallels  of  this  path  are  made  by  patting  over  each  X  in  the 
5  cells  of  its  column  X„  X,,  X,,  X^,  X^.  In  Diagram  L  6  is  placed  in  the  6 
cells  of  the  path  of  3,1,  and  its  5  parallels  drawn  by  putting  after 
each  b  in  the  5  cells  of  its  row,  &„  &,,  &„  64,  h^. 


C. 

R. 

D 

• 

• 

0,1 

K 

2X 

2,3 

4,1 

2,1 

3,2 

1,0    1,4    1,2 

3,1 

1,3 
I 

2\ 
III 

1.1 

s,i 

0 

y 

/3 

* 

p           fA           k 

b 

a 

« 

R.   8q.(l,2X 

5\ 

2\ 

II 

III 

III    III    6X 

1 

2X 

2X 
III 

u 
III 

D.  8q.(3,l)» 

< 

II    56 

1 

%b 

26 

II 

Sb     2b     2b 

6b 

Paths  of  Superposed  Squares. 
In  Diagram  Mis  a  table  in  which  sq.(l,2)x  and  sq.(3,l)t  are  placed 
to  the  left  of  two  rows  of  12  cells,  which  show  what  is  found  on  their 
12  paths ;  the  paths   with   their  signs    are  indicated   above.     An 

examination  of  this  diagram  enables  us  to  see  what  we  have  in  each 

« 

of  the  12  paths  of  these  two  squares  when  superposed.  II  indicates 
three  pairs  of  the  X's,  such  as  will  be  seen  to  occur  in  the  path  (2,1) 
of  K  and  (0,1)  of  L.  Ill  indicates  two  pairs  of  triplets  seen  in  (1,0), 
the  axis  row  of  K,  and  the  diagonals  of  L. 

If  X  and  X,  =  1  and  6,  X,  and  X4  =  2  and  5,  X,  and  X,  =  3  and  4, 
each  pair  =  7,  and  3  pairs  =  21  =  2X. 

If  h  and  b,  =  0  and  5,  bj  and  64  =  1  and  4,  b^  and  65  =  2  and  3, 
each  pair  =  5,  and  3  pairs  =  15  =  25. 

There  cannot  be  values  of  X's  and  Vs  given  to  make  two  triplets 
equal,  as  SX,  2&  are  odd. 

The  superposed  squares  with  the  above  values  of  the  letters,  and 
the  Va  multiplied  by  6,  give  a  Nasik  square  whose  cells  are  filled 
with  1  to  36  in  the  senary  scale,  and  which  has  W  along  0,1,  2,3,  4,1 
2,1,  the  four  paths  of  C. 

In  Diagram  N  is  given  the  complete  table  from  which  Diagram  M  was 
taken.  By  it  we  are  able  to  tell  what  is  found  on  the  12  paths  of  each 
of  the  36  possible  squares  obtained  by  superposing  pairs  of  squares. 

The  diagram  shows  that  all  the  12  squares  have  III  on  one  of  the 
paths  0,1,  1,0,  1,1,  5,1 ;  therefore  no  two  superposed  squares  can  give 
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a  Nasik  sqnare  with  W  along  its  ix>ws,  columns,  and  diagonals ;  such 
a  square  will  be  called  a  CDR  square.  It  will  be  shown  at  the  end 
that  we  can  have  such  a  square  if  not  limited  to  consecutive  num- 
bers. 

All  that  has  been  so  far  said  of  the  square  of  2  x  3  will  now  be 
shown  to  be  true  of  a  square  of  2  x  m,  m  being  prime. 

Diagram  0  represents  a  square  of  n,  where  n  =  2m,  m  being 
prime.  The  cells  on  the  1st  row  have  -f,  2, 4 ...  n  — 3,  7^— I,  and 
1,  3, 5  ...,  n— 1,  w— 2,  the  former  being  called  the  even,  the  latter  the 
odd,  m  cells ;  the  cells  of  the  1st  column  have  in  the  even  cells 
X,  a/3,  ,,,  ir^  fiCTy  and  in  the  odd  middle  cell  l,n  is  placed Z,  the  rest 
being  left  empty,  for,  as  will  now  be  shown,  each  of  them  is  allied  to 
an  odd  cell  of  the  1st  row. 

Here,  m  being  prime,  we  have  seen  that  2, 3,  4, ...  m— 3,  m— 2  can 

be  exhaustively  arranged  in  — - —  pairs  of  allied  numbers.  If  pq  is 
such  a  pair 

pq  =  tm-{-l, 

p  and  q  will  be  said  to  be  allied  with  respect  to  m ;  and,  if 

pq  =  2^mH-l, 

p  and  q  will  be  said  to  be  allied  with  respect  to  2m. 

i.  When  p  and  q  are  both  even,  p-^m,q-^m  is  odd,  and  of  the 

form  m^  -h  1 ;  thei'efore  mt  ia  even,  and  p-k-m  and  q-j-m  are  allied  with 
respect  to  2m. 

ii.  When  p  is  odd  and  q  even,  then  2?xg-|-m  is  odd  and  of  the 

form  m^-f  1 ;  thei»efore  mt  is  even,  B.ndp  and  q-^-m  are  allied  with 
respect  to  2m. 

iii.  When/?  and  q  are  each  odd,  then  m^+1  is  odd  and  mt  even; 
therefore  p  and  q  are  allied  with  respect  to  2m. 

Now,  from  i.  and  ii.,  we  see  that  from  any  allied  pair  with  respect 
to  m,  one  or  both  of  whose  components  are  even,  we  can  obtain  an 
allied  pair  with  respect  to  2m,  by  adding  m  to  the  even  component 
or  components. 

If  we  take  the  series 


(o)  2,  3,  4,  6,  6,  ...  m— 4,  m— 3,  m— 2, 
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and  add  m  to  each  of  the  even  nambers,  we  haye,  by  rearranging^ 
them,  the  series  of  odd  numbers 


(b)  3,  5,  7,  ...  m— 4>  m— 2  ;  m+2>  m+4,  m-f  6>  ...  2m— 3. 

The  allied  pairs  with  respect  to  m  in  series  (a)  which  come  nnder 
Case  iii.  remain  allied  pairs  with  respect  to  2m  in  series  (b).  The 
allied  pairs  with  respect  to  m  in  series  (a)  which  come  under  Case  i. 
or  ii.  give  rise  to  allied  pairs  with  respect  to  2m  in  series  (h). 

There  are  evidently  no  omissions  or  repetitions;  therefore  the 
series  (6)  can  be  exhaustively  arranged  in  pairs  allied  with  respect 
to  2m  or  n. 

Now,  if  p  represents  the  number  in  any  cell  of  the  1st  row,  the 
m^  cell  of  (p^l)  on  the  m*^  row  will  be  mp^m.  If  p  is  even,  this  is 
the  cell  0,m  ;  if  odd,  the  cell  m^m.  The  m^  cell  of  (1,1)  through  the 
middle  cell  I  of  the  1st  column  is  niyml ;  and,  as  Z  is  odd,  this  is  the 
cell  m,7/i.  Again,  if  q  represents  any  of  the  even  cells  of  the  Ist 
column,  the  m^  cell  of  (i,g)  will  be  m,twg;  and,  as  g  is  even,  this  is  the 
cell  m,0.  So  far  we  have  m  + 1  lines  through  the  m  odd  cells  of  the  1st 
row,  and  the  cell  1,1  of  the  Ist  column  passing  through  the  cell  m,fn ; 
the  m  lines  through  the  m  even  cells  of  the  1st  row  passing  through 
the  cell  (hn,  and  the  m  lines  through  the  m  even  cells  of  the  Ist 
column  passing  through  the  cell  0,m. 

The  formula  pq  ^=  fin+1  for  allied  cells  ;  as  /un  is  even,  pq  is  odd ; 
therefore  neither  p  nor  q  can  be  even,  which  shows  that  no  even  cell 
of  the  1st  column  can  be  allied  to  an  even  cell  of  the  1st  row.  With 
respect  to  the  two  factor  lines  (m,2)  and  (2,m)  whose  path  signs  are  ^ 
and  6,  their  r*^  cells  are  rm,2r,  and  2r,rm. 

If  r  is  even,  these  are  even  cells  of  the  axis  column  and  axis  row 
respectively  ;  and,  if  r  is  odd,  they  are  even  cells  of  the  m^  column 
and  m^^  i-ow  respectively. 

Hence  we  have  ^  on  the  cell  m,0,  and  0  on  the  cell  0,m,  and  m+ 1 
different  paths  passing  through  the  three  cells  0,m,  ni,m,  and  m,0. 

On  the  cell  0,2,  we  have  the  three  path  signs  -h ,  m,  ^,  being  one  from 
each  of  the  three  groups  of  m  +  l  path  signs  on  0,m,  m,m,  and  m,0. 
No  two  of  the  squares  8q.(-|-),  sq.(m),  and  sq.(^)  can  be  superposed, 
so  that  sq.(-h)  can  superpose  all  the  path  squares  of  m,m  but 
8q.(m)  and  all  those  of  m,0  but  sq.(^).  We  have  also  three  path  signs 
on  the  cell  2,0,  and  on  the  2nd  cell  of  all  the  other  paths  three  path 
signs,  two  of  which  are  easily  obtained  as  in  Diagram  0,  while  the 
third  is  obtained  by  following  the  paths  of  /3  ...  wpor,  each  of  which 
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passes  througli  one  of  the  cells  between  a  and  ^,  and  they  are  repeated 
in  the  same  order  in  the  cells  from  ^  to  cr. 

,       Squares  of  Higher  Orders, 

To  explain  the  way  of  forming  squaires  of  any  order,  it  will  suffice 
to  take  the  six  representative  squares  of  2^,  9,  15, 18,  24,  and  30.  As 
the  diagrams  of  their  paths  and  intersections  (as  in  Diagram  J)  are 
too  large  to  be  given  entire,  it  will  suffice  to  give  the  path  signs  in 
the  chief  cells  of  some  one  path,  as  they  are  all  symmetrical  and  can 
be  produced  one  from  another.  For  convenience  the  path  of  the 
axis  column  will  be  taken,  and  the  odd  cells  of  the  first  column 
written    3,  5,  7,  ...  &c.       The    square    formed  by  superposing  two 

squares  sq. (jp,i).  and  sq.(g,i)-  will  be  denoted  thus,  ■^'-SPj.J^  or  S^, 

sq.  (r,i)^        r,i 

or  simply  ^ ;  and  a  square  that  has  W  on  its  rows,  columns,  and 
diagonals  and  their  parallels  will  be  called  a  CDR  square. 

When  n  =  2m,  m  being  2*. 

Here  each  of  the  2'  odd  cells  is  allied  to  one  of  the  odd  cells  of  the 
1st  row :  we  have  therefore  in  the  cells  0,2',  2',2^  2*,0,  the  2*  path 
signs  2,  4,  6,  ...,  1,  3,  5,  ...,  and  a,  ft,  y,  ...,  3x2*  paths,  and  3x2^' 
superposed  squares.  In  every  one  of  these  squares  there  is  a  path 
with  II*s,  and  others  with  IV's,  VIII's,  ... ;  but,  as  the  same  pairs  of 
r*s  that  are  in  the  II's  occur  j  in  the  IV's,  if  we  take  the  r's  so  as  to 
make  each  of  the  different  pairs  equal  to  (2***-f  1),  we  shall  have 
Sr,  or  its  equivalent  on  all  the  paths  but  that  which  has  nr. 

This  condition  is  satisfied  when 

<  =  1  or  n  =  4,     if  rr^r^r^      =  1,  2,  4,  3, 

i  =  2  or  n  =  8,     if  r^r^ ...  r^  =  1,  7,  6,  4, 8,  2,  3,  6, 

^  =  3  or  n  =  16,  if  r^r^ ...  r,^  =  9,  16,  2,  14,  4,  6,  11,  7,  8,  1,  16,  3, 

13,  12,  6,  10. 

Various  squares  of  n  =  2  X  2'  are  CDR  squares.  As  this  is  the  only 
square  of  the  form  2m  that  has  only  m  path  signs  in  C,  R,  and  D, 
these  m  signs  will  be  denoted  by  C,  R',  and  D',  and  the  extra  signs 
in  each  will  be  denoted  by  the  same  letter  /u,  so  in  every  case  we 
shall  have  C,  R,  D  represented  by  C'/a?  RV»  l^V- 

2  K  2 
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When  n  :=  2w,  in  being  any  Prime. 

This  case  has  already  been  considered,  but  it  raaj  be  noticed  in 
connexion  with  what  follows  that  n  has  only  two  factors,  m  and  2, 
which  gives  nse  to  the  two  paths  2, in  and  viji,  the  first  passing 
through  0,m,  the  other  through  m/> ;  and  all  the  odd  cells  of  the  first 
column  are  allied  to  cells  of  the  first  row,  except  i,m,  the  path  of 
which  passes  through  the  cell  m,vi.  Thus  the  one  pair  of  factors 
corresponds  to  the  one  unallied  cell ;  a  curious  relation,  which  holds, 
as  will  be  seen,  in  the  squares  of  a  higher  order,  except  when  tn  is 
the  product  of  prime  factors  (exclusive  of  2). 


When  n  =  2m,  m  being  6. 

Here  n  is  of  the  form  4w',  and  the  two  cells  2/r'±1,1  are  allied  to 

the  two  cells  l,2ni'±l,  for  (2wi'=tl)^  is  of  the  form  4rwi'Jr+l,  or 
nM-\- 1.  In  the  square  of  2  x  3,  /4  was  1 ;  /i  is  here  2,  for  we  have  two 
factor  products  2x3  and  3x4;  these  give  rise  to  the  four  factor 
paths  ,  ^ 

2,3  3,2     and     3,4  4,3, 

the  signs  of  which  will  be     D     A  < 


>. 


The  6th  cells  on  these  four  paths  are 


12,18  18,12     and     18,24  24,18 
which  are,  omitting  the  12's, 

0,6  6,0    and     6,0  0,6 
Hence  the  eight  path  signs  of  C  and  R  are  C,  D ,  > ,  and  R',  A,  < . 

Now  5,  7,  II  are  allied  to  5,  7,  11 ;  so  there  are  two  unallied  cells, 
3,  9,  the  paths  of  which,  passing  through  the  cell  6fi,  make  D',  S,  9 
for  the  path  signs  of  D.     The  number  of  paths  will  therefore  be  3  x  8. 

The  diagram  of  the  paths  and  their  intersections  has  on  its  Ist 
column, 

in  0,6,  the  6th  cell,  the  8  path  signs   -f2468  10D    > 
„  0,4,     „     4th     „      „    6         „  +  3  6  9  A  < 

„  0,3,     „     3rd    „       „    4         „  -h  4  8   > 


„  0,2, 


>» 


11 


2nd 


11 


11 


11 


+  6; 


1896.]         Constriicfion  o/Nasik  Squares  of  any  Order. 


501 


this  shows  that  in  8q.(0,l)+  we  have 

6  II 's     on  the  path  of  6, 

4  Ill's      „      3  paths  of  4  8   > , 

3  IV's       „      4        „        3  6  9  A   <, 

2  VI's       „       7        „        2  4  6  8  10  D    > 


Hence,  if  the  r's  be  so  chosen  that 

6  II's  =  4  Ill's  =  3  IV's  =  2  VI's  =  2  (r),    or 


12x13 


there  will  be  2  (r),  or  its  equivalent,  on  all  the  twenty-four  paths  but 
that  of  r.  This  can  be  done  with  all  but  the  4  Ill's  ;  for  6  x  13  is 
not  divisible  by  4.  We  see  from  the  above  that  sq.(0,l)+  cannot  be 
superposed  by  sq.(3),  sq.(9)  of  D,  or  by  sq.(A),  sq.(<)  of  R  ;  there- 
fore the  number  of  superposed  squares  will  be  3  X  8  x  6.  As  each  of 
two  superposed  squai*es  has  Ill's  on  three  of  its  paths,  the  super- 
posed square  will  have  Ill's  on  six  of  its  paths,  and  there  will  be  W 
on  6x13— 8  paths. 

If  rj,  rj,  ...  Til  are  made  equal,  in  order,  to 

1  7  3  9  8  11  12  6  10  4  5  2, 

the  above  conditions  will  be  satisfied. 

If  it  be  required  to  find  how  many  of  these  superposed  squares  are 
CDR  squares,  we  must  observe  how  many  have  Ill's  on  any  of 
the  four  paths  0,1,  1,0,  1,1,  11,1. 

The  diagram  of  paths  shows  that 

the  path  signs  on  the  3rd  cell  of  the  path  0,1  are  -f  4  8  > 

1.0  „  X  /3  5  < 

1.1  „  15  9  9 
11,1  „  11  3  7  3 


>» 


»> 


>i 


n 


l» 


91 


the  squares  therefore  of  4,  8,  and  >  will  have  III  on  the  path  0,1  ; 
and  similarly  for  1,0,  1,1,  and  11,1.  Therefore  a  superposed  square 
in  which  any  of  the  twelve  paths 

34578939)30   >    < 
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have  been  used  cannot  be  a  CDR  square.  The  other  eight  path 
signs  that  can  be  used  to  make  one  are 

2  6  10  a  y  e  D   A. 

The  diagram  of  paths  shows  which  squares  of  these  eight  paths 
cannot  be  superposed ;  the  rest  form  the  following  twelve  CDR 
squares : — 


2       2      2      6      6       6 

>^>^^  ^/>/^  "\r\*  "\^»^  f*r\r  «>wk 

A        €        y       a        e        y 


10     10     10     D     D      D 

•\^\y         ^v/s/         *>/vr         v/'v/x         ^\/>^         ^>^\t 

a        A       y       a       A        e 


n  ^  2m,  where  m  ^  9. 

This  square  of  18  is  the  next  to  be  dealt  with.  Here,  in  forming 
the  square  of  intersections,  when  the  nine  path  signs  of  C,  B',  and  D' 
have  been  placed  on  the  cells  of  their  several  paths  we  find  many  tells 
empty.  To  fill  these  we  turn  to  the  factor  paths.  The  factors  2x3 
and  2x9  give  four  paths  that  fill  all  the  empty  cells  but  12.  The 
two  empty  cells  nearest  the  origin  are  3,4  and  4,3,  and  we  find  that 
their  path  signs  placed  on  the  cells  of  3,4  and  4,3  exactly  fill  the 
12  empty  cells.  (This  shows  that,  as  3  X  4  are  factors,  not  of  18 
but  2  X 18,  the  factors  of  2n  are  to  be  taken,  as  well  as  those  of  n.) 

Now  the  9th  cells  on  the  6  paths 

2,3  3,2    3,4  4,3    and    2,9  9,2 


are 


18,27  27,18    27,36  36,27     18,81  81,18, 


or,  omitting  every  18,  the  6  cells 


0,9  9,0    9,0  0,9    0,9  9,0. 

Three  of  these  paths  pass  through  the  cell  0,9,  and  three  through 
the  cell  9,0  ;  thus  adding  three  extra  path  signs  to  C  and  R'. 

Calling  the  path  signs  of  the  above  six  factor  paths,  in  order, 

D,  A,   <,   >,    and    C",  -D, 


we  have  for  C 

and  for  R 

12  signs  in  both. 


C,   D,   >,  IT, 
R',  A,    <,  ^, 
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Now  the  allied  cells  of  the  1st  column  are 

5  7  II  13  and  17     to     11  13  6  7  and  17, 
and  the  3  nnallied  cells  are  3  9  15 ;  therefore  for  D  we  have 

D'  3  B  15. 
Here  therefore  /*  =  3,  and  we  have  3  x  12  paths. 

Now  on  the  9th  cell  of  0,1,  we  have  +  2     4  6.  8  10  12  14  16  Q  >  cr 


j> 


»» 


6th 
3rd 


»> 


9» 


»? 


5» 


„     +  6  12  9  -3    3  15  A    < 
„     +  6  12 


J» 


2nd 


n 


»» 


„     +  9 


We  find  from  this  that  in  sq.(0,l)+  we  have 
II's  on  the  paths  of  9  -3, 


Ill's 
VI's 


IX's 


>» 


?i 


»» 


»> 


»> 


n 


6  12, 

3  15  A  <, 

2    4  8  10  14  16  D    >  tr. 


The  r's  therefore  must  be  so  chosen  that  9  II's,  6  Ill's,  3  VI's,  and 
18x19 


2  IX's  = 


2 
18  X 19  . 


;    this   can  be   done   for  all    but  the   6   Ill's,   as 


is  not  an  integer. 


The  path  signs  on  the  6th  cell  show  that  sq.(0,l)^  cannot 
superpose 

sq.(3)     sq.(9)     sq.(15)  of  D,      or      sq.(A)     8q.(<)     sq.("D)  of  R. 

The  number  of  superposed  squares  will  therefore  be  3x12x9. 
The  above  conditions  are  satisfied  if  the  18  r's  in  succession  are 

1  16  5  12  9  17  4  13  8  18  3  14  7  10  2  15  6  11. 

On  the  3rd  cells  of  1,  17,  -f ,  x,  we  have  7,  13,  5,  11,  6, 14,  7,  J; 
hence  every  superposed  square  where  none  of  these  eight  path  signs 
have  been  used  will  be  a  CDR  square. 
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When  n  =  2«i,  m  being  12. 

We  have  5,  7,  II,  13,  17,  IB,  23  each  allied  to  the  corresponding' 
cells  on  the  1st  row,  and  3,  9,  IS,  21  not  allied. 

Here  then  we  have  for  D 

D'  3  0  15  21. 
The  eight  factor  paths  are 


/- * N 


2,3  8,2     3,4  4,3    3,8  8,3    and     2,9  9,2, 
to  which  we  give  the  path  signs 

DA<>©e         cfd 

The  12th  cells  on  these  eight  paths  will  be 


24,36  36,24    36,48  48,36     36,96  96,36     and    24,108  108,24, 
which  are 


0,12  12,0     12,0  0,12     12,0  0,12    and    0,12  12,0. 

Therefore   (2,3),  (4,3),  (8,3),  (2,9)  pass  through  the  cell  0,12, 
and  (3,2),  (3,4),  (3,8),  (9,2)  „  „  12,0, 

and  we  have  for  C  C,   D,   >,  0»   cf» 

and  for  R'  R',  A,    <,  ©,  c(. 

Here  then  /*  =  4,  and  there  are  3  x  16  paths. 

Now,  on  the  cell  (?,m  wo  have 

+  2  4  6  8  10  12  14  16  18  20  22  D    >  0   cf 
on  the  cell  0,8  we  have  +    3     6    9  16  18  21  12  A   <  0  c( 
0,6        „        +    4    8  16  20  12  >   e 
0,4        „        +    6  18  12 
0,3        „        +    8  16  9 
0,2        „        +12 

Here  the  r's  must  be  chosen  so  as  to  make  12  II's,  8  Ill's,  6  IV's, 
and  2  XII's  =  — - —  ;  this  may  be  done,  except  for  8  III,   for  III 


»> 


>» 


»» 


» 


2 
24  X  25 


would  be  -  -  X 


,  a  fraction. 
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We  see  also  that  sq.(0,l)^.  cannot  superpose  any  of  the  eight  squares 
of  the  path  siims  «  /%  , ,»  «,  ^     . 

The  number  of  superposed  squares  will  therefore  be  3  x  16  X  3. 
The  path  signs  of  1,  23,   -f ,    x   on  the  3rd  cell  of  each  are 

on  the  path  of    1  ...    9    9  17 

23  ...  16  15     7 

+  ...  8 16  e 

X  ...    8  18  © 


91  H 


»»  »» 


»»  ?» 


All  the  superposed  squares  that  are  not  formed  from  any  of  these 
16  path  signs  will  bo  CDR  squares. 

When  n  =  2m,  where  m  =  3  X  6. 

This  square  introduces  a  peculiarity  not  met  with  in  even  squares 
of  a  lower  order,  but  is  a  type  of  many  similar  squares  of  a  higher 
order.  For  hitherto  the  two  paths  arising  from  two  factors  of  n 
passed,  one  through  the  cell  0,w,  the  other  through  mfl ;  the  number 
of  such  extra  sign  paths  in  C  or  R  being  the  same  as  those  of  the 
unallied  cells  of  the  1st  column,  whose  paths  went  through  the  cell  tn^Tn, 
thus  making  the  number  of  extra  path  signs  of  C,  R,  and  D  the  same ; 
but  now  we  have  here  the  factors  3x5  giving  rise  to  the  two  paths 
3,5  and  5,3  and  the  15th  cells  on  these  two  paths  are  45,75  and 
75,45,  each  of  which  is  the  cell  15,15  ;  thus  we  have  two  extra  path 
signs  for  D.     We  will  take  ♦{♦,  ^  as  the  signs  of 

«5,0    0,0. 

The  other  factor  paths  are 


■s     <  N      *  >     r 


2,3  3,2  3,4  4,3  2,5  5,2  4,5  5,4  5,6  6,5  2,15  15,2  3,10  10,3  2,27  27,2  3,26  26,3: 
the  path  signs  being 
nA<>T-i-7:il-HC})        t      i       ?$J||i<8> 


(The  paths  2,27  27,2    and    3,26  26,3 

are  identical  with  the  paths 


2,3  3,2    3,4  4,3 
traced  inward  from  0,24,  the  0,0  cell  of  the  upper  square. ) 
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As  odd  miiltiples  of  15,  when  the  30*s  are  cast  out,  become  15, 

and  even  „  „  „  „  0, 

when  the  30's  are  east  out  from  the  15th  cell  of   all  these  paths,  we 
^t 

0,15  for  the  15th  cell  of  the  paths  n>T7H    C<P?<8> 

which  are  the  9  extra  path  signs  of  C, 

and  15,0  for  the  15th  cell  of  the  paths  ^<±2.hl>ti^ 

which  are  the  9  extra  path  signs  of  R. 

Hence  the  number  of  paths  is  3  X  24. 

Here  the  cells  7  II  13  17  IB  23  29 

are,  in  order,  allied  to  13  11     7  23  19  17  29; 

and,  the  unallied  cells  being 

3  5  9  15  21  25  27, 

these,  including  the  path   signs  of  3,5  and  5,3,  give  for  D  in  the 
ceU  15,15^  D'  3  5  9  15  21  25  27  ♦!♦  ^ 

Now  we  have  on  the  cell  0,15         C'n>TirH    C<P?     <8» 

0,10  -f     3    6    9  12  15  18  21  24  27 

0,6  +     5  10  15  20  25  ^    :i   ±  ^  ])  H 

0,5  +     6  12  18  24  H 

0,3  -f  10  20  ^ 

0,2  -h  15   }) 

This  shows  that  sq.(0,l)^    cannot   superpose   any   squares    of   the 
twelve  path  signs 

3  5  9  15  21  25  27  H   ±    h    ])   ^ 
The  number  of  superposed  squares  will  therefore  be  3  x  24  x  12. 
The  path  signs  on  the  3rd  cells  of  1,1,  29,1,   +,  and  x  are 

for  the  cell  1,1     11  21  21 
29,1      9  19    9 
0,1     10  20  i 
1,0       e     X     ^ 

All  the  superposed  squares  not  formed  from  any  of  these  sixteen  path 
signs  will  be  CDR  squares. 


5> 


»J 


» 


»> 


»1 


II 
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When  n  is  of  the  form  2m+ 1. 

The  single  primes  having  been  considered,  n  will  now  be  the 
powers  or  product  of  simple  primes  or  their  powers. 

When  n  =  3,  the  square  may  be  filled  bj  jo,  placing  p  on  the 
cells  of  2,1,  and  r  on  the  cells  of  1,1 ;  this  gives  the  diagram 


Ptu 

pr 

Pi^i 

Pir 

Ptn 

PU 

pr, 

PiU 

Ptr 

Making  r,  Tj,  r,  =  2,  1,  3  and  p^Pi^Pt  =  0,  2,  1,  we  have  below,  in  the 
temaiy  scale,  the  smallest  odd  Nasik  square,  which  is  the  ordinary 
magic  square  with  W  on  the  rows,  columns,  and  two  principal 
diagonals. 


13 

1 

22 
3 
11 

21 
2 

12 
23 

We  have 


»» 


»» 


»» 


»» 


When  n  =  9. 

on  the  cells  0,3  +  3,1  6,1 

3,3  1  4,1  7,1 

9,3  2  6,1  8,1 

„       3,0  X  1,3  1,6. 

Here  we  have  4x3  paths,  and,  as  the  square  of  any  of  the  three 
path  signs  of  0,3  can  superpose  the  squares  of  all  the  other  nine  path 
signs,  the  number  of  superposed  squares  will  be  6  x  9. 

The  square  of  every  path  sign  will  have  3  III*s  on  two  of  its  paths ; 
therefore  every  superposed  square  will  have  3  111*8  on  four  of  its 

paths,  but,  as  3  Ill's  can  be  made  to  equal  — - — ,  we  shall  have 

W  on  4x3  —  2  paths,  if  r  r^  r^  r,  r^  r^  r^  r^  r, 
are  made  to  be  5  4  3  6  8    7   10  2. 
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Superposed  squares  will  be  CDR  squares,  if  +,  X ,  1,1,  8,1  have  not 
been  used  in  forming  them.  Here,  and  when  n  is  the  square  of  a 
prime,  we  have  four  groups  of  path  signs  instead  of  the  tliree  when 
n  is  given. 

When  n  =  3  X  5. 

In  forming  a  diagram  of  the  paths  and  their  intersections,  we  find 
them  24  in  number,  and  that  they  draw  together  into  4  groups  of  6, 
and  6  groups  of  4  path  signs :  these  are 

on  the  cell  0,5  the  group    +    3     6    9  12  fjt 


and 


»> 


» 


>i 


»> 
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»J 


»» 


H 


>> 


5,5 

1 

4  7  10  13  10 

10,5 

2 

5  8  11  14  S 

5,0 

X 

3  6  8  12  ^ 

0,3 

+ 

5  10  ^ 

3,3 

1 

6  11  8 

6,3 

2 

7  12  3 

9,3 

3 

8  13  12 

12,3 

4 

9  14  9 

3,0 

5 

10  ♦$♦ 

These  4  groups  of  6  path  signs,  and  the  6  groups  of  4,  each  con- 
tain the  15  path  signs  of  the  1st  row ;  and  the  two  groups  on  5,0  and 
3,0  of  the  axis  row  contain  3  8  9  12  S  10  of  the  1st  column. 

The  omitted  cells  of  the  1st  column  are 

2  4    7  8  II  13, 

which,  being  allied  to  8  4  13  2  11     7, 

leave  the  24  path  signs  of  the  square.  The  path  signs  on  0,3,  0,5 
show  that  sq.(0,l)^    cannot  superpose  the  squares   of  the  8  path 

^'^^  3  6  9  12  5  10  ♦$♦  ^; 

there  are  therefore  15  squares  it  can  superpose.  Similarly  for  each 
of  the  other  23  path  signs.  The  number  of  superposed  squares  will 
therefore  be  |  x  24  x  15,  the  \,  for  among  the  24  x  25  combinations 
of  paths  every  pair  as  3,  S  appears  again  as  5,  3. 

In  the  square  of  every  path  sign  there  are  on  5  of  its  paths  3  Vs» 
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and  on  3  paths  5  Ill's,  but,  as  the  3  V's  and  5  Ill's  can  be  made  equal 

15  X  16 
to  — - — ,  we  can  have  W  on  22  paths  of  this  square  if  we  make 

^j  ^i>  fv  •••  ^14  equal?  in  order,  to 

1  5  4  3  2  12  9  7  6  14  11  10  13  16  8. 

Every  square  in  which  +,    x ,  1,  14  are  not  used  in  its  construction 
will  be  a  CDR  square. 


Sliding  of  Bows  or  Oolumns  over  each  other. 

The  effect  of  sliding  the  rows,  either  way,  one  cell  over  the  other, 
is  that,  while  the  ordinates  of  all  the  cells  are  unchanged,  the  cells 
of  the  1st,  2nd,  and  3rd, ...  rows  are  moved  respectively  over  1,  2,  3, ... 
cells,  their  abscissae  being  increased  or  diminished  by  1,  2,  3, ...  . 

Paths  of  6>  0,1     2,3    4,1     2,1  ...  C  (page  495) 

3,2     1,0     1,4     1,2  ...  R 
3,1     1,3     1,1     5,1  ...  D 

The  squares  in  Diagram  A  are  formed  by  superposing  sq.(2,3)  of  C 
and  sq.(3,2)  of  R ;  this  gives  a  square  with  the  four  paths  of  D. 

Sliding  its  rows  to  the  right  over  one  cell,  as  the  cell  2,3  is  on  the 
3rd  row,  its  abscissa  2  will  be  increased  by  3  ;  thus  the  cell  becomes 
5,3.     The  cells  on  the  path  of  5,3  are 

0,0    5,3    4,0    3,3     2,0    1,3    0,0; 

so  the  path  of  5,3  is  the  path  of  1,3  of  D.  Proceeding  in  the  same 
way,  we  find  the  path  of  3,2  of  R  becomes  that  of  5,2  which  is  the 
path  1,4  of  the  same  group  R.  The  superposing  sq.(l,3)  of  D  and 
sq.(l,4)  of  R  give  a  square  with  "FT on  its  four  paths  of  C.  This  square 
is  seen  at  C  in  Diag^m  P. 

Ag^in,  when  the  columns  of  D  are  moved  up  or  down  one  cell  over 
each  other,  the  abscissae  are  unchanged,  but,  the  1st,  2nd,  3rd, ... 
columns  being  respectively  moved  over  1,  2,  3,  ...  cells,  the  ordinates 
of  the  cells  on  these  columns  are  increased  by  1,  2,  3,  ...  .  If  then 
the  columns  are  moved  upwards  one  cell  over  each  other,  the  abscissae 
of  2,3  and  3,2  being  unchanged,  the  cell  2,3  of  C  changes  to  2,5,  the 
path  of  which  is  that  of  4,1  of  the  same  group  C,  and  the  cell  3,2  of  R 
changes  to  3,5,  the  path  of  which  is  that  of  3,1  of  D.  The  8q.(4,l) 
of  C  and  sq.(8,l)  of  D  when  superposed  give  R  (Diagram  P)  a  square 
that  has  W  on  the  four  paths  of  R. 


mL     ' 


-s-   .r.   r  ■^-S"   • ':   Tir- 


T         ^^**!3l*i  •* 


•; — ^ 


-••Mi" 


1. 


r. 


I IT  _    : 


_•»      ^'t      <-     :      ^  i      — .T      ^.1.       fc    ^f' 


la  zc  z  ?»i..«f. 


•    "X 


_  -X     ^.*      ». 


*i:>ng  -1*  •-".■■•kin.ui  ■»:  tji*  ■•■:  litr*  n  _ 


C    > 


— —    - -1     _.  ♦    — f .      I  ?• 


If  "▼^  iriaLCii  :; 


ii:. 


C    3 


■s   -* 


•  •sT.r, :.'.  -iA 


.  & 


2t 


±3 


^1     -1     ^^3     *.!     -Ll     iL3 
V^i     :i.-     i.l     -Ji     o.i     3,2 


:iErQ?as  to  Sr.-i  •.:.a*..  •*:.;!'.  I>  r/^roonies  R  r.'Ts'idii:^  its  colamns 
^r  sliding  them  a.%o*,ri«rr  cell  it   becomes   D  again,  but  with 
anangement  of  the  f!rin>s  :  and  the  same  oscillation  take.« 
C  and  Ii  bv  rnoviriif  its  r^^ws :  bat.  if  we  slide  the  rows  of 
of  C  we  fin 'J  K  and  C  again  but  differently  aiTangeil. 
bridge  for  passin;^  frr^m  C  to  R  by  first  making  C  into  D 
hi  row8,  then  making  I J  into  C  bv  nio\'ine  its  colamns. 


18! 
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The  diagrwnB  in  Q  show  a  simpler  way  of  paaaing  from  C  to  B, 
for  ttey  show  the  paths  of  D,  C,  and  R ;  and  that  by  turning  the 
two  sqnaras  of  C  throngh  a  light  angle  they  become  the  two  aqnares 
of  R.  The  symmetry  of  the  paths  of  D  leaves  it  unchanged  after 
taming  in  this  way.  A  comparison  of  the  coordinates  of  C  and  R 
shows  the  same. 

Q 

P>tb«(l,l)aiulapaTalIolto(»,l).^^PBtha(3,l)uid&pu«llella(l,3), 
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V 
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^ 

fatlu(2,l)uidkpual]e1to(i.l).  P>thi(0.t)Biidkp«nllalto(!,S). 
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^ 


Pfttb*  (1,2)  and  a  parallel  Co  (l.«).  Pathilt.O)  and  a  parallel  to  (3,1). 
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If  any  one  of  the  36  superposed  squares  is  formed,  all  the  35  other 

squaL'es  can  be  got  from  it  by  Diagram  B,  which  is  obtained  bj  oom- 

2  3 
mencing  from  the  square  -^^^^  and  moving  alternately  first  the  rows 

over  one  cell,  then  the  columns  one  cell  of  the  new  square  ;  after  35 

such  alternations  of  a  ix)w  and  column,  the  series  would  enter  the 

2  3.  12 

square  -^^^  from  which  we  began.     Any  square  as  ---  might  have 


"h^ 

(^s 


iQ  x^ 


S/r- 


0 


3,1 


B 

D 

2.3 
3,2 


TO 
O'l 


c 
^4 


e 

Is     ^ 


cbyko 

Ad  ^ 


been  talcan,  and,  commencing  from  it  in  the  same  waj,  after  35 
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1  2 
changes  .^^^  would  be  reached  again.     All  the  pairs  of  cells  that  are 

2  3         10 
equidistant  from   -'g  or  -^   at  the  ends  of  the  diameter  through 

them  are  reciprocal,  that  is,  one  is  obtained  from  the  other  by 
turning  it  through  a  right  angle ;  this  is  seen  bj  comparing  their 
coordinates.  In  all  the  changes  through  the  36  squares,  the  actual 
numbers  that  give  W  along  the  four  paths  of  the  initial  square 
remain  the  same,   but  they  lie   along   constantly  changing  paths, 

D  D 

2  3  12 

e.g.,  ^''*^  on  the  3rd  change  of  rows  and  columns  becomes  again  ■  '   , 

3,2  0,1 

that  is,  a  square  with  the  4  paths  of  D ; 


but  the  numbers  that  were  lying  along  (1,1)  now  lie  on  (1,3) 


jj  1^  J? 


?»  ?» 


»j 


(5,1)  „  (1,1) 


(1,3)  „  (5,1) 

(3,1)  unchanged  (3,1) 


Gonneodon  between  factors  of  n  and  allied  cells. 

On  page  506  we  have  seen  that  when  a  factor  product  as  2  x  3  is 
even  one  of  the  two  paths  it  leads  to  passes  through  0,-,  the  other 

through  -,0,  but  when  the  product  is  odd,  as  3  x  5,  its  two  paths  pass 

through  -,-.     This  leads  to  the  following  general  equation.     If  EP 

represents  the  number  of  even  factor  products,  OF  the  number  of 
odd  ones,  and  UC  the  number  of  unallied  cells, 

OF  =  UC+EF. 

When   w  =  6,  12,  18,  24,  EF   is    zero,   and    OF  =  UC,  a  singular 
connexion  between  factors  of  n  and  the  allied  cells. 
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Sumviary, 

Older  of    Extra  Path                   Superpoeed     Allied  Unallied  Factor      CDE 

Square.         Signs.         Paths.       Squares.        Cells.      CeUs.  Pairs.    Squares. 

n  =  2x2'    /i  =  0       3x2'      3x2^        2*-l        0  0       CDE 


n  =  2x3 

,1  =  1 

3x4 

3x4x3 

0 

1 

1 

None 

n  =  2  X  6 

^=2 

3x8 

3x8x6 

3 

2 

2 

CDR 

«  =  2x9 

/i  =  3 

3x12 

3x12x9 

5 

3 

3 

CDR 

n  =  2  X 12 

^  =  4 

3x16 

3x16x8 

7 

4 

4 

CDR 

n  =  2  X  15 

/.  =  9 

3x24 

3x24x12 

9 

9 

9 

CDR 

n  =  9 

4x3 

6x3x3 

CDR 

n  =  15 

24 

12x15 

CDR 

All  that  has  been  said  of,  or  done  to,  6*  applies  to  all  even  squares. 


Squares  with  Nasikal  Summations  hut  not  Consecutive  Numbers, 

It  has  been  seen  that  a  Nasik  square  of  6  could  not  be  formed 

with  W  on  its  rows,  columns,  and  two  diagonals  and  their  parallels, 

on  account  of  paths  haying  2  Ill's,  which,  being  even,  could  not 

6x7 
equal  .     If,  however,  we  do  not  limit  the  square  to  consecutive 

numbers,  it  is  easy  to  make  it  a  CDR  square,  and  not  only  when 
n^Q,  but  for  all  even  values  of  n.     If  we  make 


and 


r,  r„  r,, r^,r^,  rg  =  1,  7,  5,  3,  6,  2, 
l>»l>i»i'i»i>8iJP4.1>6  =  0,  6,  4,  2,  5,  1, 


and  place  the  jp*s  in  the  cells  of  the  path  (2,3)  and  its  parallels. 


and 


)) 


rs 


»» 


>j 


(3,2) 


n 


» 


we  have  in  the  Diagram  S,  a  CDR  square,  in  the  36  cells  of  which 
are  placed,  in  the  septenary  scale,  the  numbers 

67  m  65  ...  63  62  61  57  56  55  ...  53  52  51  47  46  45  ...  43  42  41 
0102  03  ...  05  06  07  11  12  13  ...  15  16  17  21  22  23  ...  25  26  27 
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the  16  pairs  of  which,   one  over  the  other,  make  68  or  50  in  the 

denaiy.     We  have  here  W  along  the  10  paths 

0,1  1,1  2,1  3,1  i,l  5,1  1,0  1,2  1,3  1,4 

aud  their  parallels.  A  curious  property  of  the  square  thus  filled  is 
that,  if  we  take  the  aix  numbers  on  the  cells  of  any  one  of  the  four 
paths  of  D,  vis.,  1,1,  b,l,  3,1,  1,3  aud  their  parallels,  we  find  that  the 
two  unit  figures  of  the  1st  and  4th,  the  2nd  and  5th,  and  the  3rd  and 
t5th  numbers  make  8,  and  the  two  others  in  the  place  of  7's  make  6. 


On  the  Pogeibility  of  other  Metkodt  of  forming  Nagtk  Square*  for  all 
Values  of  ». 

Even  if  the  »*  elements  of  a  Nanik  square  of  n,  with  all  ite  paths,  be 
obtained,  in  algebraic  foi-m,  yet,  in  the  case  especially  of  high  values 
of  1,  there  remains  the  difficulty,  perhaps  insuperable,  of  deducing 
the  consecutive  numbers  from  1  to  «',  an  essential  reqnisitie  in  a 
Nasik  square.  The  method  employed  in  this  paper  avoids  this  diffi- 
culty. That  a  Nasik  square  when  «  =  4  may  be  formed  by  another 
kind  of  superposed  squares  is  shown  in  Diagram  T. 


f 

fe 

^1 
>3 

3-^ 
1^ 

h 

^ 

"^4 

=- 

.^■> 

H 

K' 

J 

H 

>2 

H 

'2< 

J>-*' 

0-^ 

■r> 

Qhi 

33 

22 

3 

12 

4 

U 

3i 

•21 

3'^ 

^3 

2 

., 

I 

U 

31 

24 

1 

U 

23 

2 

91 

22 

U 

34 

3 

33 

4 

21 

12 

1 

32 

13 

?A 

g  iBtt  square  with  1  on  the  cells  of  (1,2)  and  2,  4,  3  on  its  3  parallels, 
h         „         „        0        „        „        (2,1)    „    1.3,3 


bi6 
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t  is  the  superposed  sqaare,  filled  with  1 ...  16  in  the  qnatemaiy. 
/,  k  are  t^o  sqaares,  the  way  of  filling'  which  explains  itself,  and  I  is 
the  square  with  these  two  squares  superposed.  This  square  conld 
not  be  got  by  the  method  of  this  paper.  If  the  loner  two  2*8  and  3'b 
ace  placed  ontside  the  square  and  above  it,  we  have  the  four  I'a,  2'b, 
3'e,  i'e  at  the  angles  of  fonr  similar  diamonds,  and,  if  the  0,  1,  2,  3  in 
the  comer  of  k  are  put  outside  the  square  at  the  opposite  oomer,  we 
have  1,  2,  3,  4  on  the  angles  of  four  similar  diamonds. 

The  way  in  which  squares  like  I  were  obtained  is  as  follows: — 
The  uDmbers  from  1  to  36  are  changed  to 


£a  ±5   ±7   ±9  ±11   ±13  ±15. 


These  are  arranged  a 


I'-S 

11 

-9 

-5 

7 

—16 

W 

-11 

9 

-1 

3 

-7 

where  we  have  zero  along  the  rows,  colnmntt,  diagonals,  and  their 
parallels,  17  is  added  to  each,  and  the  sum  haired,  which  gives 
Diagram  V ;  this  changed  to  the  quaternary  is  Diagram  W,  which 


9 

7 

U 

4 

6 

U 

1 

15 

3 

13 

8 

10 

16 

2 

U 

5 

21  ,  13 

32 

04 

12 

24 

01 

« 

03 

31 

14 

- 

34 

02  23  11  1 

»)uggest«d  J,  k.  The  same  method  gives  CDR  squares  of  n  =  2',  but 
they  have  no  other  paths  along  which  W  can  be  obtained,  though 
they  have  several  cuiious  properties  in  compensation. 

As  every  square  filled  with  1,  2,  ...  »'  in  the  scale  of  n  must  have 
iu  it  a  number  of  the  form  np  +  r,  IFwill  be  of  the  foi-m  nSp+Sr, 
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in  every  path  where  W  is  required.     The  method  adopted  here  is  to 

and 


make    n^p    and    2r    constant,    viz.,  n 


n  .  I*  —  1 


n.n-hl 


2 


,  while 


56  66  64 

63 

62  61 

46  46  44  43  42  41 

a    a     jB 

b 

7     <» 

rf    «    *    f   /   c 

1     2     3 

4 

5     6 

11  12  13  14  15  16 

n  (t^  4- 1  "^ 
making  their  sum     ^  '   constant  gives   scope  for  the  possible 

formation  of  other  Nasik  squares,  not  obtainable  by  the  method  of 
this  paper. 

Explanation  of  Diagram  A, 

This  diagram  is  part  of  an  infinite  number  of  squares  of  6,  each  of  which 
is  filled  in  the  same  way  with  the  consecutive  numbers  from  1  to  36  in  the 
scale  of  6.  The  six  red  lines  show  the  directions  in  which  lines  can  be  drawn 
from  any  cell,  as  the  one  with  1  on  it,  through  six  numbers,  along  each  of 
which  there  are  one  of  four  different  groups  of  figures  with  the  same  sum. 
These  lines  are  1,34...,  1,54...,  1,14...,  1,36....  The  other  two  lines  1,52...  and 
l^^'x  have  on  them  the  same  numbers  as  those  on  1,64...  and  1,36...  in  a  re- 
verse order ;  so  the  former  pair  will  not  bo  now  considered.  The  four  lines 
through  34,  54,  14,  and  36  correspond  to  the  directions  of  the  four  path  lines  of 
D,  1,1,  3,1,  5,1,  1,3.  The  thirty-six  numbers  are  now  arranged  in  what  may 
be  called  conjugate  pairs,  as  each  pair,  as  34,  23,  has  the  same  sum  57  ;  between 
each  pair  a  letter  is  placed,  to  show  that  particular  pair. 

36  36  34  33  32  31 
fl    j^    e     h     I    k 
21  22  23  24  25  26 

The  diagram  shows  that  each  of  the  four  red  lines  of  D  contains  the  pair  a,  and 
two  otherpairs,  the  pairs  on  1,34...,  1,54...,  1,14...,  and  1,36...  being  a,0,8,  a,i8,7, 
a,c,i,  and  a,riy(;  or  nine  different  conjugate  pairs.  If  each  of  these  four  lines 
is  reckoned  as  the  first  of  its  group  of  six  parallels,  we  find,  by  drawing  the  parallels 
through  the  numbers  26,  41,  6,  21,  46  of  the  row  through  1,  that 

the  odd  parallelB  of  1,34...  are  a,0,8     and  the  even  ones  are    a^e^k 

b,d,g 

and  1,52...        8,c,  ^  a^h^e 

b,d,g 

and  1,16...        7)8)  (  ^)^)^ 

i8)€,fl  aj,g 

iVom  this  it  appears  that  the  three  conjugate  pairs  on  each  of  the  red  lines  and  its 
odd  parallelB  comprise  all  the  conjugate  pairs  of  the  red  lines  together.  The  same 
nimibers  as  on  the  red  lines  and  their  paraUels  will  be  f  oimd  on  the  lines  itosn.  1 


)» 


»» 


»» 


>» 


>» 


»» 


»» 


»» 


i8,f,« 

Ti'j'J 

1,54... 

))    «)^»7 

1,52... 

»)•)( 

»?,«,« 

1,14... 

))    a,5,fl 

i8,f,« 

7»«»»? 

1,36... 

))  OjCi 

1,16... 

7>«»« 

»« 


»» 


») 
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through  34  12  54  52  14  32  aud  36  16  and  their  parallelB  in  every  suironnding 
square  ;  from  which  it  follows  that,  if  two  lines  are  drawn  from  1  in  any  direction 
at  however  small  an  inclination  to  each  other,  as  they  must  at  last  enclose  <nie  of 
the  squares,  there  will  be  eight  Unes  that  may  be  drawn  from  1  through  the 
above  eight  numbers  in  that  square  with  JF  on  each  and  their  paraUels,  and  stiU 
more  lines  as  the  number  of  enclosed  squares  increases.  All  that  has  been  here  said 
of  the  square  of  6  is  true  of  the  squares  of  10,  12,  14, ... ;  but  the  limit  of  thifi 
paper  does  not  admit  of  the  squares  of  higher  order  to  be  dealt  with.  A  Nasik 
square  may  now  be  thus  described  : — **  A  square  whose  cells  are  filled  with,  con- 
secutive  numbers  from  I  to  n',  and  which  is  surrounded  by  an  unlimited  number 
of  squares  similarly  filled,  and  in  such  a  manner  that  an  infinite  number  of  parallel 
lines  can  be  drawn  from  any  cell,  in  an  infinite  number  of  different  directions, 
«ach  of  which  has  on  it  a  recurring  group  of  n  numbers  whose  sum  is  the  same." 
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0)1  some  general  Formulce  for  the  Potentials  of  Ellipsoids,  Shells, 
and  DUcs.  By  E.  W.  Hobson.  Bead  April  23rd,  1896. 
Received  October  16th,  1896. 

The  problem  of  the  determination  of  the  potential  of  solid 
ellipsoids  and  of  ellipsoidal  shells  at  an  exteimal  or  an  internal 
point,  is  one  which  has  engaged  the  attention  of  many  celebrated 
mathematicians.  Among  the  various  methods  by  which  the 
potential  of  a  uniform  solid  ellipsoid  of  gravitating  matter  at  an 
external  or  internal  point  has  been  found,  perhaps  the  most  ingenious 
and  interesting  is  that  of  Dirichlet.  His  method  is  that  of  multi- 
plying the  integral  to  be  found  by  a  discontinuous  factor,  which 
factor  is  equal  to  unity  throughout  the  ellipsoid  and  to  zero  at  all 
external  points  ;  the  volume  integral  taken  throughout  the  ellipsoid, 
which  expresses  the  potential,  is  thus  replaced  by  an  integral  to  be 
taken  thi*oughout  all  space,  and  the  simplification  thus  made  in  the 
limits  of  integration  facilitates  the  reduction  of  the  volume  integral 
to  a  single  integral. 

Denoting  by  dv  an  element  of  volume  of  the  ellipsoid,  by  r  the 
distance  of  the  element  from  the  point  at  which  the  potential  is  to 
be  found,  the  expression  for  the  potential,  the  density  being  taken 
as  unity,  is  rrr^ 

in  which  the  integral  is  taken  throughout  the  volume  inside  the 
ellipsoid.     This  integral  Dirichlet  multiplies  by 


2   r"  sin  B  cosfH  ,^ 


where  /  =  1  denotes  the  equation  of  the  ellipsoid ;  this  discontinuous 
factor  has  the  value  unity  if /<  1,  and  zero  if />  1 ;  thus  the  potential 
is  2 


ff      f      f      rfr  sin^  ^^^/^/7tf 
0    J   -OD   J-OdJ    -OD     ^  0 


which  is  then  reduced  to  a  single  integral. 

It  occurred  to  me  some  three  years  ago  that,  by  the  use  of  a  dis- 
continuous factor  of  a  more  general  form  than  that  of  Dirichlet, 
formulsB  might  be  obtained  for  the  potentials  of  ellipsoids  of  variable 
density  and  with  any  law  of  force ;  and,  in  fact,  the  principal  results 
given  in  the  present  communication  were  obtained  by  the  use  of  the 
expression  le"*^*^^ 

2  sin  rir 


f    (-iA)'"'e*^^8ini/r(^, 
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in  whicH  the  integral  is  taken  along  a  path  from  oo  on  the  positiye 
side  of  the  i^  axis  round  the  point  v//  =  0,  to  i/^  =  oo  on  the  negative 
side  of  the  i//  aids ;  the  real  part  of  the  above  expression  is  equal  to 

-  -   ,  if  f<  1,  and  to  zero,  if  f  >  1. 

2p  n r)   d  —  fY        •'       '  "^M-^y  XX  y  ^  i. 

After  reading  the  modified  form  of  Dirichlet's  method  given  by 
Kronecker  (Vorlesungefij  Vol.  i.),  in  which  the  factor 

q  denoting  a  positive  quantity,  is  used,  I  found  that  my  results  could 
be  obtained  more  simply  by  the  use  of  the  expression 


r 


-Aq+'^y 


dz. 


-1 


which  is  eoual  to w 

or  zero,  according  as  c  is  positive  or  negative,  X,  q  being  positive 
quantities ;  this  factor  is  accoi*dingly  used  in  the  present  paper. 

I  have  found  it  convenient  to  consider  the  case  of  an  n-dimensional 
elliptic  "disc"  in  a  space  of  »  +  l  dimensions;  the  determination  of 
the  potential  of  such  a  "disc*'  includes  that  of  an  n-dimensional 
solid  ellipsoid  as  the  special  case  in  which  the  n  -\-  V^  cooi*dinate  of 
the  point  at  which  the  potential  is  found  is  put  equal  to  zero ;  when 
the  general  formula  has  been  found  we  can  pat  ?t  =  3  for  an  ordinary 
solid  ellipsoid,  n  =  2  for  an  ordinary  elliptic  disc,  and  n  =  1  for  a 
bar.  In  the  same  way  a  "  ring  "  in  n  +  l -dimensional  space  may  be 
regarded  as  an  ellipsoidal  "  shell  "  in  7i  dimensions. 

Many  of  the  results  in  the  present  paper  agi*ee  with  results 
obtained  by  very  different  methods  by  Dr.  Routh  in  his  compre- 
hensive memoir  *'  On  the  Attraction  of  Ellipsoids  for  certain  Laws 
of  Force  other  than  the  Inverse  Square."* 

A  particular  case  of  the  general  formuleo  has  been  given  by 
Mr.  Dyson,t  who  obtained  his  formulaa  by  verifying  that  an 
expression  suggested  by  the  consideration  of  simple  cases  satisfied 
the  characteristic  conditions. 

The  formulae  given  by  Cayley  in  his  memoir  on  "  Prepotentials,"^ 
and  in  his  other  papers  on  the  subject,  are  special  cases  of  the 
formul®  below. 

♦  Phil.  Trant.y  Vol.  clxxxvi.  (1896),  A.       t  QuarUrly  Journal,  Vol. 

{  Phil,  Trans.,  Vol.  clxv.  (1876). 
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The  Potential  of  an  n- Dimensional  Elliptic  Disc  which  is  in  an  n+1- 
Dimensional  Space,  the  Law  of  Force  being  that  of  the  inverse 
m+1**  Power  of  the  Distance, 

1.  Let   £|,  {,,  ...  £m   denote    the   coordinates  of   any  point  of  tHe 
M-dimensional  elliptic  "  disc  "  whose  equation  is 

and  which  is  supposed  to  be  in  a  space  of  n+1  dimensions,  the  co- 
ordinates of  any  point  of  which  may  be  denoted  by  Xi,  a^,  ...  x^y  h,  so 
that  the  disc  is  in  the  plane  ^  =  0 ;  we  shall  first  reduce  the  integral 


••Ta-f.o'ftqtlK 


diid^  ....  dtny 


JJJ  ■■■  {(»,-{,)'  +  ... +  («,_£,)«+fc«]«~ 

where  the  integral  is  taken  throaghoat  the  "  disc,"  to  a  single  integral ; 
the  quantities  m,  k,  n  will  be  restricted  to  satisfy  the  conditions 

,„>0,  ^=J!?+X_l>0,  X-1>0. 


Using  the  transformation 


-"•+»•' d«,  . 


the  n-f old  integral  W  takes  the  form 


—  ^ ff...fr^->6-*-*ne"^"-^'^-*-^^(i-s-^V"' 

^"^        '  dtd(,d(,...d(^. 

Now  it  is  known*  that,  provided  A.  is  positive,  the  value  of  Cauchy*s 
integral 


where  ^  is  a  positive  quantity,  is 


2w 


<^y  or  zero,  according  as  c 


n  (x-i) 

is  positive  or  negative ;  its  value  is  zero  when  c  =  0,  provided  X>  1. 
We  shall  employ  this  as  a  discontinuous  factor,  to  transform  W  into 


*  See  Meyer's  Vorletungen  uber  die  Theorie  der  butimmten  InUgraU,  p.  196. 
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an  integral  in  which  the  valaes  of  f„  (^  ...  (^  are  taken  each  from 
-I-  cx)  to  —  » .    Let 


r=l-s4^ 


then  W  is  equivalent  to 


W) 


U  e-«-*"n*..- r.^ui,  «•  ^^^^  ^^     ^^. 


all  those  elements  of  this  integral  vanish  which  correspond  to  points 
outside  the  "  disc" ;  thus  the  integration  may  be  taken  throughout  all 
the  w-dimensional  space  instead  of  through  the  "  disc  "  only. 

On  changing  the  order   of   the  integrations  and  evaluating  the 
integrals  with  respect  to  the  J,  by  means  of  the  formula 


r. 


,-^|«-f2«rf  +  af- 


or 


g(«*+4«)«/[<+(f*rf)/«n 


we  have 


Let 
then 


n  j  — J~^-e''[-'/(-';?)-f-"/("=S')l] 


(fs. 


-J.     1   n(A-i)  _  „     „   .,„  r 0"-"-' 


where 


ex[(-.»x)/(.v#)jQ^^^ 


whero 
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18 


n(^+x+«-ij 


-1)  ^       "'+*     "  ^ 


"Li  ^  t(M-m)-fXt-«.l 


or  zero,  according  as  1  —  2  -= — ;: ir  ^^  positive  or  negative  ;  hence 

a  -\-u       o 


Q  = 


2w 


n(--==+x-i) 


JJi{n-m)-i-X-l 


uev 


2.n— m  +  2X 


where 
henoe 


a  a 


^='-^^e-T'    ^=^S-« 


n(^-i)n(«=H+x-i)J." 


(M-m).l 


J7|(H    H^X-l 


(l+_?^^_  +  ^'^ +...|j«, 

C        2.»— 7n-h2\      2.4.n-m-|-2A.n-m  +  2X  +  2  ) 

where  0^  is  the  positive  root  of  the  equation  U  =0,  and  P  denotes 

{(aJ-|.e)(a;  +  e)...(a:  +  6)}*. 

Let  F(-^y  — ,    ...    —2.)  be  a  function  which,  for  all  points  within 

the  elliptic  '*  disc/'  is  capable  of  representation  in  a  convergent  series 
of  positive  integral  powers  of  x^  «,,  ...a;»,  which  series  is  given  by 
Maclaurin's  theorem ;  thus  if  x{,  xi^  ...  x'„  denote  the  zero  values  of 
Xi,  x^j  ...  x^  at  the  centre, 

where  oti  ...  a;^  are  each  put  equal  to  zero  after  the  operation  is  per- 
formed.    In  W,  let 

ox' 
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and  let  W  operate  upon 

we  see  then  that  the  valne  V  of 

where  the  integral  is  taken  throughout  the  "  disc,"  is 

n(f)n(«^+x-i)  U     ^ 


{ 


j_^        UdD  TP^jy 


2.n— ?»  +  2A      2.4.n— m  +  2A..n— m+2X-|-2 


...} 


2.4.6.n— mH-2X.n— m  +  2\  +  2.n-7?i-|-2A  +  4 
2P(^,  ...,   ^\ja    (1) 

where  P  =  {(aJ  +  ^^Xo^  +  e)  ...  (a'+a)}*, 


ar,  ar.  aj^ 


2  2 

I7'=l !£i ?J — 


and  00  IB  given  by  the  equation 


^  +  -;^.+...+  ^.+ ^=1. 


which  obviously  has  one  positive  root,  since  the  expression  on  the 
left-hand  side  of  the  equation  is  zero  when  $  is  infinite,  and  is  infinite 
when  0  =  0,  and  continually  increases  as  0  diminishes  from  infinity 
to  zero. 

The  expression  (1)  represents  the  potential  of  the  n-dimensional 
disc  when  the  law  of  force  is  that  of  the  inverse  (m+l)*^  power  of 
the  distance,  and  the  law  of  density  is  given  by 

p=  {1-4-4— -4r"-p'(f.  t'  •••  f )  -(2); 
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m  is  not  necessarily  integral,  but  is  subject  to  the  restrictions  that  it 


is  positive  and  such  that 


2 


+X— 1  is  positive. 


In  case  the  function  j^  contains  an  infinite  number  of  terms,  it 
must  be  such  that  the  series  contained  in  the  integral  in  (1)  is  abso- 
lutely convergent. 

It  has  been  pointed  out  by  Kronecker  that  Dirichlet's  investigation 
of  the  potential  of  a  homogeneous  ellipsoid  is  not  free  from  objections  ; 
the  same  objections  hold  in  regard  to  the  preceding  investigation. 
Kronecker*  gives  an  elaborate  discussion  of  the  legitimacy  of  the 
various  operations,  including  that  of  the  inversion  of  order  of  integra- 
tion; his  discussion  is  applicable  to  the  more  general  theorem  in- 
vestigated above  ;  it  should,  however,  be  observed  that  a  considerable 
part  of  Kronecker's  investigation  has  been  rendered  unnecessary  by 
the  introduction  of  the  finite  quantity  A,  which  in  his  work  is  taken 
to  be  zero. 

2.  In  the  particular  case  n  =  2,  we  have  from  (I)  the  potential  of 
a  two-dimensional  elliptic  disc ;  in  this  case,  writing  x,  y  for  Xi,  or^, 
and  a,  h  for  a,,  a,,  we  see  that  the  potential  of  the  elliptic  disc 

I  ~   -Li  —     ' 

a'        0 

of  which  the  density  is  given  by 


at  an  external  point  x,  y,  z,  is 


n(X-l) 


fivab  r 


^-*»»  JT^-**" 


n(B\n(x-^)    2   J»o^(«'+"K^*+<') 


•  { 


1  + 


USD 


TPfi^Ifi 


2.2— m-h2X      2.4.2-m-f2\.2-m+2X+2 


...} 


f(-^^,  -pi-)de  (3), 


♦  See    VurUsungen   uher  die   Theorie  der  einfaehen  und  der  vielfaehen  Integrale, 
pp.  317-341. 


\ 
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where 


m 


and  ^0  is  the  positive  root  of  the  equation  IT  =  0 ;    X—  ~    must  be 
positive. 

For  an  internal  point  we  have  z  =  0,  and  6^  =  0,  since 


a 


*        b' 


is  negative  for  all  points  inside  the  disc ;  thus  the  lower  limit  of  the 
integral  is  zero. 

We  see  that  the  potential  of  a  uniform  gravitating  disc  is 


where  6©  =  ^  ^or  an  internal  point ;  this  agrees  with  the  expression 
^iven  by  Cayley.* 

From  (3)  we  obtain  the  general  theorem  that  the  external  potential 
ot'  a  disc  of  density 

"(i-s-rxr. 


when  the  law  of  force  is  that  of  the  inverse  (2A.+1)*^  power  of  the 

diHtance,  is  .« 

1   fAvab  I     


d$ 


X    2  je^e^y/ia'^exh^-^-e) 

Hiul  thos  that  the  external  level  surfaces  are  ellipsoids  confocal  with 
(ho  diHo. 


The  Potential  of  an  n- Dimensional  Solid  Ellipsoid. 

H,  If  in  the  theorem  (1)  we  put  ^  =  0,  we  have  an  expression  for 
%\\p  |H>tuntial  of  the  solid  ellipsoid 


at       04  a„ 


•  See  J^roe.  Zand.  Math.  Soe,,  VoL  vi.  (1876). 
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of  whicli  the  density  is  given  by 

^         a,        a.i  cij  Xoi      Oj  a^l 

the  law  of  force  being  that  of  the  inverse  (m  +  1)*^  power  of  the 
distance,  m  being  subject  to  the  same  restrictions  as  before. 
For  an  external  point,  the  limit  B^  of  the  integi-al  is  given  by 

2      -—  =  1- 

for  an  internal  point  we  have  6,^  =  0,  since,  as  h  approaches  the  value 
zei*o,  ^0  must  do  the  same,  their  i-atios  being  given  by 

2^;=1-Lt.  J^, 


ft 


.r 


the   expression     1—2^    having  a  positive  value  for  all  internal 

points. 

The  potential  of  the  solid  ellipsoid  is  therefore 


na-1)  1  j„  r  e*(— "-1 


77lfN-m)4-X-l 


2.W— WI  +  2A      2.4.7*— ?/i+    X.w— m-f2X+2 


l7»a»D» 


2 ''"•••) 


(4), 


where 


1^=1-2-3^ 


^' 


A.-1  >  0,  m>0, 


n— m 


2 


-hX-1  >  0, 


and  6^  is  the  positive  root  of  the  equation 

and  is  zero  for  an  internal  point. 

In  the  particular  case    n  =  3,   m  =  1,   the  formula  agrees  with 
that  obtained  by  Mr.  Dyson*,  who  obtained  the  expression  by  the 


*  See  Quat'terljf  Journal  of  Math,,  Vol.  xzv. 
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oonBideration  of  particular  cases,  and  then  verified  that  the  expression 
satisfied  the  characteristic  equation 

7*7= -4wp. 
When  the  density  is  given  by 


P  =  ,(l-2|p 


the  formula  (4)  reduces  to 

/in(\-l) 


j^4(i.—)*x-i^ 


For  example,  let    n  =  3 ;   we  have  then  for  the  ordinary  three- 
dimensional  ellipsoid 


^j  ^  y  ^  ^«         ' 


a 


the  law  of  density  being  given  by 

'-(-5 -Mr 


F  = 


h-^^ I ^V'-'^^rW 

C         a»-|.^      6'-htf      c'H-^) 

When  X  =  ^(w— 1),   we  see  that  the  external  level  surfaces  are 
confocal  ellipsoids. 


The  Potentials  of  infinitely  thin  Homoeoidal  Rings  and  Ellipsoidal  SlielU. 

4.  In  the  expression  (1),  change  a„  o^, ...  a«  into  qa^,  qOf,  ...  50,,, 
and  also  6,  6q  into  q^d,  q^O^ ;  the  expression  then  becomes,  in  the  case 
A  =  l, 

C        2.n— mH-2  ) 


where 


77  —  r*-.!S     ^  ^ 
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and  Oq  is  the  positive  root  of  the  equation  17",  =  0 ;  P,  D  have  the 
same  meanings  as  before.  If  we  take  the  differential  of  this  expresion 
with  respect  to  q,  we  obtain  the  potential  of  an  indefinitely  thin 
homoeoidal  ring,  bounded  by  the  discs  corresponding  to  the  values 
q,  q  +  dq  ol  q;  this  is,  since  the  differential  with  respect  to  Oq  is  zero, 


1 i„  f  ^ 

n(|)n(!^-i)  U 


(»-m)-l 


qdqU, 


4(u-m)-l 


{ 


l+.c^^  + 


jp.s'iy 


Now  let  g  =  1,  and  suppose  p  is  given  by 

then  pdS  is  an  element  of  "  area  "  of  the  ring,  when  d8  is  an  element 
of  "  arc  "  of  the  bounding  ellipse  ;  we  have 


p  q 


hence,  if  matter  of  density 


is  distributed  along  the  "  arc  "  of  the  ellipse 

or 
the  potential  at  any  point  whose  coordinates  are  a^,  o^,  •••  a;»,  A  is 


(N.lN)-l 


^4(»--»)-l 


{1+;.^^  + 


rr«6«D* 


2.W— m.     2.4.n— m.n— w+2 


-h 


...|f(-^,  ...)cW...(5), 


where   JJ^  D,  ^o  Jiave  the  same  meanings  as  in  (1). 

If  in   (5)  we  put  ^  =  0,  the  formula  gives  the  potential  of  an 
ellipsoidal  shell  of  density 
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the  lower  limit  0^  being,  in  this  case,  zero  for  an  internal  point.  The 
particular  case  n  =  3,  m  =  1  of  this  last  theorem  was  given  by  "Mr. 
Dyson  (loc.  cit.). 


Extension  of  the  Formulae  for  the  Potentials  of  an  Elliptic  Disc  and  a 

Solid  Ellipsoid. 

5.  If  we  multiply  the  expression  (a)  by  /if  (9^),  and  integrate  with 
respect  to  q,  between  the  limits  0  and  1,  we  have  an  expression  for 
the  potential  of  an  elliptic  "  disc  "  of  density 


The  expression  for  the  potential  is 


/iir***a,a, ...  a, 

°(f)""(n 


—m 


^'"-•")-l 


u 


*(«-•)-! 


C         2.n—m  ) 


where 


9'-2-^-^=0; 


a*  +  0, 


0       ^0 


on  changing  the  oi*der  of  integi*ation,  the  integi'al  with  respect  to  5* 
must  be  taken  from 

^a'  +  d^  6  ' 

which  we  shall  denote  by  o-,  to  unity,  and  0  must  be  taken  from  the 
value  of  tfj,  given  by 

1-5^^ ^  =  0, 

a*  +  «o       «o 

up  to  00  ;  thus  the  expi'ession  for  the  potential  of  the  "  disc  "  is 


/iTr***a,a, ...  a. 


2n(f)n(---»_,) 


(»-H|)-l 


C  2.n—m  ) 


Let 


g*  =  <rH-(l— <r)t;; 
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(ll.M).l 


2n 


( 


Jo 


(l-cr)*^-— ) 


-frYv'e'iy' 


(^^  (l^<r)veD  ^        (l-<r)Vy 
(.  2.n— m         2.4.n — m.n— 


m  +  2 


(6). 


This  is  a  generalization  of  a  theorem  due  to  Boole,*  and  Caylej, 
which  is  obtained  by  putting  ^  =  1,  when  the  expression  becomes 


2°(f)n(^-^-i)J'-     ^  p 

Jo 


the  potential  of  a  "  disc  "  of  density 


The  potential  of  an  ellipsoid  of  density 


is  obtained  from  (6)  by  patting  ^  =  0,  in  which  case,  as  before,  ^^  haa 
the  value  zero  for  an  internal  point. 

It  may  be  observed  that,  if  n— m>3,  the  component  attractions 
parallel  to  the  x^  axis  may  be  obtained  from  (6)  by  changing  m  into 
m  + 1  and  putting  . 


so  that 


f(^^,   ...)=a,{^ 1). 


♦  See,  for  references,  Cayley's  memoir  on  **Prepotentialfl,"  FhiL  Trans, ,  1875, 
p.  774. 
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The  Potentials  of  Rings  and  Shells  in  case  m  >  n— 2. 

6.  The  formulae  hitherto  obtained  for  the  potentials  of  rings  and 
shells  are  subject  to  the  I'estriction  r?i<  n— 2  ;  others  may,  however, 
be  deduced  for  the  case  m  >  n— 2. 

d{Vr  (2(x-^)'+fc'}»" 

we  have,  from  (5),  for  the  potential  of  an  elliptic  ring,  when  the  law 
of  force  is  the  inverse  (m  +  2r-hl)^^  power  of  the  distance, 

n(--+.)n(!i=i'^-i)  '^W 

J^^      P  L        2.n— m  )       \a[+e  / 

We  thus  have  to  calculate  the  values  of  expressions  of  the  form 

first  suppose  s  such  that 

-^+5-1  >r; 

since  JJ  vanishes  when  0  =  ^q,  we  can  difEerentiate  under  the  integral 
sign,  and  we  thus  find,  as  the  result  of  the  differentiation, 

-2-  +*-^)  ("2-  +-2)  -  (^-  +'-'•) 
We  thus  obtain,  as  pai-t  of  the  value  of  F,  the  expression 


r  _  «**aiai...  a,  f *  « 

n(|-+r)  J».'« 


i/f{^^^-,  ...\da (7), 
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where  the  summation  is  taken  for  all  values  of  5  such  that 


s+----r-l>0. 
The  complete  value  of  F  is  Fj-f  F„  where 


JJkin- 


m)-\ 


{]  +  „^e^+...+ 


U'^-^O'o-^D'o 


-J 


2.n—m  2.4  ...  2*^— 2.w— m  ...  n— Tn+2»0 

^  fe'  •••)  '^ (^>' 

this  value  of  F,  can  be  simplified  in  special  cases. 

7.  Suppose  n— m  is  an  even  integer;  then  in  that  case 

m — n 


^0=     2 


H-r  +  1, 


and  thus 


F,= 


_  «'*'*a,a,  ...  a„    1    f*    1 


ln(«„)n 


+  oi 


tflTD'.*' 


6«F*D'o+» 


572)  ■''•■) 


K)n(O)    2«n{«,+i)n(i)    2*n  (»,+2)  n  (2) 
f(^,  •■.)de. 

It  will  be  observed  that  this  expression  vanishes  unless  "P  contains 
terms  of  deg^es  equal  to  or  higher  than  2»,. 

To  evaluate  F,,  consider  the  expression 
where  t<8^\   this  term  is  equal  to 
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now,  since 


"^^^^         {''i4ej'^^j''*-h'^''^  =  '-' 


hence 


d(k«) 


fl.2 


,1^  dfl. 


(o»+fl,)'      fl. 


1-2 


oV 


(«•+».)• 


hence  the  term  is  eqnal  to 


(_l)'-V'n(r-«,+0 


'•( 


L_^ D.j.(4i^,      \ 


where 


P.  =  {(a;+fl,)(a:+fl,)  ...  (a:+flo)}*, 


therefore  the  value  of  F",  is  given  hj 


y  ^  IT*  tt|flf ...  q-»  /     iNifw-wi- 
2 


tr) 


"  (f  +') 


AQ,«W,/  P.O.     \(2i«W,^ 


1    d  \  I  (-♦*•-»>->      n 


+ 


/i_  AN""*"'"'* K 


2«.2!P,Q, 


2'.P,(^ 


"""  *  •  •  "^r  •  •  • 


^/        2\|(m*2r-,.) 


7)J(m*2r-H) 


Ow  ♦«r-H  TT   fl^l-r^ 

"v  "1 


m  +  2r— n 


where 


(i=l-2-J 


aV 


(«•+«.)' 
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Now  write  m+2r  for  m;  we  have  then  as  the  expression  for  the 
potential  of  a  distribution  of  matter  of  density 

^1       (f  k. 


\  a,       a,  a»  / 

on  the  "  arc  "  of  an  elliptic  ring  of  n  dimensions,  when  the  law  of 
force  is  snch  that  m—n  is  even  and  >  —  2,  the  expression 

(n(«,)n(0) '^2»n(*,+i)  n  (1)  ■^2*n(»,+2)n(2) '^••' J 


Oi+O 


1    d  \»(— »)-> 


D. 


(L  A\""""'  _i  _  (1.  A.\ 


+... 


2— n(??^)p,QiJ     ^«.+e.      ' 


where 


St=  -^r— +1. 


The  potential  of  an  ellipsoidal  thin  shell  is  obtained  from  (7)  hj 
putting  ^  =  0  ;  for  internal  points  0^  must  be  put  equal  to  zero  after 
the  differentiations  are  performed. 

8.  In  the  case  in  which  the  density  is  constant,  m—n  being  still 
an  even  integer,  the  potential  is 


in  the  special  case  m  =  »,  this  becomes 


n  (!L\     ^/(a|^-fl^...(a:+tf,)  i-  ._?X_ 

V  2  /  (a\+ey 


,-,-...(10); 


(Ih*^h 


(al+ey 
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and  in  the  case  of  an  ellipsoidal  shell,  this  becomes  for  an  internal 
point  .,  , 

-f-Y  .— r (11)- 

^  2  /  a»      -      ^ 

In  particular,  we  have,  for  n  =  3,  Townsend's  expressions 

4     ahc  "I 


and  \w 


a«       6*       c« 


for  the  external  and  internal  potentials  of  an  ordinary  ellipsoidal 
shell  when  the  law  of  force  is  that  of  the  inverse  foarth  power  of  the 
distance. 

Similar  formnlss  hold  in  the  case  n  =  2,  m  =  2,  for  a  homoeoidal 
ring. 

In  the  general  case  m  ==  n,  the  potential  is 

n(-|)     ^.Q.    y+«.'  "V 

mf^)    ).,i'Vn(i)u(0)'^2'n(2)n(i)"^->/ 

When  F  is  a  linear  function,  say 


•••> 


we  have 


°  (i)     V(«:+«.)(a:+<'.)  -  (i-S  (^ry.)  * 
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and  at  an  internal  point 


y iH^g,  O) ...  a^ 


a 


n(f)  i:^ 


The  Internal  Potentials  of  Shells  of  Uniform  Density, 

9.  A  convenient  expression  for  the  internal  potential  of  a  shell  of 
constant  density,  for  the  case  in  which  m—n  is  a  positive  integer, 
can  be  deduced  from  (11). 

Taking  /ip  as  the  density  of  distribution  over  the  "  surface,"  we 
have,  since 

(§  -^  a^  -^  -  -^  &)  {%(i^=lyy- = -(— «+2)  ^^^J^^^,^^, . 


m(m+2)  ...  (m+2r— 2)(i»-n+2) 


{S  («!-«•}♦■ 


...  (m— n+2r) 


(SCaj-f)'}*--' 


the  potential  of  the  shell  when  the  law  of  force  is  that  of  the  inverse 
(nH-2r+l)*^  power  of  the  distance  is 


n 


'^n+2r  n(n  +  2)...(7i  +  2r-2)2.4...2r  ji(jl)       l-S^^ 
or,  writing  m  =  n  +  2r, 


•m-n 


) 


1-2-^ 
a' 


'^  m   (n  +  2)...(m-2)2.4...2(m-n)  jj  / j* 

when  m-^'n  is  even  and  positive. 

Now,  taking  the  difEerentiation  theorem* 

+  f^«^'-'^(^?+...+a-')V*+...  J /,(«„«,,  ...or.), 


*  See  Jhroe,  Lond,  Math  Soe,,  Vol.  xxiv.,  p.  67. 
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X 


we  have,  on  writing  —  for  «,   and 


a 


v"-> 


where 


Writing 


we  have 


=  2-- n(m-n) 


(-^f) 


,t  \  m  -  n 


♦1  ■'"  .y    . 


2.2m  — 2n 


('-^  5) 


m-n 


+ 


2.4.2m— 2n. 2m— 2n-2 


(•-^7) 


iV,H-H-|^-^  — 


{'$)""'■■ 


bonce  tbe  required  potential  is 


n(m-n)ir*'  If  Hi  g'^ ) 

n  f — ^  n  ('^—^\  H—"*'  I        2.2ot-2«      2.4.2m— 2n.2m-2n— 2         j 

(4+4+-) 


4(m-w) 


Ol  O, 


(12 


wbere 


TTT  1  ^1 ^  _      ^ 

Jul  —  2  a        *"•  t  ' 


a. 


C/2;i         Os^s  do;. 


In  tbe  case  n  =  3,   this  becomes 
m  (m—2)  H 


m-i 


{l  +  ^F-.-ir 


ff>^ 


2.2«i-6     2.4.2m— 6.2«t-8 
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where 


=  i_«^_j^_^ 


jff=i 


o»        b*        c'  ' 


a  =  a.^+,..a'+^|L. 


dx 


ay« 


Oi^ 


This  agrees  with  Dr.  Routh's  formula  (loc.  cit). 
In  the  case  n  =  2,   we  have 

n(m-2)y  1 


"(-"Wf-O 


^m-I 


I    ^2.2m-.4^2.4.2»i-4.2m-6  )  \  a*        6*/ 

for  the  potential  inside  a  circular  ring,  the  law  of  force  being  any  odd 
inverse  power  of  the  distance,  greater  than  the  first,  the  line  density 
on  the  arc  being  pp. 


10.  When 


n—m 


—  1     is  positive,  the  internal  potential  of  a  homo- 


geneous shell  is 


^(•-m)-l 


j{„-„)-.i 


d$. 


Excluding  the  case  considered  in  Art.  9,  in  which  n—m  is  an  even 
integer,  we  can  deduce  the  potential  for  all  values  of  m  greater  than 
n— 2;  the  potential  for  the  law  of  force,  the  inverse  (m  +  2r+l)*** 
power  of  the  distance,  is 


m 


m+2r  m(m+2)...(m+2r— 2)(m— n4-2)...(m— n  +  2r) 


n(|)n(^-i)J, 

/««•'" a, a,  ...  o,.n  ("~"*  — r— I  1 


<20 


2»'n(|+r)  n  (^--i) n  (^-i) 


(-1)' 


r 


^(i.-*)-! 


(20. 
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CaiTjing  out  the  diffei^entiation  as  in  Ai*t.  9,  the  expression  becomes 


n(*L^-r-i)  r-,Mc.-,-. 


p'4(i»-i»)-l-lr 


n(f  +  .)n('i=!^-i)n(»---i-2r)         J 

I       2.n-m-4r2.4.n-m-4r.n-m-ir+2     •" )  V     (a'+«)V      ' 
where  5*  =  2(o'+0)|^, 


^=1-^^.- 


Exttfmon  of  Formula  for  the  Potential  of  a  Solid  Ellipsoid, 

11.  We  shall  now  find  the  potential  of  a  uniform  solid  ellipsoid  in 
the  case  n  =  vi;  the  formula  (4)  holds  when  X=  1,  and  n—m  is 
positive,  say,  =  2k  ;  the  potential  is  then,  if  the  density  is  /i, 

— ^^ iir*-aja, ...  aS  ^  U'dO, 

n(|-.)nw  J^o^ 

For  an  external  point  the  integral  i*emains  convergent  when  k  becomes 
zero  ;   the  potential  at  an  extei*nal  point  is  therefore 


2n 


^^y»"a,a....a„f^^^i^. 


The  external  level  surfaces  are  therefore  confocal  ellipsoids. 

When  n  =  3,  we  have  for  the  external  potential  of  a  solid  ellipsoid, 
the  law  of  force  being  that  of  the  inverse  fourth  power, 


3. 


fjiirahc  I 


de 


^,^v/(a*+^)(6«  +  fl)(c«+d)' 


When  n  =  2,  we  have  for  the  external  potential  of  a  solid  disc, 
the  law  of  force  being  that  of  the  inverse  cube, 
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For  an  interDal  point,  for  whicli  6q  =  0,  the  integral  is  not  conver- 
gent when  K  =  0,  the  potential  becoming  infinite ;  we  shall,  however, 
calculate  the  finite  excess  of  the  potential  at  any  point  over  that  at 
the  centre ;  this  may  then  be  used  instead  of  the  potential  in  the 
ordinary  sense ;  we  have 


hence 


F-F.  =  - 


n(|-_«)n(.)  Jo    ^   «-P 


which  gives,  when  ic  =  0, 


-F.  =  -^^W'a.<^  ...  «.['  J  (^log.  U)  dO, 


or 


r-K  = 


_      /IT** 


2n 


(13) 


Thus  the  internal  level  surfaces  are  similar  ellipsoids. 

In  the  case  of  a  solid  three-dimensional  ellipsoid,  the  force  being 
that  of  the  inverse  fourth  power  of  the  distance,  we  have 

For  a  two-dimensional  disc,  the  law  of  force  being  that  of  the  inverse 
cube,  the  potential  is  given  by 

F-7,  =  i,irlog.(l-^--^). 


12.  When  the  law  of  force  is  that  of  the  inverse  (n  +  3)^^^  power  of 
the  distance,  the  external  potential  of  a  homogeneous  ellipsoid  is 
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obtained  hj  putting  ^  =  0,  after  the  operation 


n+2  d(h')  2n(iL) 
is  performed ;  since 


ir**aia, 


•••«-Lp 


de 


{^m^-*w)''-'T.'^'^' 


this  expression  becomes 


2n 


(1^0 


IT***  Ctj «! ...  a^ 


*^'^ra'M)"'^ 


If  we  perform  on  this  expression  the  operation 

M+2  1 


n+2r+2  (n+2)(n+4)...(«+2r)4.6.„2r+2 


V^, 


we  obtain  the  potential  when  the  law  of  force  is  that  of  the  inverse 
(?i  +  2r+3)^^  power  of  the  distance  ;  the  potential  is  then 


T^^diCi^ ...  a„V^ -V — ...(14), 


2«'*>n(-|-+r+l)n(r+l) 


^^•^(a'+«r.)« 


which  agrees  with  an  expression  obtained  otherwise  by  Cayley.* 

13.  The  internal  potential  when  the  law  of  force  is  that  of  the 
inverse  (n  +  2r+3)*^  power  of  the  distance  is  obtained  in  a  similar 
manner  by  operating  on  the  expression  in  (13)  ;  the  potential  is 
equal  to 


n 


,ir 


*i      M^ 


n+2r-|-2  w(n-f  2)...  (n  +  2r)2.4...2r  +  2  "       gjj 


h'^i'-^il 


(i) 


Carrying  out  the    operation  by    the    differentiation  theorem  as  in 


♦  See  Collected  Works,  Vol.  i. 
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Art.  9,  we  find  for  the  potential  the  expression 
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2n(|+r)n(r+i)\(i-s-5 


^  yr.2 


J 


S" 


('- 


i^-4T  "■ 


4rH-4.4r+6 


where 


'=^'S- 


('$r 


(15), 


14.  The  general  formula  (1)  may  be  extended,  as  in  Arts.  6  and  7, 
to  cases  in  which  the  condition 


n  —  m 
2 


+X-1  >0 


is  not  satisfied,  by  operating  on  the  expression  by  means  of 

whence  a  formula  similar  to  (8)  can  be  obtained. 

The  result  is    as    follows: — If    the  law  of    force  is  that  of  the 
(?n,+2r+l)^  power  of  the  distance,  the  potential  is  F^-f  F„  where 

r  1  — ^  TT  ai  a,  . . .  a^ 

2n(f+r) 

*fQ  being  the  least  integer,  such  that 


8r 


n        m 


+  ^-ZL+X-r-l>0; 
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F,= 


fJiU  (X-1) 


Tr'^aiO,...  a. 


USD 


2.w-m  +  2X 


+  ... 


2n(f-Hr)n(«-=^-.A-i) 

■^2.4...2.*,-2.w-m  +  2X...7i-w  +  2X  +  2*o-2i      Va^+tf'  '"/      * 

15.  As  in  Art.  7,  we  can  find  the  potential  of  a  solid  ellipsoid  or 
elliptic  disc,  when  m—7i  is  an  even  positive  integer,  X  being  also  in- 
tegral ;  the  result  is  as  follows  : — 

V—  A*n  (X — 1)  T**' a^n^...  a^ 

2) 

f"  j^  f i)>  _  ,       euD''*' e'TPm**  1 


^a?  +  0         f  2n(|) 


♦  X 


1    d  \»(— ")-x      2 


1  VOo  ^«o/ 


fflp. 


0-^  0 


Co      \Q,deJ  2M!^PoQo      ") 


^(ot-) (^^)' 


al  +  e, 


where 


«o  =  — 7^ X  +  l. 


It  is  to  be  observed  that,  when  the  degi*ee  of  F  is  less  than  s^  the 
definite  integral  in  the  above  expression  vanishes.  This  potential 
applies  to  the  disc  and  to  the  ellipsoid ;  in  the  latter  case  ^  =  0. 
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27re  Associated  Dynamics  of  a  Top  and  of  a  Body  under  no  Forces. 

By  A.  6.  Greenhill. 
Read  March  12th,  1896.     Received  August  19th,  1896. 

In  discussing  the  impoi*tant  theorem  enunciated  hj  Jacohi 
{Qesammelte  Werkey  ii,  p.  480)  that  the  motion  of  a  Top,  that  is,  of 
a  solid  body  of  revolution  moving  under  gi-avity  about  a  fixed  point 
in  its  axis,  can  be  resolved  into  two  constituents,  which  represent 
the  motion  about  the  fixed  point  of  two  other  bodies  moving  under 
no  forces,  two  methods  have  been  adopted. 

We  may  either  begin  with  the  two  associated  states  of  motion  of 
the  bodies  under  no  foiijes,  and  build  up  witli  them  the  motion  of  a 
top — this  is  the  method  employed  by 

Halphen,  Comptes  Rendus^  c,  1885  ; 

Darboux,  Cours  ds  Mecaniqiie  (Despeyrous,  ii,  Note  xx) ; 

Routh,  Quarterly  Journal  of  Mathematics^  xxif  i,  p.  34  ; 

Marcolongo,  AnnaXi  di  Matematica,  xxii,  1894. 

Or  we  may  follow  Jacobi's  own  method,  and,  starting  with  the 
motion  of  the  top,  we  may  show  how  this  may  be  resolved  into  the 
associated  states  of  motion  of  two  bodies  moving  under  no  forces  ; 
this  was  the  procedure  followed  in  my  own  paper  on  "  The  Dynamics 
of  a  Top,"  in  the  Proceedings  of  the  London  Mathematical  Society ^ 
Vol.  XXVI,  p.  215. 

M.  Darboux  has  shown,  in  his  Notes  to  Despeyrous'  Cours  de 
MScanique,  that  the  motion  of  the  axis  of  the  top  may  be  imitated  by 
one  of  the  genei^atiug  lines  OG  of  a  deformable  hyperboloid  of  one 
sheet,  if  the  other  generating  line  OG  through  the  fixed  point  0  is  held 
in  a  vertical  position,  while  the  opposite  parallel  generator  H  Yi  is 
guided  so  that  the  point  H  on  it,  which  is  at  the  other  end  of  the 
diameter  of  the  hyperboloid  through  the  fixed  point,  describes  a 
certain  herpolhode,  which  lies  in  a  horizontal  plane  and  is  normal 
to  the  hyperboloid  (Fig.  1). 
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AccordiDg  to  the  plan  of  the  present  paper,  we  hegin  with  a 
discufision  of  the  deformation  of  the  hyperholoid,  and  then  show  how 
this  deformation  Ls  associated  with  the  motion  of  a  top  and  with  two 
states  of  motion  a  la  Poinsot^  nnder  no  forces ;  in  this  way  we  avoid 
giving  precedence  to  one  dynamical  problem  over  the  other. 

The  method  adopted  bj  Poinsot  in  his  celebrated  Theorie  nofirelle 
de  la  rotation  de  corps  (Paris,  1852),  of  giving  the  geometrical  inter- 
pretation of  the  varioos  analytical  formulas,  has  been  followed,  in 
its  extension  to  these  new  developments  of  dynamics ;  and  thereby 
many  curious  theorems  are  introduced  in  connexion  with  the  ellipse. 

1.  The  deformable  hyperboloid  is  constructed,  in  Henrici*s  manner, 
by  drawing  the  focal  ellipse  given  by  the  equation 

and  then  by  placing  a  pair  of  thin  rods  along  each  tangent  line  of 
this  ellipse,  and  knotting  together  the  rods  belonging  to  opposite 
systems  at  their  points  of  crossing. 

Take  the  tangents  at  any  two  points  P,  and  P^  intersecting  in  H, 
and  cutting  the  axes  of  the  ellipse  in  T„  F,  and  T„  Fj  (Fig.  1)  ;  draw 
the  pei*pendiculars  OF,  and  OY^  upon  them  from  the  centre  0;  draw 
the  planes  through  H  perpendicular  to  HP,  and  HP^^  and  drop  the 
perpendiculars  OG  and  OC  from  O  upon  these  planes. 

We  shall  find  that,  in  the  associated  dynamical  problems,  the 
elliptic  f auctions  which  determine  the  motion  have  a  modulus 

K  =   >^  ,  (2) 

a 

the  ratio  of  the  axes  of  the  focal  ellipse ;  so  that  the  complementary 
modulus  K  is  tlio  oxcentricity  of  the  ellipse. 

Denoting  hy  K  and  K'  the  corresponding  quarter  periods  of  the 
elliptic  functions,  we  put 

ylOr,  =  am{(;7  +  r)K',  .'},  (3) 

^OF,  =  am  {(p-r)K\K}  ;  (4) 

and  r  is  nop^ativo,  if  AOY^  is  drawn  greater  than  AOYy 

Then  the  excontrlc  anprlcs  of  P,  and  P,,  measured  from  the 
minor  axis  O//,  arn 

am  {(\—p  —  r)  K',  k]. 


[(l-j.-hr)K',  .']./ 


(5) 

uni 
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Fio.  1. 

Dropping  the  letter  K',  the  tangents  at  P,  and  P,  are  given  by 

«cn  (j3±r)-|-y8n(j3±r)  =  adn(p±r);  (6) 

and  therefore,  at  their  point  of  intersection  U, 

^  _  sn  (p-^-r)  dn  (p— r)— sn  (p—r)  dn  (p+r)  _  cnp  dnr 
a  sin  [am  (^+r)— am  (^— r;}  dnjjcnr 

y  _  cn(p— r)  dn(p-}-r)— cn(jp-}-r)dn(/)— r)  __    il-* sn  j? 
a  sin  {am  (^+r)— am  (p—r)  j  dnpcnr 

If  the  confocal  ellipsoid  and  hyperboloid  of  two  sheets  throngh  H 


(7) 


are  given  by 


we  must  put 

a  -|-A  ^  a  — -— , 
en  r 


a'  +  v       jS^+v         »" 


/?  +  X=      a' 


cn'r 


X  = 


(8) 


(9) 


-     «'^,    (10) 


cn'r 


dn'j) 


—  a 


J  •^•'c'' 


5b!p    v  = 


dn'j> 


—  a 


dn*j^> 


(11) 


N  '^ 
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Denoting  the  angle  Y^OY^^  or  GOG^  or  the  angle  hetween  the  tan- 
gents at  Pi  and  P„  by  ^„  then 


cos 


fl,  =  am  {  {p+r)  K', .:'}  -  am  {(p-r)  K',  *'] , 

Q  __  1  — 2  8n^r  +  *:''8n'jp  sn'r 
*  1  —  «:'*  sn*  p  sn*  r 


(12) 
(13) 


We  find  also  tliat 

Ori  =  adn(i)-hr), 
OY,  =  adn(;)-r); 

Vcn'r  dn*j>/ 

0(?  =  ff r*  =  OH*-  OY? 


(14) 
(15) 


(16) 


"■Vn'7-''''d^-^"'(^+'->}' 


(17) 


OG'  =  HY\=OIP-OY\ 


=  a'  (  ^-':  -A"  ?B>.  -  dn'  (p-r)  \  .  (18) 

Yarions  other  lengths,  required  in  the  sequel,  may  be  added  here, 
expressed  by  means  of  elliptic  functions  ;  we  write  j9+r,  &c.,  for  the 
arguments  (jJ+r)  K',  Ac.,  for  brevity ;  thus 


r,P,= 


r,^i  =  a 


Y,V,^a 


T,F,  =a 


AF,  =  a 


P,T,  =  a^ 


q^/i  Bn  {p+r)  en  ( j>  -t-  r) 
dn  (^+0 

sn  (p+r)  dn  (j?-fr) 
cn(j7-|-r) 

cn(2?+r)  dn(^-fr) 


sn(^+r) 
dn  (p-\-r) 


sn(j5-|-r)cn  (p+r)  ' 

cn(j?-hr) 

sn  (p-|-r)dn(p+r)  ' 

8n(;?-hr)  , 

en  {p-\-r)  dn  (j?-|-r) ' 


(19) 
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and  the  argnment  must  be  changed  top— r  when  the  suffix  is  changed 
from  1  to  2  ;  also 


ffP„  HP,  = 


*:'  sn  r 


because 


dii(j[?±r)  dnjocnr' 
OY^.HPj  =  OYj.JTP,  =  area  OF^HP^ 


..« 


So  also  we  find 


HV,,  HV,  =  -. 


t    ic  sn  r 

dn  j3  en  r 


(21) 


EN 


sin(op^irioror,r,) 

g  en  p  dn  r 

sn  (^  ± r)  dn/?  en r ' 


FT,,  JSTT,  = 


ir'sn 


en(j[?±r)  dn^enr' 


iiTi,  iijr, :— ^ .    (22) 

sin  1^  am  (p  +  r)  —  am  ( jj — r)  I 

Thns,  for  instance, 

P,F,.Y,r,  =  P,F,.Y,T,=  a*  =Oil',^ 

P,T,.r,F,  =  P,T,.r,F,  =  i3«  =  0^,  .  (23) 

F^Y,.T^V,  =  P,r,.T,F,  =  uV^rx  OS". . 

2.  Now  when  the  mode)  of  the  hjperboloid  is  deformed  so  as  to 
leave  the  plane  of  its  focal  ellipse,  keeping  the  axes  fixed  in  their 
original  direction,  its  equation  may  be  written 


=  1; 


.-    > 


and,  to  the  modulus  ic^  we  can  put 

a^-\-^=,       a'dn'jK, 
l?'^fi=^     aVcn'^K, 
/i  =  —  aVsn'gK., 


(24) 


(25) 


During  the  deformation  a  point  H  will  move  normally  to  the 
hyperboloid,  and  will  describe  a  line  of  curvature  on  the  confocal 
ellipsoid  and  hyperboloid  of  two  sheets  drawn  through  the  original 
position  of  H  in  the  plane  xy  of  the  focal  ellipse ;  and  thus  X  and  v, 
or  p  and  r  will  not  vary  for  a  point  H  during  the  deformation. 
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The  coordinates  of  H  will  be  given  by 


,_/?'+X.|3'+/»./3»+v 


/J'  08* -a') 


(26) 


or 


a?  = 


y  =  o 


cnpK'  dn  qK  dn  rK 
dn^K'  en  rK' 

ic'snjoK'cngK 


/   \ 


dn^K'cnrK 


g*  sn  qK  sn  rK 
dn^K'  en  rK 


/  f 


(27) 


the  modulus  of  the  elliptic  function  of  the  argument  of  qK  being  ir, 
and  of  the  arguments  pK'  and  rK'  being  the  complementary 
modulus  k'. 


Also 


,/dnVK'  .    ,     ,    ..  k'     \ 

=  tt   (  — T-n  +  "^  en'  oK—  -  -,       - ) . 
VcnVK'  ^         dn'pK'/ 


We  find  also  that  the  perpendiculars  OT^  and  OF,,  drawn  from  0 
to  the  generating  lines  through  H  in  its  new  position,  are  given  by 

0rJ  =  a'{dn»(p+r)K'-ic»8n»gK}, 

Or2  =  a'{dn'(p-r)K'-ic'8n'5K} 
60  that 


;} 


(29) 


o,.  =  nr:-  =  „.{f;Jf:-^:!g^'-dn.(,+.)K'|,] 


■    (30) 


nm       rrv2         ,  f  dn^ rK'      ^''sn^pK'      ,   ,,  x^,/) 


and  therefore  HY^  and  B^Yj  remain  constant  during  the  deformation^ 
and  thus  Y^  and  Yj  are  fixed  points  on  the  generating  lines  through 
JOT;  hence  Darboux's  theorem,  that  the  planes  through  H,  perpen- 
dicular to  the  generating  lines  HY^  and  JTY,,  are  tangent  to  concen- 
tric spheres,  with  radii  OG  and  OC. 
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The  points  P„  Tj,  V^  will  also  be  fixed  points  on  the  generating 
line  TiPj  Fj ;  and  P„  T„  F„  will  be  fixed  points  on  the  generating  line 
TjPjFj ;  because  these  ai*e  the  points  in  which  these .  generating  lines 
meet  the  three  principal  planes  xOy,  xOz,  yOz. 


3.  Denoting  the  constant  length  06?  or  HYi  by  ^,,  suppose  a  con- 
centHc  coaxial  quadric  sui-face  is  drawn,  touching  the  plane  thi-ough 
H  perpendicular  to  OG  at  the  point  If,  or  having  the  generator  HPi 
as  the  normal  line  at  P,. 

Then,  since  the  normal  line  T^HP^  Yj  Fj  to  this  new  quadric  at  H 
meets  the  principal  planes  in  Fi,  2',,  P„  and  since  ^j  is  the  length 
of  the  perpendicular  from  the  centre  upon  the  tangent  plane  at  H  of 
this  quadric  surface,  it  follows,  by  a  well-known  theorem  of  Solid 
Geometry,  that  the  squares  of  the  semi-axes  of  this  quadric  surface 
are  numerically  equal  to  the  rectangles 


and,  these  being  constant,  the  quadi-ic  is  a  fixed  surface. 
Writing  its  equation 


(31) 


(32) 


and  noticing  that  the  squares  of  the  semi-axes  must  be  taken  positive 
or  negative  according  as  Y^  and  the  point  of  intensection  with  the 
principal  plane  are  on  the  same  or  opposite  sides  of  H,  our  Fig.  1 
gives  a  hyperboloid  of  two  sheets,  in  which 


or 


and 


l'-' 

h 

■HV„ 

A_ 

HF, 

^. 

«,    ' 

A_ 

ET, 

5. 

5.  ' 

A_ 

HP, 

t''. 

(33) 


(34) 


(35) 


To  obtain  an  ellipsoid,  Pj  must  be  taken  beyond  B,  and  J7  beyond  Fj, 
or  vice  versa. 
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Similarly,  denoting  the  distance  OG  or  HY^  by  i„  a  fixed  coaxial 
quadric  surface  can  be  drawn  teaching  at  H  the  plane  perpendicular 
to  the  generating  line  HF^ ;  and,  writing  its  equation 

A,a^-\-B,y'-\'C,z'  =  P.^J,  (36) 

our  Fig.  1  gives  a  hypcrboloid  of  one  sheet,  in  which 

(37) 


A  =  . 

HTy 

5, 

«, ' 

5x  = 
Gi 

HP, 

(38) 


(39) 

These  two  quadric  surfaces  (32)  and  (36)  intersect  in  the  curve 
described  by  H^  which  is  a  line  of  curvature  on  the  fixed  confocal 
ellipsoid  or  hyperboloid  of  two  sheets  through  JOT ;  and  the  perpen- 
diculars from  0  upon  the  tangent  planes  of  these  qaadric  surfaces 
along  their  line  of  intersection  are  of  constant  length  ^|  and  i^  so 
that  the  line  of  intersection  is  a  polhode  curve  on  each  quadric  surface. 

Thus  any  lino  of  curvature  on  a  hyperboloid  of  one  sheet,  common 
to  an  ellipsoid  and  a  confocal  hyperboloid  of  two  sheets,  is  a  polhode 
cui've  on  two  coaxial  quadric  surfaces,  the  normals  to  these  surfaces 
being  the  generating  lines  of  the  confocal  hyperboloid  of  one  sheet 
which  pass  through  the  point ;  so  that  the  tangent  line  of  the  polhodo 
is  normal  to  the  hyperboloid  of  one  sheet. 

The  lines  of  curvature  on  the  ellipsoid,  or  on  the  hyperboloid  of 
two  sheets,  are  polhode  curves  on  imaginary  surfaces. 

These  two  quadrics  (32)  and  (36)  are  the  momental  quadrics  of 
Jacobi*s  two  associated  bodies,  moving  about  0  under  no  forces; 
but,  as  these  quadrics  are  unrestricted  in  shape,  the  bodies  must  be 
composed  of  matter  which  is  capable  of  having  negative  density,  the 
fiction  employed  in  the  Two-Fluid  Theory  of  Electricity. 

It  is  the  advantage  of  this  geometrical  procedure  that  we  can  see 
at  a  glance  the  nature  of  these  two  momental  quadrics ;  and  also  that 
we  exclude  the  imaginary  cases  which  arise  when  the  subject  is 
treated  symmetrically  by  an  analytical  procedure. 

4.  Calling  the  planes  thix)ugh  H,  perpendicular  to  the  generators 
through  II,  or  to  00  and  OC,  the  invariable  planes  of  6?  and  C,  then 
II  describes  a  hei*polhode  in  each  of  these  planes. 
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Considering,  for  instance,  the  herpolhode  of  H  in  the  inyariable 
plane  of  (?,  and  denoting  the  {)olar  coordinates  of  H  with  respect  to 
O  by  p,  w,  with  the  suffix  1  when  we  wish  to  distinguish  between  O 
and  C,  then,  as  shown  in  the  Proc.  Loud.  Math.  Soc.,  Vol.  xxvi,  p.  244, 
from  purely  geometrical  considerations  of  a  quadrio  surface,  the 
differential  relation  of  the  herpolhode  of  H  is 


where 


—  — 


S 


A^D.B-D.O-D      I* 


1 


^R  ABG  pWB' 

B-D.D-C 


(40) 
(41) 


BO 


a*. 


1      A—D.D^Bj.^ 
^•= AB—^' 


(42) 


Fio.  2. 


For,  if  the  quadric  surface  OHF  (Fig.  2)  rolls  about  its  centre  0 
on  the  fixed  plane  QHK,  the  resultant  angular  yelocitj  is  about  OH, 
the  radius  to  H,  the  point  of  contact ;  and  this  angular  Telocity  can 
be  resolved  into  two  components,  one  about  00,  the  perpendicular  to 
the  plane  GHK,  and  the  other  about  OF,  the  radius  parallel  to  OH, 

This  second  component  angular  velocity  makes  the  plane  OEF, 
fixed  in  the  quadric  and  pai*allel  to  the  plane  OHK,  or  conjugate  to 
OH,  move  so  that  OF  is  the  line  of  interaection  with  its  consecutive 
position ;  and  therefore,  if  H  moves  to  a  consecutive  position  H'  on 
the  quadric  surface,  the  plane  OHE'  is  conjugate  to  OF, 
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If  HK  is  the  tangent  of  the  herpolhode  cnrve  formed  by  H  in  the 
plane  OHKy  then  HK  is  the  ultimate  direction  of  HH' ;  and  thns  HK 
is  parallel  to  OE^  the  conjugate  line  to  the  plane  OMF, 

Draw  the  plane  OGK  perpendicular  to  HK  or  OE ;  then,  since 
OE,  OF,  OH  form  a  conjugate  system  of  the  quadric,  the  squares  of 
whose  semi-axes  are 

T^.   -B-'*.   %"■ 

therefore,  by  fundamental  theorems  of  quadric  sui'faces, 

OE'+OF'-\'OW=:[^   "^  i"  +  ^)^^'      ^"^^^ 
OE".  0F\  sin'  EOF-^  0K\  0E*+  OF^.  OG* 


=  f  J_  ^._L+ J_\di^*,     (44) 
\BC^  GA^  ABl        '     ^  ^ 


OGK  OE*.  OF^.  sin»  EOF  =  -r^  m* 

ABO 

Thence,  putting  as  before 

OG  =  a,     GH  =  p, 
and  putting  GK  =  p,  for  a  moment,  so  that 

sin  EOF  =  sin  GHK  =  p/p, 

we  find,  by  solution  of  these  equations, 

A-B.B—D.C—Du    M  s 
ABO  ''• 

Writing  equation  (45)  in  the  form 

p\  OE".  OF'  =  ^^*  -'-• 


ABO 


-,PP 


and  eliminating  OE  and  OF, 


(45) 


(46) 


(47) 


(48) 


(49) 
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(p'^'+ 


A-D.B-D.C-D  :. 


ABO 


'•) 


'"[{(i+i+^)^-»'-'1''- 


A-D.B-D.G-D 


ABC 


3*-a»p'] 


i^  = 


(^' 


+ 


=  ABU^P'' 

A-B.B-B.G-B 
ABC 


S' 


)'^' 


{( 


ABC 


_,),_,j(,,-^^=-=5.)_JLa., 


—  .  (50) 


the  relation  connecting  p  and  p  in  the  liei'polhode. 

Thence 

(p'g)'=itan>(?H^=x_^^, 

_  V  ^  ABO )_ 

B 


or 


dp*      \nt^  ABO  p 


WB' 


(40) 


5.  We  reduce  this  relation  (40)  to  our  standard  form  of  the  Elliptic 
Integral  of  the  Third  Kind 

/(r)  =  i  [^M?:zf)r-^^-5)  ds 


8 


^/S 


(5  (u  +  v) 


whore  P  (v)  means  a  certain  function  of  v,  namely, 

■PC*')  ={(»')- W". 
by  putting 


(51) 


GIV  =  p»  =  —  {as)  =s  —^  (pv-pu). 


3f" 


Jf' 


(51*) 
(52) 


Here  k  and  M  are  certain  homogeneity  factors,  to  be  defined  more 
precisely  hereafter ;  while  v  is  the  paiumeter  of  the  Elliptic  Integral 
of  the  Third  Kind,  of  the  form 

r  =  Wi  -f  (^  +  r)  wj,     or     to^  +/«, ;  (53) 

and  «  is  a  variable,  which  grows  uniformly  with  the  time. 
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Now 


TBC ^  =  -i^  ^(-5). 


(54) 


2  being  the  value  of  8  when  we  put  «  =  c ;  also 


^^B  =  ^,  ^S, 


dt^  =  — =  ds : 


(55) 


so  that 


or 


&    VS        2        <r-«       -%/S 


=  J  If -A  -  ip(t.) }  *t+dl(»), 

=  {lfl-JP(.)}l+I(«). 


(66) 


where  n  is  a  constant  factor,  to  be  determined  in  the  sequel. 

Thus,  when  v  and  T  {v)  are  chosen  so  as  to  make  I{v)  pseudo- 
elliptic,  the  herpolhode  of  H  is  made  an  algebraical  curve  by  taking 


M -"- ^  \P  (y)  ; 


(57) 


and  we  shall  find  that  this  makes 


3  =  JTFi  =  ai-c  J5Pi— (l-p-r)  arc5A 


(58) 


6.  Moving  H"  to  a  new  position  H'  on  the  generating  line  JTFj  (Fig.  1) 
gives  a  new  rolling  quadric  which  is  confocal  not  with  the  original 
quadric  (32),  but  with  a  homothetic  quadric,  altered  in  the  linear 
scale  of  the  ratio  y/(jS^/^)j  if 

KY,  =  i\ 

Hence  Sylvester's  theorem ;  for,  if  OK  is  the  geometric  mean  of 
00  and  0G\  the  invariable  plane  of  K  will  touch  a  confocal  to 
the  original  quadi*ic  at  K\  where  OIT  produced  meets  it ;  also 

00 


so  that 


OH    a IV    oa    OK' 

OK,KK'=Oa.GH; 


(59) 


and  K'  therefore  lies  on  the  hyperbola  through  IT,  having  OG  and 
Oy,  as  asymptotes. 
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7.  It  will  be  interesting  at  this  stage  to  give  the  geometrical 
interpretation  of  the  various  relations  obtained  by  Darboux,  in  his 
Notes  to  Despejrous'  Mecanique^  with  the  additional  relations  given 
on  p.  242  of  the  Proc.  Land,  Math,  Sac.,  Vol.  xxvi. 

As  the  number  of  different  quantities  requiring  consideration  is 
large,  it  is  advisable  to  make  a  slight  change  in  Darboux's  and 
Routh's  notation,  and  to  distinguish  by  means  of  the  suffixes  1  and  2 
the  quantities  associated  with  the  two  momental  quadrics,  instead  of 
by  means  of  an  accent. 

Thus  we  write  Darboux's  equations  for  the  motion  of  the  fipst  or 
second  momental  quadric,  in  his  notation, 


a         0         c 


(60) 


or        o'       c' 


(61) 


and,  taking  his  p,  g,  r  to  represent  the  component  angular  velocities 
about  the  axes,  we  must  take  a,  &,  c  as  representing  constant  components 
of  angular  velocity,  and  h  as  the  constant  component  of  the  angular 
velocity  of  the  momental  quadric  about  the  invariable  line,  either 
00  or  00 J  according  as  the  suffix  1  or  2  is  supplied ;  and  now,  in 
Dr.  Routh's  notation, 

T  =  Dh\     0  =  m.  (62) 

Introducing  a  homogeneity  factor  n,  of  the  dimensions  of  angular 
velocity,  and  the  factor  k  previously  employed,  of  the  dimensions  of 
length,  Darboux's  notation  is  connected  up  with  our  notation  by 
putting 

£-  =  ^.    S-  =  JL,     ^=1-,    A  =  |j  (63) 

nknknknk 


a  _D 
n       A 

k 

h        D 

a 

7t          B 

k 

c  _  D 
n         C 

s 
k 

(64) 
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Thus,  as  the  points  are  placed  in  Fig.  1, 

a..  K  c„  h,  _  Hr„  -HT„  -HP,,  HT, 


a..  6.,  c..  K  ^  HF.,  -HT,,      HP^  MY^_ 
n  k 


(65) 


(66) 


and  thence 

ax  —  K  _. 
n 

n 


k     '         n  k 


^      T^      b^-h,  ^_Y 


k    ' 


n 


k    ' 


n 
n 


XiEi. 

k  ' 

k  ' 


(67) 


V-c,__Pi2\^     Ci-aj^_PJ^^    0,-6,  _       V,T,. 

k  n  A;    '        n  A;    ' 


n 


n  k  n  k     ^         n  k    ^ 


(68) 


Thus,  from  (42), 


A;*    . 


a*  "^ 

—  ic'«sn«  (p+r), 


Pft  Ci  —  h\,ai—  hi Y| P| .  Y^  Vi 

"k*-       -      -       -- 


n 


jj- k"  ca*  (p+r), 


-  ^  _ j^i ^. ^      dn  (p+r). 

An  important  relation  connecting  the  quantities  above  is 

-^1-^1     "^1  1  "di/lT"-^  =  0 

and  this  may  be  written 

J),(^.-A)j^«,  J)AA,-D,)j,_Q 


(69) 


(70) 


or 


or 


^(/^i-ai)+^'(^-a,)=0, 

O]  O) 

Hr,  .  HP,  -yrr    —  BTj_^HPf  -^  -p- 


(71) 


a  geometrical  relation  which  can  be  interpreted ;  and  similarly  for 
the  other  two  relations  of  the  same  nature. 
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The  relations 

(ai-^,)(fei— Cj)  =  (aj-^)(fe,— C|),  Ac., 
are  equivalent  to  the  geometrical  relations  of  equations  (23), 

r,p,.  F,r,  =  Y,p,.T,v,  =  a'-/5».  J 

The  relations 

AJ-(7<,-6,)(A,— c,)  =  /'J- (/',-&,) ('»«—<»).  Ac., 
are  eqaivalent  to 

jffYj-r,  r,.r,p,  =  irrj-r,!r,.r,p,  =  off'-a'.i 
Ji5^+ r,p,.  r,7,  =  ifr^+  r,p,.  r.F,  =  ofl»-/3«, 

flTt+  *'i  Vi-YiT,  =  HYl+  Y^r,.  Y^T,  =  OH*. 
The  relations 

('-^)('-:)=('-!:){'-t)'*'' 

are  equivalent  to 


HVl 


^f; 


or 


or 


ON,.OT,_ON,.OT^_   ffl 

HP\  HP''       ' 

OM, .  Ml  T,  _  OM,.M^T^ . 
MMl  MMl      ' 

a  pole  and  polar  property. 


or 


(23*) 


(72) 


(73) 


(74) 


(75) 
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From  the  last  set  of  relations  it  follows  that 

^1  —  ^1  --.  —  ^l— <^f.     Ajc 

1  -^S 

or  £l.^=_-^i,  +  -^_.  Ac.. 

equivalent  to  the  geometrical  relations 

gTi.fi  F,  _  -ff T^i^PjVj 
HVi.HP~      HV^.EP^  • 


HP^/r^  F, 


(76) 


We  C5an  also  write 


—  (-ox  +  fei+ci)  =- JTFi-JTr,-.JTP, 


n 


=  jr,-r,F,-r,T,-Y,p, 


=  JTr^-. 


=  ffr,- 


l-y^'snyy-hr) 


sn  (/?-hr)  en  (p+r)  dn  (j?+r) 
2a 


and  similarly 


8n2  (p+r)  * 


n  8n2(27+r) 

n  8n2(|?+r) 


Also 


(77) 


(78) 


(79) 


A-D' 


p>i 


pi 

py. 


pIpI 


^Y4  sn'  (p + r)  en'  (p  -f  r) 
dn«(j)+r) 


=  a 


,^.^l-dn2(p-fr) 
l  +  dn2(jp+r)' 


^,sn«(p-hr)dn'(p+r)  _     ^,l~cn2(p+r) 
en'  (j?+r) 


:=      O 


l+cn2(^+r)' 


\  0  /         p;  " 


^>cn'(y+r)dn«(p-hr) 
sn'  (pH-r) 


^,^j  dn2(p+r)+cn2(p+r) 
dn2(2)+r)— cn2(p+r)  ^ 

(80) 
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8.  After  leaving  the  plane  of  the  focal  ellipse,  the  coordinates  of 
Pi  and  Fi  change  to 


55Lf£±lIdng,    a«'?^t!:)cn„     O; 
dn(i)+r)      ''         dii(p+r)      *'       ' 


(81) 


and         a  en  (p+r)  dn  (p+r)  dn  g,     a  dn  (jp  +r)  sn  (p+r)  en  g, 

aic''  sn  (p +r)  en  (jp +r)  sn  g  ;  (82) 

writing  q  for  gr^,  and  remembering  that  the  elliptic  functions  of  q 
are  to  the  modulus  r. 

The  direction  cosines  of  the  generating  line  YiPi,  or  of  the  parallel 
line  0(?,  are  thence 

sn  (p + r)  dn  g,     — en  (p +r)  en  g,     —  dn  (p +r)  sn  gr ;        (83) 

and  a  change  of  jj+r  into  p—r  will  give  the  direction  cosines  of  the 
other  generating  line  FjP,,  or  of  the  parallel  line  0(7. 

If  6  denotes  the  angle  between  the  generating  lines,  or  between 

00  and  0(7, 

cos  6  =■     sn  (p +r)  sn  {p—r)  dn'  q 


-f  en  (p+r)  en  (p  — r)  en*  q 

+dn(j9+r)dn  (p—r)  sn*g 

__  1— 2  8n'p  dn'g  +  ic''8ii'p8n'r 
1— «:'*sn'p  sn^r 


(84) 
(85) 


This  can  be  determined  otherwise  by  noticing  that  6  is  the  angle 
between  the  asymptotes  of  the  central  section  of  the  hyperboloid 
made  by  the  plane  000,  while  /x— X  and  ijl  —  v  are  the  squares  of  the 
semi-axes  of  the  section;  so  that,  from  (10),  (11),  (25), 

tan»|tf  =  ^^^^, 

II  — V 
cos  9=   r— ^- 

A  — V 

a«  ?5!j?  +  2aVsn«  g-aMn'r 
_      sn'p 

sn*p 

__  l-h2ic*8n*p  sn'qr  — sn'pdn'r  ^ggx 

1— «:'*sn*p  sn'r 
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Also,  in  the  plane  of  the  focal  ellipse  (Fig.  1), 
HS.HS'  =  o'+X+Zy  +  X-Ofl* 


so  that,  patting 


=  X-F 


1 1  —  ic''  sn'  p  sn'  r 

^—  a 1- • 

—  2  » 

8n*|9 

HS.HS'  =  V, 


and  denoting  OYj  or  OH  by  p„  then,  from  (29), 


Pj  _  sn*  p  dn*  (p -f  r)  —  y* sn*  p  sn*  7  ^ 
A;"  1  —  K^  Bn^p  sn*  g 


and  therefore 


(87) 
(88) 


(89) 


2^   +C08tf 


1— 28n'p+<:''8n'j9  8n'r+2  sn'p  dn'(p+r) 

l—K'*Bn*p  sn'r 

l-ic-'sn'p  8n'r         ^     Ic'         ^^^  ' 


=  co8tf,+2^dii'(p+r), 

a  constant,  denoted  by  E  in  the  sequel  (§  12) ;  thus 

Pj  =  iA*(B-co8tf). 


(90) 


(91) 


Making  en  9  =  0,  sn  g  =  1,  brings  the  hyperboloid  into  the  plane 
of  the  focal  hyperbola  (Fig.  3)  ;  the  examination  of  this  case  will  be 
useful  in  showing  the  way  of  treating  the  hyperbola  in  proper 
analogy  >vith  the  ellipse,  when  elliptic  functions  are  employed. 

Retaining  the  same  lettering  as  in  Fig.  1,  the  focus  of  the  focal 
hyperbola  is  at  -4,  and  the  vertex  at  S ;  the  point  T,  becomes  the 
point  of  contact  of  the  generating  line  TiPxVx  with  the  hyperbola, 
and  Pi  now  lies  on  OA, 

If  the  tangent  Lj  f ,  is  drawn  to  the  auxiliary  circle  of  the  hyperbola 
from  Li,  the  foot  of  the  ordinate  of  Ti,  the  angle 


zOt^  =  am  {(1— i?— 0  ^'>  *^*'1> 


(92) 


and  the  modular  angle  of  the  modulus  k!  is  zOB^  where  OD  is  the 
asymptote  of  the  hyperbola. 
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v./  X  ^^ 


If  AZ\  U  the  perpendicalar  dratm  from  the  foctiB  A  on  tbe  tangent 
at  Ti,  then  Zi  lies  on  the  aaziliaiy  circle ;  and  we  find  that  the  anj^le 

Z^JT,  =  am(j.+r)K'.  (93) 

If  the  normal  at  T|  meets  OA  in  ^, 

so  that,  denoting  the  angle  AOYi  by  wi, 
ain«,  =  «'Bn{^+r)K', 


9i=:  w,— «4  =  am  j  (j)+r)KV 


(95) 
{(y-r)KV,-lJ.(96) 
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9.  The  tangent  line  HK  of  the  polhode,  and  therefore  also  of  the 
herpolhode,  of  H  in  the  invariable  plane  oi  Ois  normal  to  the  hyper- 
boloid  (§  3),  or  the  plane  000  is  perpendicular  to  HK  (Fig.  2). 

If  yp  denotes  the  azimuthal  angle  of  the  plane  000^  00  being  held 
fixed  in  a  vertical  position,  the  angle 


and 
while 


so  that 


OK  =  Pi  cos  (wi — ^), 

GJK'sin  e  =  00-  00  cos  $ 

ss    ^,  —   ^1  COS  0  ; 


«^«  /—       I  \       ^1  ~  ^1  cos  6 

COS  (tiri-^)  =  -i V-x- 

pi  sm  B 


(97) 


(98) 


=y2-. 


k        K 


BmeV(E-co8e) 


sin(tir,— ^)  =- 


^/e 


SmOy/iE-COBO)' 


(99) 


(100) 


where 


-2 /"A -A 


cosB 


e  =  (l-oos»tf)(JE7-cosd)-2  (^ 

\  k         k 

=  cos  tf— ch  $1 .  cos  tf — cos  tf, .  cos  ^— cos  tf„ 

when  resolved  into  factors. 

Dropping  for  the  moment  the  suffix  from  pi, 

cos  e-cos  e,  =  2'''^'<P+^)-p' , 

KT 


)■ 


(101) 


(102) 


and  denoting,  as  before  in  (69),  the  values  of  p  corresponding  to 
Oi,  tf„  ^1  by  p^.  Pi,  p„  then,  as  in  (14), 


Similarly 


where 


pi=aMn»(2)+r), 
pl—p^  =  ^A;*  (cos  ^— cos  tf,). 
pj-p'  =  |A;«  (cos  d-cos  e,), 
pj-p'  =  W  (cos  e-ch  ^,), 

pj=      aVcn'(2?  +  r), 

pi  =  -aV8n»(l>+r); 


(103) 
(104) 
(105) 
(106) 
(107) 

(108) 
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so  that 


and  we  can  pat 
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Pi-rt=      aV=)8', 

(109) 

pI-pI=      «'c''  =  a'-/3', 

(110) 

Pl-fi=     «*• 

(111) 

S  =  ^.pl-p\pl-p\p]-p' 

=  ifc«e; 

(112) 

ainedO  _kdp\ 

y(2e)      VE ' 

(113) 

-f,-'^^ 

(114) 

8in«^^=n^(2e), 
at 


(115) 


where  n  denotes  some  constant  angular  velocity. 

Then,  from  the  differential  equation  (40)  of  the  herpolhode  of  H  in 
the  invariable  plane  of  0, 


When 


and 


80  that 


dfff,  ^    ^1    dp',   y/(-P>l9l)  dp' 
dt        VB  dt  p'  VB        dt 

P'  =  0, 
cos  0  =  Ej 

dt  k  E—coa0 


(116) 


(117) 


=:  n 


,«-  — -V-cos^ 
k         k 

JE7— cos^ 


(118) 


Now,  from  (99),  (100), 


Vi— \//  =  cos  *  \/2  -: — /T/y 


COS0 


=  sin"* 


sindy(JS?— cos^) 


sintfy(J-cos^)' 


(119) 
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Therefore 


V2-, 


k        k 


i 


1i       It 


sin  6 


COS0 


Bind 


Bin  tf y(JS?-oo8 ^)  i  A  -  ^L cos  ^      ^^^      ^  (-^ ""^^ *) 

\  h        h 


dt 


Bin  ^ -/(-&- cos  ^) 


^COBtf— ^cos*^        A-_|.costf 
2n^+2n- ^ -fn  ^  ^    ^     ^ 


a 


=      2n 


Jli^-Acostf        A- 
A;        ik  .      *! 


Acostf 


8in'« 


^—costf 


(120) 


so  that,  subtracting  (118)  and  (120), 


dt 


A_Ac08« 

A;        « 


(121) 


Equations  (115)  and  (121)  define  the  motion  of  the  axis  of  a  top, 
if,  with  our  notation. 


(122) 


we  have  thus  derived  the  motion  of  the  axis  of  a  top  OC  from  the 
motion  in  the  herpolhode  of  H. 

We  shall  find,  from  (117)  and  (91), 


*(!-«)  = 


i(i_^,)=^+ 


ABO 
«      A^B.B-B,G-B   t 


(123) 


^BO 


*;» 


(124) 


and  as,  in  the  herpolhode  of  H  in  the  invariable  plane  of  (?, 

/  f\       ?•  — ^icostf 
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A-B.B-B.O-B    t 


ABO 


ABGVV 


(50) 


therefore  this  denominator  must  be  the  same  as  \  sin'  6 ;  so  that 

,.-x,.B-g.a-i>^.,(|,..^,)|^A_,) 


450 


and,  equating  to  zero  the  coefficient  of  cos  6, 

«,  _(4+B  +  0)D'-2D'  J? 


h 


ABO 


&*• 


(126) 


(126) 


Provided  we  take  Darboux's  O  as  the  equivalent  of  our  n',  this 
relation  (126)  reduces,  by  (63)  and  (64),  to  his  relation 


P,  Q,  ii,  in  Darboux's  notation  representing  respectively 

so  that  a,  &,  c  are  the  roots  of  the  cubic 

jr»— Par«  +  Qa;-E  =  0. 
Equating  the  constant  terms  leads  to  the  relation 


(127) 


,  _  CJD*(^4-J5+0-2I})» 
^""l A^WC^  "^ 


}  |r,  (128) 


reducing,  as  above,  to  Darboux's  relation 

««=  Q»-4E(P-70. 
From  these  relations  we  can  deduce 

^» + ^1     p't', ' 

(§  13),  and  a  variety  of  other  similar  relations,  all  of  which  can  now 
receive  a  geometrical  interpretation. 


(129) 
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10.  With  the  Weierstrassian  notation,  we  pnt 


a*-f  v  = 

where 
and 


m»(e,-|>tt),     fi 


w«(6,-pt;,);J 


(130) 


(131) 


as  in  §  5 ;  and  now  the  homogeneity  factors  JIP  and  V  are  chosen,  so 

that  -—  ^,«.*v 

}P  =  pvi-pt?, ;  (132) 


and,  as  in  (88), 

1fz=H8.H8' 

=  m*(pri-|>t?,); 

(133) 

and 

a*  =  m*(ei-c,), 

(134) 

(135) 

and,  to  agree  with  the  definition  of  Darboux's  2/,  we  pnt 

i  =  3f  A  =  y(e,-e,)  A  =  II. 

K  CI  171 

But,  from  (19)  and  (151), 

YyV^  _  en  (p+r)  dn  (p-f  r) 
a  sn  (p+r) 


80  that 


and  similarly 


m 
m 


1  y(-s) . 

2  > 

«1— -ff 


^i^i=l)^LA 


«i — <r 


?2\  _  i  y(-2)  __^ 

—    2  -^J 

m  c  — *• 


(136) 


(137) 
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It  is  readily  proved,  by  means  of  the  transformation 


(138) 


in  the  standard  integral  (51),  that 


a — 8g 


(139) 


60  that,  wlien  we  cancel  the  secular  term  in  (56)  by  patting 


then,  at  the  same  time, 


^' = ip  («_«,), 

m 


(135) 


(140) 


HZ 


m 


i=iP  («,-»), 


5?!  =  iP  („,_„); 

7n 


(141) 


(142) 


so  that  the  corresponding  rolling  qnadric  is  g^ven  by 


HY, 

HT, 

-     HY, 

HT, 


5. 

^ 

a, 
A, 

^ 

b, 

5i 

0^ 

^ 

Ox 

P{v)     ' 

P(t> -<■>.) 

P{v)     ' 

P(c-w.) 
P{v)     ■) 


(143) 


If  oTi,  yi  denote  the  coordinates  of  P,  on  the  focal  ellipse,  and  ^^  its 
excentric  angle  measured  from  the  minor  axis, 


X 


=  sin  01  =  sn'  (1— p— r)  K'  = 


=  cos*  0,  =  en'  (1  — 2^— r)  K'  = 


gj — 8^  8i — tr 


8i — *j   ff  —  J?j 


(144) 


570  Mr.  A.  G.Greenhill  on  the  Associated  Dynamics  of  a  [March  12, 


and  FF-^QQ'^RB'  =  "^  ^/^-^")  ^^  ^P-^'^ , 

sn  $  en  ^ 

BP-TSF  =  -  ic^sn  (o+r)  en  («+r)^  , 

on  ^ 

Pg-FQ  =  -'c'8n(j?+r)dn(2)  +  r)5M, 

(GE'-e'iE)'+  (EP'-2irP)»+  (PQ'-P'Q)» 

_ic*8n*(y-fr)  , 
dn'gr 

so  that  tan  (tir„— nr,)  =  — -. — /\  ,  \ — ,    x  ,^      • 

en  ( j? + r)  dn  (jp + r)  dn  g 


(145) 


11.  The  cnrve  o-.  deseribed  in  the  invariable  plane  of  Q  by  the 
projeetion  of  a  point  A  fixed  in  a  prineipal  axis  Ox,  as  well  as  the 
corre  v^  deseribed  bj  the  point  in  whieh  Ox  cuts  the  inyariable 
plane  (Fig.  2),  have  been  examined  by  Poinsot  in  his  Theorie  nouvelle 
de  la  rotation  des  corps,  as  these  six  assoeiated  corves  have  the 
same  analytical  character  as  the  herpolhode  of  H,  when  all  restric- 
tions of  sign  and  magnitude  have  been  removed  from  A,  B,  G,  D. 

Denoting  the  polar  coordinates  of  cr<,  in  the  invariable  plane  by 
Pa^  ^ai  then  Wa— Wj  is  the  angle  between  the  planes  OQH  and  OOx. 

The  equation  of  the  plane  OOH  is  found  to  be 

^sn(j>+r)^_cn(y4-r)        dn(^-H:}^_Q 
dnq  cnq  sn  g 

The  direction  cosines  of  OG  being 

sn  (p+r)  dn  g,     —en  (p+r)  en  q,     — dn  (i>+r)  sn  g, 

the  equation  of  the  plane  xOO  is 

O.ar— y  dn  {p+r)  sng+^cn  (jp-fr)cng  =  0. 

Denoting  for  a  moment  the  two  planes  (145)  and  {14^)  by 

Px-^Qy-^-Bz  =0, 

P'x+Qy+Kz^^O, 
the  tangent  of  the  angle  between  them  is 

y/{  (QB'  -  Q^E)H  (EP  -  jrP)«-f-  (PQ -FQ)'}  . 


(83) 


(146) 


(147) 


(148) 


(140) 


:*.^» 
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s-^i^K^  =  (••-'•) '•^''"'^ 


=  (»f-*«)  81*  ?K, 
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9  8  '^Sn 

BIT  q  = = 


,     en'  gr  =  -^ 


,     dn»g  = 


(150) 


and 


»— ««  = 


«i— «i 


8n'{K  +  CP+r)KV,  «} 

^  dn»[0>+r)KV,.} 

^'      •  cn'{(p+r)KV,ic} 

=  (^-0<in'{(i>+r)K',c'}, 


dn*  (p-^r)  = 


ic''8n*(2)+r)  = 
an'  (p+r)  = 


gi — y 


o"— 5- 


cn*(p  +  r)  = «. 


5,-s,'-' 


so  that,  otherwise  expressed, 

tan  (w,-,r,)  =     h>^-' ■»,-<> -o-h) 

_     g,— <r        VS 
v/(— 2)   ^i  — s' 


(151) 


(152) 


and,  interpreted  geometrically,  if  SZ  is  the  perpendicular  from  8  on 

or,  (Fig.  1), 


y/{8i—(r)  =  — sn  (p+r)  =  — Bin  AOT^  = 

y((r-g,)  =  ^cn(o  +  r)  =  ^  cos  ^OY,  =  — ^  ^ 

WW  w 

v^C*'— «»)  =  —  dn  (p+r)  = ? . 

w  w 


(153) 
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Next,  by  the  thisorem  for  the  addition  of  the  elliptic  int^frals  of 
the  third  kind  with  parameters  v  and  *»•—«,  writing  8{v)  for  9,  and 
S  (v)  for  S, 

I(t;)+I(«a-t;) 


=  *f 


8  (v)  -s  V8 


.  ,  (P(*>.-v){»(->.-v)-s]-y{~8(m,-v)]     ds 

=  tan-'  _*.Ml=fi.    J^ ;  (154) 

^{-8{v)}  »-*. 

this  is  readily  verified  by  a  differentiation. 
Thence         ««  =  Wj+tan-^-^r^^  

=  Jjtf|--iP(t,)||+I(c..-t;).  (155) 

Also,  patting  OA  =  A;., 

(j^\   =sin'ajO(?  =  l— sn*(p+r)dn*5 


^-^      Si—a-  s^—s  _.  ^_ 


«-  — 5 


«i— «j  «i—«8  »•—«(««—«;) 


««—»  («a— v) ' 


(156) 


so  that  the  polar  coordinates  p„,  m^  of  the  curve  v^  satisfy  relations 
similar  to  those  for  p,  tr  of  the  herpolhode  of  H. 

So  also,  if  the  length  Ov^  is  denoted  by  p'„, 

(j^V=:tan»ajOG 

__g— g(irf„— t?) 
*•— « 

_«(««— tt)—«(t;) 


«„— «  (v) 
so  that  the  carve  (Ta  is  of  a  similar  analytical  character. 


(157) 
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If  I  (r)  is  pseudo-elliptic,  and  the  secular  term  is  cancelled,  so  as 
to  make  the  herpolhode  of  H  an  algebraical  curve,  then  the  six 
associated  curves  described  by 


^ii»     ^*» 


'o 


'« 


are  also  algebraical. 

In  the  article  "  Sulla  f  unzione  caratteristica  del  moto  di  rotazione 
di  un  corpo  non  soilecitato  da  forze  *'  {Atti  della  B.  Accademia  di 
NapoU,  December,  1893),  Colonel  Siacci  has  proved  that  the  points 
in  which  the  invariable  plane  EOF  (Fig.  2)  cuts  the  principal 
sections  of  the  rolling  quadric  describe  curves  as  if  under  a  central 
force  to  0  composed  of  terms  proportional  to  the  first,  third,  and 
fifth  powers  of  the  distance ;  these  and  other  similar  theorems  in 
this  article  can  be  proved  in  the  manner  above. 


12.  The  motion  of  the  axis  of  the  top  is  given  by  the  two  equations 
for  the  Conservation  of  Energy  and  Momentum, 


de" 


#!- 


J4  ^ +1^  sin*  tf  ^  =  TTsr^  (D-cos  tf). 


(158) 


^sin»^^4-(7rcostf=G, 
at 


(159) 


connecting  ^,  the  angle  between  the  axis  00  of  the  top  and  its 
highest  vertical  position,  and  ^,  the  azimuth  of  the  axis  (the  suffix  1 
employed  by  Dr.  Routh  for  A,  0,  and  G  is  now  omitted). 

In    accordance  with   Dr.  Routh's    results    (Quarterly  Journal    of 
Mathematics,  xxiii,  p.  38),  we  put 


f  =  2|l  =  2»,  =  2»A, 


f  =  2|  =  2».=  2„i 


. 


(160) 


The  homogeneity  factor  Jf,  and  Darboux's  L  and  B,  now  must 
satisfy  the  relations 


L  _  0  -  ^  -■  ^1 

M       ^{A>AWgh)       n         k  ' 


Or 


_  ^ =  ^«  =  A 

M      ^{AiAWgh)        n         k 


(161) 


(162) 
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From  (168)  and  (159),  we  obtain 

8in«gg=2g^(j-co8g)(i-co8«g)-r^-Q:«"^y 

or  A  \         A         J 


^2^(E-co3  6){l'-coB^e)-(j 


1 


where 


e  =  (cos  tf-ch  e,)(C08  tf-C08  e,)(C0B  tf-C08  tf,),  (  163) 


as  in  (101),  when  resolved  into  factors ;  the  angle  6  oscillating  between 
0.  and  0.,  80  that  e,<e<0,.  (164) 

We  have  chosen  the  homogeneity  factor  n  in  (122),  such  that 

n'=^,  (165) 

and  at  the  same  time  taken  (Fig.  1) 

k^=:8H.8'H,  (166) 

as  we  shall  find  that  this  makes  Darboux's 

n  =  n«.  •  (167) 

Also,  in  accordance  with  Dr.  Ronth's  results,  on  Fig.  1, 


cos  ^2  = 


cos  d,  = 


OH' -OS" 
OD"      ' 

OJP-AB* 


> 


(168) 


sh  6,  =  2 


sin  0,  =  2 


OS.OM 

oiy 

OS.  ON 

ojy 


sin  Of  = 


01/ 


o  SZ .  HV,  >, 
^      OD'      '' 

„  OZ .  HT^ 
01/     ' 


(169) 


if  OD  is  conjugate  to  OB"  in  the  confocal  ellipse  through  H;  so  that 

0I>'  =  H8.HS'  =  Ji';  (170) 


and 


=  2 


=  2 


v^(ilTrsr/t)  0I> '     ^/(AWgh) "      OD 


(171) 
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We  now  see  that  the  relations  in  (72)  are  equivalent  to 


n' 


=  ^  (cos  ^,4- cos  ^,), 
^'"(^-0(^i-a;)  ^  i(chg,  +  cosg.), 


(172) 


-» ^, 3  ^ch  e^, + cos  ^,);  ^ 

and  thus  the  expressions  are  unchanged  when  the  sufiix  1  is  changed 
into  2. 


We  have  also  to  prove  that 

«       H8.H8' 


n' 


l^ 


so  that 
when  we  take 


HS.H8'=:k\ 


(173) 

(174) 
(175) 


If  O  is  defined  by  Darboux's  relation 

n«  =  Q»-4B(P-^), 


(176) 


given  at  the  end  of  §  9,  where  P,  Q,  E  are  also  defined,  we  should 
have  to  prove  that,  in  Fig.  1, 

(HTi.HPi-Hri.-ffPi--ffFi.Hr,)' 

-4HFi .HTi.HP,  (HVi''HT,-HPi-HYi)=  HS" .  HS'*,   (177) 

a  geometrical  relation  that  is  not  very  obvious. 
So  also  the  other  definitions  of  Darboux, 

n^i/i,  =  Qi^J-2E,Ai  =  Q,^J-2i2,/i„  &c.,  (178) 

are  capable  of  a  geometrical  interpretation. 
Adding  equations  (168)  gives 

S,OE^-AB' 


ch  ^j  +  C0S  d,  +  cos  0,  = 


]^ 


_2Pi^i-.(2,_2P,^,-Q, 


n' 


w 


(179) 
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The  geometrical  theorems  upon  which  (179)  can  be  made  to 
depend  are  the  following :  dropping  the  suffix  1,  and  remembering 
that,  in  Pig.  1,  ^^     r^T« 

cos  ViHV^  =  - 


sin  Vi  H7,  = 


0D« 
20Y.nP 


where 

then  BY, 

OD*.  J3T, 

while,  patting 


a 


0D^  =  n8.HS'; 

=  J3Ti  cos  F,  HF,  +  OY,  sin  F^  ffF,, 
=  J3T(^JB*-JTr-OY«)  +  20r«.  J3P 

— -^=:a',     6  —  ^  =  6,     C — ^  :=  c , 


80  that 


k  -^  ' 


c'  =  -frP; 


4  (2E-QA)  =  -^  [-A»+(6V+cV+a6')A+2a'6V} 

= -BY«+ (rr.  YP- YP.  rF- TF.  FT) 


-h2YF.FT.YP, 

and,  from  Fig.  1  and  equations  (23), 

YV.  YT  =  or, 

YT.  YP  =  PV,  YT--  YV.  YT 

YP,  YV=  YV.  YT-PT.  YV 

so  that     YT.YP-YP.YV-YV.YT 


Oil*- or, 

OY^-OB'; 


(180) 


(181) 


(182) 


(183) 


=  0il*+0i?*-30Y«  =  AB*SOY\ 
YV.  YT.  YP=:OY\YP',  (184) 


so  that 


or 


n 


n' 


fc»  ■ 


(185) 
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Equation  (177)  can  be  proved  bj  noticing  that,  if  we  pnt 


then 


F  = 


Q'  = 


E'  = 


a'+6'+c'=F,' 

b'c'+c'a'+a'b'  =  Q', 

m 

ahc  =  JS,  ^ 

=  ji-TP-TT+yy), 

=  -^  (AB'-SOY'), 

=  ^  OT.TP; 

(186) 


(187) 


and 


0'  =  Q'-4B(P-A) 

=  (fc*-Q')'-4B'(2&+F). 


(188) 


But 


K  (A'-QO 


—  (2/1+^) 
n 


=  Off +20r'-^B', 
=  -TP+HV-nT; 


(189) 
(190) 


SO  that 


A-* 


(OH'+2or'-iiB«/-4or*.rp.(-YP+irr. 


(191) 


after  reduction. 


13.  The  solution  of    equation  (163)  by  elliptic  functions  may  be 
written,  in  accordance  with  the  preceding  notation, 


and,  now 


pH—Ci  =  8—81  =  ilP(cos^— ch  ©i),  '^ 
pu  - e,  =  8—8^  =  JJf*  (cos  ^— cos^^), 

pn—e^  =  8  —  8^  =  Jir(C08^— C08^,\ 

-P'm=  ViSf  =iM^^/(2e); 
dn  _      n 


(192) 


and 


nt  , 


M' 


or     -^+c.„ 


(193) 


for  cos  6  to  oscillate  between  cos  0^  and  cos  ^,. 
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Putting  M  =  t?!  and  r„  when  cos  ^  =  -f- 1  and  —1,  then 

pt.,-#»r,=  M',  (194) 

and  Vi  =  Wj  -l-/>«j,     Vf  =  rw,. 

Now 


KAJO  V 

pv. 

-pt'f' 

+  C08tf 

= 

P^i- 

-pr, 
-pr, 

tan*Jtf 

= 

piy 
pu 

-pu 
-pr, 

f6v,\ 

•S(t^i- 

-«)S(t'i 

-h 

t*) 

— t;,)0(«+v,) 


Equation  (159)  can  be  transformed  into 

du       pt;,— pt*      pu^pv^^ 
»/4  =  A  log  -^  .  '      -'  e**^'*  + 1  log  -^  ,— r--V  ^       J 

S(Vi  +  «)  (5(t*  +  t7,) 


so  that 


tan  ^Oe** 


0^1  0(t*+t;,) 


(195) 


which  is  Klein's  expression  for  the  stereographic  projection  on  the 
invariable  plane  of  O  of  the  path  of  a  point  on  the  axis  of  the  Top 
("  Ueber  die  Bewegung  des  Klreisels,"  Oott,  Nach.,  1896). 


When  working  with  the  Jacobian  notation, 

nt 


u 


+  K'i 


y («1  -«8)  y/{i  (Ch  Oi  -  cos  »,)  } 

=  m^+KV,  suppose ; 
COS  0— cos  $1  =  ^- (ch  Oj — cos  Wg) 

__  chOj— cosO, 
sn'(np^  +  K't) 

=  (cosO,— cos08)sn'2?^ 
COB  Q  =  cos  0,  sn'  mt  +  cos  6,  en*  mt. 


(196) 


(197) 
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The  values  »i— »,  and  »,+«,  of  u  make  cob  9  =  D,  or  E, 
Where,  in  (163),     ^  ^  ^_  G^,^  ^  ^_2^=:^, 

2AWgh  k" 

and  then      jE?+2  -^  =  D+2  -ji"  =  ch  ©j+cos  tf,+co8  ^g, 

and  ^  is  the  quantity  which  Dr.  Routh  denotes  by  r,  while  his 


(198) 


=  2il  = 


(P 


V       2A  Wgh ' 


Also 


cb  O^—E  =  2  -|^  —cos  tf,— cos  tf, 
_aOA*-OT* 


=  2^«''sn»(i>+r)K', 


(199) 


S— cos  0,  =  ch  tf,+ooB  6,-2 


if 


-^1^ — 


=  2^«''cn»(p+r)K', 


A; 


^-costf,= 


ft* 


^92^ 


=  2 


fc» 


(200) 


=  2^dn'(l'+r)K', 


(201) 


and  thns  E  ov  r  lies  between  ch  0^  and  cos  0,. 

Similarly,  D  is  the  same  function  of  the  point  P„  or  of  the  elliptic 

functions  of   {p—r)Yi'\    and  D  also  lies  between   ch  tf^  and  cos0,; 

D  being  2///*,  in  Dr.  Routh's  notation  (Q.  /.  Jf.,  xxiii,  p.  42). 

2p2 
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Patting 


G 


V(AWgh) 


M'     V{AWgh)  If' 


(202) 


to  agree  with  Darboax's  notation,  we  find  as  before  (Proc.  Lond, 
Math.  Sac ,  xxvi,  p.  220) 


and,  with 


J3«  =  -|,t;j-|,r,-|,(t?j-r,), 
L^-B"  =     p(vi-t7,)-p(t?i+v,)» 
ch  tfi+cos  »,+co8  0.  =  ^+2  ~  =  D+2  ^ 


3f*  ch  ^1  =  If*+pi?+2ei, -^ 
3f*co8^,=  jL'+pt7  +  2e„ 
JIT  coB^a  =  L*-hpt -|-2e,. 

Putting   cos  ^  =  ^  in  (163)  gives 


so  that 


=     M'i?-(LH3piOA 


Equating  coefficients  of  cos  0  in  9,  in  (163), 


OCr 


(203) 
(204) 
(205) 

(206) 

(207) 
(208) 
(209) 


(210) 


(211) 

(212) 


,-jjzrz  =  1  -I-  COS  ^,  cos  6^  -f-  COS  $^  ch  6i + ch  Oi  cos  6^ , 
4  rr^A 


or 


JIT 


If^ 


(213) 


and,  therefore,  eliminating  B,  by  means  of  (212), 
4L(L»  +  3L|?r-ht>'t') 

=  lf*-h3J/+6XVv+3p*t; 


-S'l* 
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or 


M*  = 


and  now 


Cr 


V{AWgh) 


L^+eVpv+iLip'v-iip'v-gt 

(L»+3p»)'+4Lt>'t>-2p"t', 

2^  _  2  L*+3Lpv+ip'v 
M  M* 

c,M*+3(r+pvy-g, 


(214) 


(216) 


We  now  find  that 


JkHsintf,  =  2{\/(e,— pr,  pt;— e,)— LV(pt;— Cj)}. 
Equations  (66)  and  (117)  can  now  be  written 


(216) 


'1  = L        nti-I{v), 


M 


4'  =  ^^^^n^+I(t;)-X, 


where 


8inx  = 


v/0 


8in^V(J&— cos^) 


(217) 


(218) 


(219) 


When  the  integral  I{v)  in  (61)  is  made  pseudo-elliptic  by  taking 
/^(p-^r)  an  integer  in  (63),  and  at  the  same  time  assigning  an  ap- 
propriate value  to  P  (v),  then,  putting  z  =  cos  0,  (218)  becomes  of 
the  form 

^~i>*  =  —  sm  ' (T^?')^^^ v/(^.-«.^-2r^) 


where 


^  ^  P  ^l^-iP(t;) 


n 


(221) 


leading  by  difEerentiation  to 


0-Crz 


d\!^  _     \/(AWgh) 
dz       (l-z'')y(2Z)* 


(222) 
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Here  Z  =  «— Zj. «—«,.«— Zj, 

z  =  cos 0,    El  =  cIl 0],    2?,  =  COS 6|y   z^  =  COS  0„         (223) 
and  (222)  is  derivable  from  the  dynamical  equations  (163)  and  (159), 

dz 


dt 


=  n^/(2Z), 


d^_    Q—Crz 
dt      A  (!-!?)' 


(224) 


(225) 


Knowing  the  leading  coefficient  P,   the  identities   derived  from 

these  differentiations  enable  us  to  determine  the  remaining  unknown 

coefficients;  thus 

(7  =  i(P*-z.-«,),    Ac,  (226) 

The  carve  described  by  a  point  on  the  axis  of  the  top  becomes 
a  purely  algebraical  curve  when  the  secular  term  p^,  associated  with 
the  azimuth  ^  is  cancelled  by  making  p  =  0 ;  and,  therefore,  by 
putting,  as  in  (57), 

Ii  =  4PW,  (57) 

and  this  makes  (216),  from  (140),  (141),  (142), 


M » sh  tfi  =  v/(«i-  <f)  P  (v-oh),  ^ 
3f*  sin^,  =  y(o— 5,)  P(«,-v), 
3f*  sin  tf,  =  v/(o— «,)  P(«,-v). 


(227) 


These  algebraical  gyrostat  curves  are  the  ones  that  are  worked  out 
in  the  sequel,  and  represented  stereoscopically. 


14.  Curves  described  by  a  point  on  the  axis  of  the  Top  will  have 
cusps  when  P,  is  placed  on  the  focal  ellipse  at  B ;  and  then 


^        G       L 


(228) 


or,  from  (210),  (214),  (215), 

Ii'-|-pu  +  2ej_ 


LM^ 


(L*+|?t;  +  2e,)(L*-h3I/pv+t>'v) 

=:  L{L*+Spvy-^4>L'ip'v^2Lp''v, 


(229) 
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an  eqaation  breaking  np  into  the  factors 


(i+l  _iPJL)  [  (l+\  -»^)'-  !lZ^^Vlf,{  =0;  (230) 


^1  = 


(231) 


the  second  factor  being  immediately  obtainable  from  another  form  of 
the  cnsp  condition 

Thence,  from  (139), 

L-iP(i;)-iP(«,-t;)  =  0,     or     y(e,-|.(«,-i;)}.      (232) 

When  the  secular  term  in  ^  is  cancelled  by  putting 

the  first  relation  P  («,-v)  =  0  (233) 

would  imply  a  negative   discriminant,  which   is   excluded   in   this 
dynamical  problem  ;  but  the  second  relation  gives 


iP(t?-«,)  =  v/{e,-|>(r-«,)}. 


(234) 


15.  If  H  denotes  for  a  moment  the  resultant  angular  momentum 
of  the  top, 


2AWgh  (E- COB  0). 


(235) 


If  a  denotes  the  value  of  s  corresponding  to  rj-f-r,  of  w,  we  may  put 


and  also,  from  (52), 


so  that 


and 


O— «=  Air(^— COS0), 
AT 

i(js;-cos^)  =  ^, 


(236) 
(237) 


(238) 


(239) 


80  that  the  rector  OS  represents  to  scale  the  resnltant  angular 
momentom  H. 
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11  00  ia  held  fixed  in  a  vertical  position  while  H  describes  its 
herpolhode  in  the  fixed  horizontal  invariable  plane  of  0,  00  will 
imitate  the  associated  motion  of  the  axis  of  a  top,  and  OH  will 
represent  the  resultant  angular  momentum. 

If  the  momental  spheroid  of  the  top  at  the  fixed  point  0  is  a 
sphere,  then  OH  will  also  represent  the  resultant  angular  velocity ; 
but,  in  the  genei*al  case,  the  resultant  angular  velocity  will  be 
represented  by  the  vector  OJ  to  a  point  I  fixed  in  the  generator  UP,. 

We  have  now  connected  together  the  motion  of  a  top  with  the 
two  associated  states  of  motion  a  la  Poiiisot,  in  accordance  with  the 
statement  of  Jacobi  (Werke  ii,  p.  480). 

According  to  the  investigations  of  M.  le  Colonel  Mannheim,  in  his 
Oeometrie  cinematique,  p.  203,  the  osculating  plane  of  the  polhode  of 
H,  on  the  rolling  quadric  in  Fig.  2,  has  its  pole  P  with  respect  to 
this  quadric  on  OH  produced,  such  that 

^^  =  Q^  Bin' EOF 


OP       00^ 

ABO  OF*' 


(240) 


and,  from  equations  (48)  and  (50), 


^  By 


so  that  we  find 


OF"  = di2. _ ;  (241) 

^  ABC 

GP  =  —  —    -A?9. ^  r24i*'i 


The  centre  of  curvature  E  of  the  herpolhode  of  J3*  is  obtained  by 
M.  Mannheim  by  drawing  the  axis  of  curvature  of  the  polhode  to 
meet  the  plane  OHK  in  Q,  and  drawing  QB  perpendicular  to  the 
plane  OHK. 

If  the  osculating  plane  of  the  polhode  is  perpendicular  to  the  plane 
OHK,  the  points  Q  and  i^  are  at  an  infinite  distance,  and  the  herpol- 
hode has  a  point  of  inflexion ;  in  this  way  M.  Mannheim  analyses 
the  theorems  of  de  Sparre  and  Hess,  concerning  the  undulations  of 
the  herpolhode. 

At  a  point  of  inflexion  of  the  herpolhode,  the  tangent  HK  and  the 
plane  000  are  stationary,  and  C  coincides  with  K;  this  will  be  the 
case  when  the  axis  00  of  the  top  descnbes  looped  curves. 
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16.  As  the  first  application,  take  the  case  of  Halphen's  algebraical 
herpolhode  (F.  E,^  it,  p.  279),  corresponding  to  the  parameter 

Then  P^  is  Fagnano's  point  on  the  focal  ellipse  (Fig.  1) ;  and  we  take 

«l  =  (1  +C)*,     5j  =  c*,     «8  =  0, 

<r  =  c  +  c«,      V-S  =  2(c+c>),     P(t;)  =  ls 

so  to  bnild  np  the  psendo-elliptic  integral 

X.I  -v/f(l  +  c)«-*.c*-5] 
IK+>,)  =  ism-  ^^^-^3^ i 


=  ^cos'' 


y» 


Then  we  find,  from  (139), 

P(t?-c.,)=     l-f2(j, 
P(r-«,)  =-l~2c,  ^ 
P(i;-«,)=-l;        - 
so  that  the  rolling  quadric  is  given  by 

j?l  -^  ^  — -?Zi-.      l4-2/« 


(242) 


(243) 


(244) 


Then  E  is  the  mid-point  of  Pj  Y,  or  T^  Fj,  as  drawn  in  Fig.  1 ;  and 
the  rolling  qnadric  is  a  hyperboloid  of  two  sheets,  whose  equation 
may  be  written 


+ 


a* 


•—a 


-6« 


=  1, 


where 


a«=(H-2c)aJ,     6»  =  aj, 


(245) 


which  rolls  on  the  fixed  invanable  plane  of  (?  at  a  distance  h  from  its 
centre,  and  traces  out  Halphen's  algebraical  herpolhode 


(£'+60('7'  +  &*)  =  «*. 


(246) 
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This  is  obtainable  by  writing  Vj  for  the  psendo-elliptic  integral 

and  p7^  for  C'\-c?'-8\ 

afterwards  changing  to  Cartesian  coordinates  (  and  17. 


Also,  at  Pi, 


X.  1 1 1^/ l4-c 


=  sn«  iK'  = 


l  +  2c' 


and 


i^=cnHK'=  -^ 
a  l+c 


(247) 


At  J3*, 


a 


1  jt_ 

V      I 
X, 


l+2c  ^ 
4+4c 


4c 


(248) 


AtP„ 


.<  _  (l  +  c)(l-2c)'  ^ 
a'  (l+2c)'       ' 

y'  ^c(3+2c)« 
^       (l  +  2c)»' 


In  the  associated  movement  of  the  top,  patting  z  =  cos  0, 

G-Grz 


(249) 


.,.-{^(AWgh)  _dz 
^      1       !-«•       J  (2. 


^(2Z) 


where 


=  ico8-'    ^    y(2.«-«,) 


=  ^sin-^^— ^  ^"(^,-2?.  «,—«), 
5  +  2c 


(250) 


"i 


v^(9+4c  +  4c»)' 

— 3-h2c 
v/(9-h4c-h4c*)' 

3 -h  40+40* 


(l  +  2c)v/(9  +  4c+4c>)'; 


(251) 
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0 


y/(AWgh)      (l-h2c)*  (9  +  4c-h4c«)*' 


Cr 


^(AWgh) 


—  I 


'Q. 


Q  = 


C'  = 


14- 2c 


v/(9-h4c-h4c') 


(252) 


The  spherical  carve  described  by  a  point  on  the  axis  of  the  top 
has  fonr  cusps  when 

The  annexed  stereoscopic  diagram    shows    the    natnre   of  these 
curves  in  general,  for  different  values  of  c,  namely, 

^  —  Ti   Ti     T   > 

the  values  of  c  less  than  \  give  undulating,  not  looped,  curves,  lying 
inside  the  four-cusped  curve  ;  the  curves  were  calculated  and  drawn 
by  Mr.  T.  1.  Dewar. 

In  these  figures  the  descnbing  point  has  been  taken  on  the  axis,  on 
the  side  of  0  remote  from  the  centre  of  gravity. 

It  is  easily  proved  that,  if  Pj  is  Fagnano's  point,  its  coordinates  are 


yla+zi)'  y/L+fi)' 


v,p,  =  Y,T,  =  a,    !r,p,  =  r. 7.  = /3,    P,r,  =  a-/3; 

or,  =y(a/?),      0^,  =  ^/(a.a+/?),      OF,=y(j3.o+i3),  Ac.,   (253) 

whence  the  point  P,  can  be  determined,  and  the  quarter  period  of  the 
elliptic  functions  can  be  bisected  geometrically. 

17.  With  algebraical  cases  of  the  motion  for  the  parameter 

f  =  a.,  +  i«„  (254) 


we  take 
with 


«,  =  (1— c)',    «,  =  e\    «,  =  (c—<^y. 


a  =  2c  (1 -<•)', 

v/(  -  S)  =  2  (1  -  c)' (1 -2c)  (2c  -  cO, 
P(»)=f(2-c)(l-2c). 


I 


(255) 
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Thence  we  find,  by  (139), 

P(v-«.)=     f(2- 
P(«-<-,)=-f(l- 

P  («-«,)= -1(1- 
80  that  the  rolling  quadric  is  given  by 


•2c)(l+c),J 


(256) 


A 
B 

C 


a 

h 

c_ 
h 


1-fc 
l-2c' 

{2-c)(l-2oy 
2-c' 


(257) 


The  corresponding  herpolhode  is  obtained  by  writing 


-  for  2c(l-c)*-s, 


k 


and  V  for  the  pseudo-elliptic  integi*al 


-fK  +  J<^»)  = 


J  sin- ^  {^-(l-"c)»(2-3c  +  2c')}y(c»~.) 

{2g(1-.c)*-*}* 

^..«->C^-^Kl-2c)v/a-cy^...-(c-^)'l    (25g. 

{2c(l~c)«-*]* 


Also,  at  P}, 


'-i=8n«fK'=l-c», 


a 


With  the  parameter    t;  =  w^  +  fwj, 
we  take  o-  = 


(259) 


y(-s) 


and  now,  at  P^, 


and  thus 


a 


=  2c'(l-c), 

=  2c'(l+c)(l-c)(l 

=  t(l+c)(l-2c), 

=  sn  JK'  =  1  -c ; 


2c),  j- 


(260) 


(261) 


8niK'+cn|K'=l. 


(262) 
(263) 
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This  leads  immediately  to  the  poristic  relation  for  triangles,  inscribed 
and  circumscribed  to  two  circles  of  radii  R  and  r,  their  centres  being 
a  distance  a  apart, 

B — a      JR-f-a 

It  is  curious  that  the  corresponding  poristic  relation  for  triangles 
circumscribed  to  the  ellipse  (the  focal  ellipse)  and  inscribed  in  a 
confocal  ellipse  can  be  written  in  a  similar  form, 


y(a«  +  X)       y(/?+X) 


L=l. 


(265) 


while  the  poristic  relation  for  quadrilaterals  inscribed  and  circum- 
scribed to  two  circles, 


U-a)  "*"(2e4-J  ""^' 


assumes  an  analogous  form  for  confocals. 


(266) 


a 


a«+X      ^J  +  X 


(267) 


The  second  of  these  pseudo-elliptic  integrals,  i^(«i+f«8)t  can  be 
derived  from  the  first,  I(«i  + Jw^),  by  writing  1— c  for  c,  so  that  the 
cases  are  not  essentially  distinct. 

Putting  z  =  cos  ^,  the  corresponding  motion  of  the  axis  of  the  top 
can  be  written 

Q-Crz 


-\a-- 


./(AWgh) 


dz 


(1— JS*)^  {2. ^fj—Z. «,  —  «.«— J5j] 

=  1  cos-'  (Q^■^^)^(2♦^«-^) 

=  J^sin-'^**'^^^"^^'^^^!""^-^""^*) 


where 


(1-^)* 


(268) 


(3A0*  ^i 

(31f)«  z, 
(SMy 


(l+c)(13-33c  +  21c*-5r), 
-(5-16c4-12c'-16c8+6c*), 
-(l+c)(5-21c  +  33c'-13c»), 
(1-hc)*  {27(l-c)--2(l-4c-hc«)«},  J 


(269) 
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(33f)«  C  =  2  (H-c)«  (2-c)(l-2c), 

(31f)*2>'=(l+c)«(19-84c-fl41c'-160c»4-141c*-84c»-hl9c«), 

G        ^2(2-c)(l-2c) 
y/(AWgh)  SM 

Or        _  n  -  _  2(l-hc)'(2--c)(l-2c)(5-8c-f5c«) 
^(AWgh)  "  ^  ■"  TSB?  ' 

p  _  2(l-hc)«(2~c)(l-2c)(7-12c-3c«-f32c^-3c*-12cf^-i-7(^) 
"  (3Jf  )* 

(270) 

As  c  ranges  from  0  to  ^,  the  curves  have  six  undulations  or  loops, 

with  cusps  when  ^       ,^ 

'^  c=2— v3. 

But,  as  c  ranges  from  ^  to  1,  Zj  and  z,  cross  and  change  places,  and 
the  curves  have  three  loops  or  undulations  ;  with  cusps  when 

c=l-!t/4-f-*/2. 

The  curves  are  shown  in  the  annexed  stereoscopic  views,  drawn  by 
Mr.  T.  I.  Dewar,  for  the  values 

c  =  0-268,  0-37,  0*42,  0-47 ;    and  0*52,  0-576;3,  0*6726. 

18.  According  to  the    results  worked  out  in  the  Proc,  L.  M.  8., 
Vol.  XXV,  p.  288,  when 


we  may  put 


St  = 


«.  = 


s,  = 


Hl-2c)«(l-2c-f2c)«,^ 

c*(l-c)Ul-2c+2c«)«, 

c«(l-c)'(l-2c)«. 


(271) 


and 


<r  := 


v/(-2) 
P{v). 


c  (1-c)' (1-26)' (l-2c+2c'), 

c  (1-c)'  (l-2c)'  (l-2c+2c')(l-4c+2c'), 

J(3-8c+6c')(l-4c+2c'),    » 


.    (272) 


80  that,  for  an  algebraical  case 

jgrr,  _  (3-8c+6c')(l-4c+2c') 


o^\i 


4(l-2c) 


(273) 
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/ 

7^^ 

i^ 

C^ 

T^^^^P? 

^ 

< 

A  KX 

k 

lyw  X  y/^ 

Ka  X  X  xB 

> 

){j^\^y  ,^)(/){\i 

VtOcx  \a\/  /yy? 

T^  A     y\f^. 

^ 

¥ii<JXJ^ 

Uc-ANK 

1 

ef//'->7\vt^ 

/ 

YhrK-^K 

< 

kX  XXX>1 

^ 

m  y  xi^ 

'X  A/   XA"/"" 

V 

> 

^jTA^  ATT? 

N 

P^<^y>^ 

; 
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Since 


l>+^  =  h 


d' 


i-=Bii«fr= 


l-2c 


(l-2c+2c»)(l-2c«)' 


4c*(l-c) 


and 


i^»  =  en*  4K'  = 

ly      ^^  ^"^       (l«2c+2c')(l-2c»), 

^  *^  "   (l-.2c)»  • 


(274) 


So  also,  with 

IT  =  c»  (l-c)(l-2c)(l-.2c+2c*), 

y(-S)  =  c»(l-c)(l-2c)(l-2c+2c')(l-4c+2c*), 

J"  W  =  i  (l  +  2c')(l-4c+2c«), 

BY,  ^  (l-h2c*)(l--4c-h2(^) 
a  4(1 -2c)' 


and 


—  ^^/.V 


a«  *  (l-2c  +  2c*)(l-2c*)' 

^  -  cnUK'  -  ^g-O' 

/3«  -^^  t'^  -  (l-2c  +  2c«)(l-2c»)' 


^,^^.^4c(l-c)' 
*  l-2c 


(275) 


(276) 


(277) 


(278) 


But  this  second  case  is  derivable  from  the  first  by  changing 

1-c 


c    into 


l-2c' 


so  that,  confining  our  attention  to  the  first  case,  the  psendo-elliptio 


a—» 


V8 


where 


(1 


=  i  cos-'  '_y  >/(«,-«.»,-») 

(o— «)' 
•c)'  (l-2c)'  (l-6c  +  14c'-l2c'+4c«), 
c)' (l-2c)' (1  -  2c +2c')' (1 -46+2C'). 


(279) 


(28U) 
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The  oorresponding  algebraical  herpolbode  is  obtained  hy  writing 

tB*    for    I(v)y 

and  4r     ^or    e—s, 

1c 

and  the  rolling  qnadricwbich  will  produce  tbis  berpolbode  is  given  by 

A_3_-.      HYi  ^  P(t?--iai)  _       (l-h0-2c»)(3-4c-h2c')    > 
A^       \  EYi         P(v)  (3-8c  +  6c*)(l-4c+2c«)' 

A_  ^»i  --      .gri_P(t;-«,) (l-f0-2c»)(l~4c-h6c') 

B,       h,  HY,  P(v)  (a-Sc+ec'Xl-^rtj+Sc*)' 

(281) 

In  tbe  associated  motion  of  tbe  top,  tbe  position  of  tbe  axis  is 
given  by  tbe  equation 


.^{^UWgh)        dz 

=  icos-«^+g^y(2..-..) 

=  1  Bin-  ^-^^i^ff"^^  A^-z . ..-.).  (282) 

Tbe  secular  term  is  cancelled  by  putting 

X  =  iP  (v)  =  i  (3-8c+6c»)(l-4c+2c«), 
and  now 

(81f)*  =  (1  -2c*)»  (49  -  752c  +  5172c»  -  2  I344c»  +  59772c*-  122240c*  ^ 

+  193888c«  -  244480c' + 239088c«  - 1 70752c» 
+82752c^'^-24064c"  +  3136c"), 

{8Myzi  =  (l-2c*)(25-184c+522c«-768c«+620c*-288c*-f-56c«), 
{8Myz^  =  (l-2c»)(-7  +  72c-310c»+768c»-1044c*+736c*-200(^), 
{8M)\  =  -7  +  72c-296c«+624c«-936c*+1248c"-1184(j»+576c' 

-112c', 

(283) 

2q2 
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a 


^(AWgh) 

Or 
^(AWgh) 


2  £  _  P(vX  _  (3-8c+6e')(l-4c+2c') 
MM  4Jf  ' 


=  IQ 


=  -6 


(l-4.c+2c')(l-2c»)«(7-48c+146<^-256<^ 

+ 292c*- 192c' +66<0 


(8if/ 


(284) 


and  the  remaining  coefficients,  B,  S,  (7,  IX,  ^,  can  be  found  bj 
differentiation,  or  squaring  and  adding  in  (282)  ;  thus 


or         (8My  Cr  =  (l-2c')'  (9-56c+124c*-112<^+36c*), 


(285) 


(286) 


From  (227),  we  find 

WahOi  =  i  (l+0-2c')(3-4c+2c') 

v/{(l-2c)»(l-2c+2c«)(l-4c+2c»)}, 
IP  sin  «,  =  i  (l+0-2c»)(l-4c+6c') 

-/[c(l-c)»(l-2c+2c')(l-4j+2c')}, 
JT  sin  fl,  =  }  (1 + 0 + 20*)  (1 -4c + 20^) 

v/{c(l-c)'(l-2c)'}. 

It  will  be   noticed   that   some    of   the    expressions    above  ■  are 
reciprocal  in  c  V2 ;  thus,  putting 

cV2-f-^=5v'2, 
cV2 

(8M)*=c'(5>-2)(496«-3766»+11466*-17286»+12605«-2886-72), 

(8M)*z,=  c*(-76*+365»-606«+246  +  12), 

^         _c>(36-4)(6-2) 


Cr        _  3c«  (b  -  2)  (y  ~  2)  (7y  ~  24&*  -h  26b  -  8) 


y(ilW(/^) 


41^ 


<&c. 


(287) 
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The  cnsp  condition  (234),  with 

P  (w,-v)  =  i  (2-4c  +  6c')(l+0-2c'), 

ir(i.>,-t?)  =c'(l-c)(l-2c)«(l-2c+2c'), 

g^-^(«,_t;)  =  c»(l-c)(l-2c-f  2c«)(l+0-2c*), 
becomes 

(l-4c+6c«y  (l+0-2c»)  =  64c»(l-c)(l-2c+2c»)(H-0 

and  thus  1  -  2c«  =  0, 

which  makes  «i  =  5„ 

or  (l-4c+6c*)«(l-2r»)  =  64c»(l-c)(l-2c+2c»), 

l_8c+26c»-96c»-fl72c*-160(^-|-56c«  =  0. 
Mr.  Dewar  finds  that  this  equation  has  two  real  roots, 

c=      01788928    and     1-4061846. 
The  value  c  =     0'1788928 


-2c«), 


(288) 


(289) 


makes 


«i  = 


z^  = 


z,= 


and  now 


3-75316, 
-0-440942  =  cos  116^10', 
-0-63301    =  cos  125^16', 

1-65611, 

2-94151, 

1-06068, 

3-33072, 

2-50412, 

1-50331 ; 

Q2«  +  E;s+-/Sf  =  0 


(290) 


has  imaginary  roots,  while 

has  a  pair  of  imaginary  roots,  and  a  real  root 

-0-44094  =  2?,. 

A  point  on  the  axis  thus  describes  a  curve  having  eight  cusps,  with 
apsidal  angle  , 

A  T, 
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The  value 

c  =      1-4061845 

eikes 

«i  =      114762, 

^ 

z,  = -0-63543  =  cos 

129°27', 

jr,  =  -  0-96948  =  cos 

165°  49', 

Cr  =     0-25609, 

ly  =  - 1-53701, 

^  =  -0-82345, 

Q  = -0-79585, 

B  =     0-19151, 

8  =     0-87787. 

J 

Now 

Qs^+Be-^-S 

=  0 

(291) 


has  real  roots  -093681  and  1*17745 ;  while 


has  roots 


-0-63543  =«,,• 
-0-96467,  and  1-34401 ; 


and  the  cnrve  has  eight  cusps,  at  apsidal  distance  f  r. 

Both   cQsped    curves    are    shown    stereoscopicallj  in  the  fig^ore 
annexed. 

19.  For  the  case  of  quinquisection,  we  take  {Froc,  L.  M.  8,,  Vol.  xxv, 

p.  289) 

*^  =  4(c'+^/0)^ 

*,  =  (c+l)'(c-l)*, 

«,  =  4  (c»-  ^/0)^ 

where  Oi  =  <f-\-<?—c, 


(292) 


and,  with 


so  that 


cr  =  8c(c+l)«(c-l), 
y(-S)  =8c(c  +  l)»(c-l)(c»-4c 
P(r)=|(c+3)(c«-4c-l), 

gyi^(g-^3)(c'-4c-l) 
a  20ct/C\ 


-1), 


(293) 


(294) 
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With 


V  = 


a-  = 


Piv) 


4c(c+l)(c-l)«, 

8c'(c+l)(c-l)»(c'-4c 

S(3c-l)(c'-46-l), 


-1). 


(295) 


80  that 


gy;_(3c~l)(c«-4c-l) 
a  20c  t/G^ 


(296) 


obtained  from  the  preceding  by  a  change  of  c  into  —  1/c. 

The  coordinates  of  Pj  on  the  focal  ellipse  being  denoted  by  o^,  yi, 


y,  S  air'         '« — *J»    'i  —  ^^ 

P*  «X  — (T    ff— «, 


and  this  reduces  to   -^  =  en  |K'  =  ^^^     ;  , 


so  that 


a  ^  a/0,  +  1 


(297) 


(298) 


(299) 


(Proc.  L,  M.  S.,  Vol.  xxv,  p.  302),  and  then 

dnir=^^. 
*  2c 


(300) 


With 


t;=s 


a  = 


v/(-2) 


4(c+l)(c-l)»(v/0+c), 
8(c+l)(c-l)'(c'-c'-5c  +  H-4v^a,)v'0„ 
^(c»_c»-3c+2-5yCf,), 


(301) 


and 


^ff^i  -  (c-2Xc*+c-l)-5cya, 


lOct/C^i 


(302) 


So  also  for  the  parameter 


v  =  «i+W 


(303) 


In  these  last  two  cases  the  herpolhode  and  the  spherical  curve 
described  by  a  point  on  the  axis  of  the  top  are  composed  of  five 
symmetrical  loops. 

But,  as  before,  we  can  make  one  standard  form  serve  for  all  the 
different  cases,  by  examining  the  different  shapes  corresponding  to 
the  regions  of  c,  the  boundaries  of  these  regions  being  places  where 
the  values  of  «i,  «„  or  s^  change  places. 
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Starting  then  with  the  psendo-elliptic  integ^l  for 

<r  =  8c(c+l)'(c-l). 
^/(-5)  =  8c(c+l)»(c-l)(e?-4c-l), 

■P(«')  =  i(c+3)(c'-4c-l), 


(304) 


we  find 


w=ip 


t;)(g-g)-y(-2)   Jl 


9  —  8 


V8 


(306) 


where 


(306) 


^  =  4(c+l)'(c»+7c*-c+l)(c*-4c-l), 
y  =  4(2c*-|-7c»+17c*+5c+l), 
3=16c(c+l)'(c?»+3c*+34c'-2c*-3c-l)J 
From  (139), 

P(«i-.t;)  =  :j{(2c+1)(c«+c-1)+5ca/(7i}, 

P(i.,-t;)=|(c»-c«+7c-3), 

P(«,-t?)  =  I  {(2c+l)(c«+.c-l)-5c^/Cl}. 

Thence  algebraical  herpolhodes  are  obtained  by  writing  vr  for  I(t7)» 
and  ^  for  o-— * ;  and,  in  the  associated  motion  of  the  top, 

Q~Crz 


(307) 


.^{./(AWgh)       dz 
^      J       l-^z"       v/(2 


v/(2Z) 
=  xeo8-0?!±^^±|i±^y(.2...-.) 

(5Af)«;Bi  =  -8(c'+c-1)(3c*-9c»-13c»-11c-2)+400c»a/O,  ^ 
{hM)\  =         (13c«-26c»-25c*  +  60c»-126c*+14c+17), 
(51f)•^,  =  -8(c«+c-l)(3c*-9c»-13c«-llc-2)-400c»^/(7, 
(5Jf)*     =      64  (c* + c  - 1)  (9c'^-  45c» + 40c« + ISOc'-  4S0c« 

+884c*- 360c*+ 70c«+ 25c«-15c- 4),  J 


(308) 


(309) 
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O 


=  2  ~  =  ?^^1  =  2(g-^3)(c'~4c-l) 


y/(AWgh)  MM  bM 

Or 


^(AWgh) 


=  tQ 


.310) 


^  _  _  16(c'-4c-l)(c«+c-l)(c'+04-20c»+0-f5c-2) 

251f» 

Writing  the  conditions  for  cusps 

iP(t;-a»0  =v/{e,-p(t?-«,)} 

or  i  (c»-c«  +  7c-.3)  =  ±  (c  +  l)(c-l)\  (311) 

we  obtain  (c— 2)(c'+c— 1)  =  0, 

and  3<j»-3c*-|-c+l  =0, 

or  (3c-l)«+10  =  0, 

so  that,  rejecting  the  roots  of 

c«  +  c-l  =  0, 

which  give  imaginary  solutions, 

c  =  2    and    ^{l-V(}0)]  (312) 

give  ten-cusped  solutions,  with  apsidal  angles  ^ir  and  fir. 
The  special  numerical  case  of 

c  =  2 

was    worked    out    independently,    to    serve   as   a  check  upon  the 
algebraical  calculations ;  this  makes 

^  _  8  +  2^(10)      ^  _      y(10)      ^  _  -8  +  2^(10) 
O  2*. 6*  Cr  2.2».6* 


y(^}r^/i)  2v^3'      y/(AWgh)  ^/3     ' 

(r  =  1^(10),  i>'  =  Y,  -Er  =  y(io),  i^'  =  f ; 

^_2.2>.5^       p-2*.5*       Q-L^L^      T-2i^ 
^"    3^/3  '  4>v/3'  8>v/3  '  12>v/3' 

The  spherical  curve  has  ten  cusps  at  apsidal  angular  interval  \ir. 
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The  other  ten-cnsped  figure,  obtained  by  patting 

I-V(IO) 
" 3        ' 

is  also  shown,  haying  an  apsidal  angle  f  r,  and  here  Mr.  Dewar  finds 

z^  =      1-4205413, 

if,  =  -  0-6069240  =  cos  127°  22', 

«,  =  -  0-9184686  =  cos  156°  42'. 

As  c  increases  from  2,  the  ten-cnsped  figure  changes  into  ten-looped 

figures,  until  j     >i       i       a 

c'— 4c— 1  =0, 

or  c  =  a/5 + 2  =  4-236068, 

and  now  ^  =  ^j- 

For  greater  values  of  c,  the  quantities  z^  and  2,  change  places,  and 
the  curves  have  loops,  until  these  loops  degenerate  into  cusps ;  and 
this  will  be  the  case  when 

iP(t?-«i)=y{e,-p(v-aiO} 

or    l{(2r  +  l)(c»+c-l)-h5cy(7,} 

=  y{4(c«+  a/00»+4(c«+  ^/CfJ'  (^Oi~1)} 

=  2(c*+A/0i)yCi,  (313) 

and  dividing  out  t/(c^-fc— 1), 

t/(c*-hc-l){(2c+l)y(c»  +  c-l)  +  5cVc}  =  5(c*+ VO,)v/c, 

leading,  on  rationalization,  to  the  equation 

16c^'^-145c'+195c«+0  +  240c«-1194c»+990c*-240c»+0-5c-l  =  0; 

(314) 
and  Mr.  Dewar  finds  that  this  equation  has  two  real  roots, 

c=  7-40092    and    -0-1082623. 

The  first  value  of  c  gives  five  cusps  at  intervals  \t  in  azimuth, 

and  makes  ^^  ^     1-0925520, 


«,  =  -0-6416767  =  cos  129°  55', 
«,  =  -  0-9808773  =  cos  168°  47'.  J 


(316) 
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As  c  decreases  from  2,  the  cnrves  haye  ten  undalating  branches, 
until  c  passes  the  value  1,  when  the  curves  become  imaginary. 

After  c  passes  0,  the  curves  become  real  again,  consisting  of  five 
undulations,  until  we  reach  the  root 

c  = -0-1082623, 

when  cusps  appear,  at  an  interval  iir  in  azimuth,  and  now 

'       z,  =  2-22605,    i5,  =  -  0-53617  =  cos  122^25', 

ij,  =  -  0-79412  =  cos  142°  34'. 

For  smaller  values  of  c,  the  curves  consist  of  five  loops,  until 

c  =  -  >v/5-f  2  =  -0-236068, 

and  in  passing  through  this  value  the  five  loops  change  into  ten 
loops  ;  and  these  become  cusps,  at  an  interval  f  t  in  azimuth,  when 

c  =  i  { 1  -  y(10)  }  =  -  0-3848117, 

as  already  described  on  p.  604. 

Afterwards  the  curves  have  ten  undulations,  but  these  become 
imaginary  when  c  crosses  the  value  —1. 

The  four  cases  where  cusps  occur  are  shown  in  the  preceding 
stereoscopic  diagram,  drawn  by  Mr.  Dewar. 

20.  Twelve  branched  gyrostat  curves  and  the  associated  herpolhodes 
can  be  built  up  by  means  of  the  pseudo-elliptic  integral 


7M  -  X  fprt>)(^-«)-y(-s)^ 


=  ^008 


where    v  =  W] +-«-"« 

-P  (»)  =  i  (1 -a)(5 +3o+ 3o'+o»), 
<r  =  o  (H-o)(l  +  o+o')(l+0+o'), 

,,  =  TV(l+o)'(l+0+a')'{(l-a)  +  (l+a)A/4}', 
l+4o+o* 


(316) 


A  = 


1+a' 
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y  =  3+0  +  5a»+4a»  +  6a*+4a*  +  2a«, 

a  =  (l+0-fa«)(l+a  +  aV(l  +  0+2a«+0  +  2a*+2a»+a«), 

6  =  i  (l-a)(l4-0  +  a*)(5  +  lla  +  2.5a«+35a»+34a* 

+  22a»+10a»+2a0, 
^  =  Hl-a)a  +  «)*(l-fO  +  a')'(l  +  a+a')»(l+0  +  2a«+a»), 
y(-2)  =  a(l-a)*(l+a  +  a'), 

iTj  =  «f-5i  =  -i  (1-a*)  {l-4a-4a«-4a»-a* 

+  (l  +  a)«(l+0  +  a«)A/^j, 
IT,  =  «f-5,  =  - ^  (1-a*)  {l-4a-4a«-4a»-o* 

-(l+a)«(l+0+a«)A/^}, 

P(t;-«j)=TV{13-16a-12a»-14a»-5a*+3(l+a)«(l+0+a«)V^}, 
P(t;-.«,)=TV{l3-16«-12a«-14a»-5a*-3(l+a)«(l+0+a«)A/^}, 
P(t;-«,)=i(l-a)(4  +  3a  +  3a'4-2a»). 

If  the  secular  term  is  cancelled  in  the  gyrostat  corves,  we  can  put 

0-Grz 


=fa= 


^i^Wgh) ^ 


a^)  y/(2,z — z^ . «— 5?,.«— z,) 

=  i  sin- .  ^  +  (r.'-Hy^+y-Hi..+  g'  y(^-...,-z).  (317) 

and        L  =  IP  (v)  =  tV  (l-a)(5  +  3a  +  3a«-f  a»), 

«ri+«r,  +  flr,  =  -i(l-8a-8a'-8a»-2a*  +  4a»4-4a'+4a'+a0, 

=  Ti7(-ll-h298  +  232  +  298+70-140-140-140-36), 
4LN/(-S)=Ja(l-a)(l-a*)(H-a  +  a«)(6  +  3a  +  3a«4-a»), 

=  -a(l+a)(l  +  0  +  a«)(H-a+a«)(2-6a-3a«-3a»+2a*  +  2a»), 

(121f)*=  (-11  +  298+232  +  298  +  70-140-140-140-36)* 
-6912a  (l-a)(l-a)*(l+a+a«)(5  +  3a+3a«+a») 
+  20736a(l  +  a)(l  +  0  +  a«)(l  +  a  +  a«)(2-6-3-3  +  2+6), 


(121f)'«i  -  (25-164+88  +  154-2+4+4  +  4  +  1 
(121f)«^,       (  ±36(l+a)«(l  +  0  +  a')V'A 

(12Jf)«j8,  =  - 11  +  10-56  +  410+70-140-140- 140-35.  ^ 


(318) 
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21.  In  the  case  of  the  spherical  pendnlnm,  it  is  not  possible  to 
cancel  the  secular  term,  as  previonslj ;  so  we  must  return  to  the 
general  case,  and  take,  with 

«  =  —  cos  0, 
O+Crz    _£.(i_^) 


^-,t^\^(^^^'^l_/ 


dz 


^i2Z) ' 


where  Z  ^=  z^^z  .z—z^.z—Zi, 

In  the  spherical  pendulum,  the  condition 

Cr  =  0 


(319) 


leads  to  i* + SLp  r + ip  v  =  0, 

or  ^•H-J&(irj-fif,+flr,)-y(-S)  =0,  (320) 

a  cubic  equation  for  X,  with  one  real  root ;   the  same  equation  is 
derivable  fi'om  the  relation 

l+«,«,+Vi  +  «i^  =  0,  (321) 

or  th  itf,  tan  Jtf,  tan  ^tf,  =  1, 

which  exists  between  24, 2^,  z^,  or  d^,  0„  0„  for  a  spherical  pendulum. 
Thence,  from  (166)  and  (168), 

HS".  HS^-^  OE^-  08*+20H'  {OW-AB")  =  0,         (322) 

if  H  is  on  the  pedal  of  the  ellipse. 

Also  (206)  «i + 2J, + «,  =  -  D.  (323) 

O 


We  also  find 


=  4  sh  |6,  sin  |0,  sin  |0, 


^{AWgh) 

=  4  ch  J61  cos  \d^  cos  |«, 

=  y  (2  sh  01  sin  a,  sin  0,).  (324) 

In  the  spherical  pendulum,  OH  and  00  are  always  at  right  angles, 
atid  H  must  be  placed  at  7,  in  Fig.  1 ;  then  OF,  and  00  are  always 
at  right  angles,  and  OY,  may  be  supposed  a  rod,  pivoted  at  0  and 
passing  through  a  ring  fixed  at  Y,  in  the  generator  F,P,. 

Then,  with  Or  =  0, 

p'ri  +  |>'i;,  =  0,  (326) 

but  pvi-p'v^  =  0,  (326) 

when  G  =  0,  and  H  moves  up  to  Y^, 


\ 
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If  00  meets  the  invariable  plane  of  0  in  ff,  then 

KG.  Off  =  ^J, 


(327) 


since  00  is  at  right  angles  to  the  plane  KOH  in  the  spherical 
pendulum  ;  the  curve  described  bj  ff  is  thus  the  polar  reciprocal  of 
the  herpolhode  of  H,  a  special  herpolhode  in  which 

a 


or 


hi        O]        bi        Ci 


(328) 


22.  In  the  general  case  again,  bj  means  of  equation  (124), 
OK.  00'  =pci  tan  tf  =  (^,  sec  O-^O  J, 


=  ? 


J  + 


A-'B.B'-'D.O^T)  ^ 


ABO 


1^ 


(329) 


whence  the  curve  of  (T  can  be  derived  from  the  herpolhode  of  H. 

The  vector  OH  in  Fig.  2  representing  to  scale  the  resultant 
angular  momentum  of  the  Top,  the  velocity  of  H  in  the  invariable 
plane  of  0  is  proportional  to  the  impressed  couple  Wgh  sin  0 ;  and, 
to  the  linear  scale  employed  above,  the  velocity  of  JST, 


—  =  ink  sin  0  ; 
at 


(330) 


so  that,  employing  equation  (121),  the  radius  of  curvature  of  the 
herpolhode 

(331) 


ds  _  jfe'sin'g 
dijf      ^,— ^jcostf' 


which  can  be  expressed  in  terms  of  p  by  means  of  equation  (91). 
Also,  by  means  of  (115), 


^_.  ^j,   sin' tf 
dd"^   V(20;' 


(332) 


which  gives  the  rectification  of  the  herpolhode  of  H;  but  this  leads  to 
hyperelliptic  integrals. 
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(333) 


in  the  spherical  pendnlnm,  P^  is  at  B,  and  H  is  at  the  point  where 
the  tangent  at  B  cuts  the  pedal. 


Then  we  find  that 


so  that 


OH  =  08, 
cos  tf ,  =  0, 


334) 


and  the  boh  of  the  pendulum  must  be  projected  horizontally  from 
the  level  of  0. 


Sf       S  M^A         a? 


Fig.  4. 


If  this  velocity  of  projection  is  2pZ,  where  I  denotes  the  length  of 
the  thread,  the  motion  is  given  by 

,       *        •  -ijpy(-2costf) 
ij/^pt  =  sin  *^-^--^^ r— ^ — ^ 


=  COS 


nsintf 


-1  y (n'  +  V  COS  g-n  'cos'  0) 


n 


Then 


cos  ^t  =  — 


sin0 


OB 
OS' 


and  0,  is  the  supplement  of  BOH ;  while 


ch0i  = 


08, 
OB' 


(336) 


(336) 


(337) 


but  the  eccentricity  of  the  focal  ellipse  must  be  greater  than  1^/2,  to 
give  a  real  case  of  this  motion. 
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24.  With  the  parameter 


r  =  «,  +  Jw„ 


and    <r— *i  =  (Ti  =  —  ]— c,     <r— «i  =  <rj=c,     a—s^^^  a^^:  c-^c?, 


the  condition  that 


or 


becomes 


or 


y(-S)  =  2(c+c»), 
Cr  =  0, 

i»+L(cri  +  cr,  +  cr,)--v/(-2)  =  0, 
i»-i(l-c-c')-2(c-|-c«)  =0, 


6  +  0*  =  - 


2-i' 


l+2c  = 


_(1-2X)*(2-J^-2L»)* 


(2-L) 


and,  from  (214), 


(338) 


M*  =  (Ii»-l  +  c+c')'-8L(c+c')+8(c+o') 
_4(1-X)»(1+.L)(1-2L) 

M»*,  =  -i»-l-3c-c' 

_     J,  ■  L-If  _  (l-2Ly(2-L-2I/y 
2-L  (2-L)» 

=  (^^)'{i(l-2L)«-(2-Ii)«  (2-i-2i;')»}, 
iTiH  =  (^)*  (i(l-2i)*  +  (2-i)»(2-i-2£')»}, 

»  2— Ir 


(339) 


We  now  find  that  the  curve  described  by  the  bob  of  the  spherical 
pendulnm  can  be  written  with 

«  =:  —  cos  6, 

Z  =  Zi  —  Z.Z — ;Bj.0  — ifj, 

|  =  «y(2Z). 
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=  ico8-^i^v^(2.*,-.) 
1    •   -1  ^"4"  \j     if  \ 
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(340) 


where 


L  (1-2JD)*~(2-X)*  (2-  L~2.L«)* 
2(l-X)*(l  +  i)* 


«i  = 


«•  = 


JD(l-2JD)*  +  (2-X)»(2~L-2i?)* 

2(l-i)*(l  +  2y)* 

(1-L)*(1  +  X)* 
(l-2i)*       ' 


sin  e  -  i=2J&+L^ 


and 


«i 


__  l+«^ 


as  required  for  tlie  spherical  pendulnm. 


2^ 


=  P  = 


Q  = 


0"  = 


(l-2£)«(2-i>)*  "J 
(l-i)«(l+i)» 

(1-2.L)*(2-J>)' 
(l-i)»(l+i)'' 

(1-2.L)'(1-.L)' 
(l+i)»        • 


(341) 


Fig.  1   may  be   taken  for  the  construction  of  this  case  of  the 

spherical  pendnlum,  by  moving  JT  to  JT,  where  tangent  YjPi  cuts 

the  pedal  again. 

2  R  2 


612  On  the  Associated  Dynamics  of  a  Top,  ^c.     [March  12, 

25.  With  the  parameter 

in  the  spherical  pendnlnm,  the  cnhic  equation  for  L  hecomes 

X»-(l-8c+15c"-8c»+c*)X-2c(l-c)»(l-2c)(2-c)  =0.  (342) 

Put  L  =  cXj     and     c+  —  =  a, 

c 

and  then  «»-(a'-.8a+13)  ar-2  (a-2)(2a-6)  =  0,  (343) 

a  cubic  in  x^  but  a  quadratic  in  a ;  and  thence 

a  =  9+4r-hy(l+3rf+4^+ai«)  ^  ^3^^ 

80  that  numerical  cases  can  be  constructed  by  assigning  special 
values  to  x. 

With  t;=«iH-i«„ 

!,»- i  (1  -  20c + 1320^ -428c» + 788c* -856c* + 528c^  -  leOc' + 16c«)  2/ 
-(7(l-c)«(l-2c)»(l-2cH-2c')(l-4c+2(?)  =  0,        (346) 
which  becomes  a  quartic  in  6,  when  we  put 

L    =    (?Xy 

c>v/2  +  --^=6>v/2. 
cv2 

As  writers  on  this  dynamical  subject  may  be  mentioned 

Jonqui^res  (M.   Tamiral  de),  (Comptes  Bendus,   12  July,  1886, 
^^  Theorie  61ementaire,  d'aprds  Poinsot,  de  la  toupie  ")  ; 

B.  Padova  (Ven.  Inst.  Atti,  iii)  ; 

J.  E.  Campbell  {Messenger  of  Mathematics^  Vol.  xxiii)  ; 

A.  MacAulay  ("  Octonions,"  Froc.  B.  S.,  1896) ; 

A.  de  St.  Grermain  ("  Note  sur  le  pendule  spherique,"  Darhoux's 
Bulletin,  May,  1896). 

[Note  to  p.  552. — The  quadrics  (32)  and  (36)  will  be  momental 
quadrics  of  real  positive  matter  only  when  P^  and  P,  in  Fig.  1  are 
placed  on  opposite  quadrants  of  the  focal  ellipse ;  and  now  the 
herpolhodes  cannot  have  points  of  inflexion.] 
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On  a  Twofold  Oeneralization  of  Stieltjes'  Theorem.  By  Hbnbt 
Tabeb,  Worcester,  Mass.  Received  June  8th,  1896.  Read 
June  11th,  1896. 

In  a  paper  ''  Sar  nne  propri6t6  des  determinants  symetriqnes 
ganche  "  which  appeared  in  Volume  xvii.,  Second  Series  (1892),  of 
the  Memoires  de  la  Societe  Royals  des  Sciences  de  Idhge^  M.  Fran9oi8 
Deruyts  gave  the  foUowing  very  interesting  theorem  :— 

If  the  minors  of  order  2k  of  a  skew  symmeb-ic  determinant  are  all 
zero,  the  minors  of  order  2Aj— 1  are  all  zero  also. 

As  an  immediate  consequence  of  this  theorem  follow  certain 
theorems  of  some  interest  relating  to  orthogonal  suhstitutions, 
among  which  is  included  a  two-fold  generalization  of  Stieltjes' 
theorem. 

Let  the  transformation  A  defined  by  the  system  of  equations 

Xr  =  artaJi  +  arta5,-h...+a^n«n      C**  =  1>  2,  ...  n) 

be  any  orthogonal  substitution  in  n  variables.  Let  A^^.i)  denote  the 
linear  transformation  defined  by  the  system  of  equations 

x'r  =  artai+...-ha».,r.i«r.i  +  (a^— p)«,+ar,rti«r+i+...+ama'H 

(r  =  1,  2,  ...  n), 

for  p  =  -h  1,  and  let  '^(.i)  denote  the  linear  transformation  defined 
by  this  system  of  equations  for  p  =  —  1. 

Further,  let  Det.  [-4*  i)],  m  being  any  positive  integer,  denote  the 

determinant  of  the  transformation  -4^^,  the  m^  power  of  -4(+i), 
obtained  by  m  applications  (i.e.,  m— 1  repetitions)  of  the  transform- 
ation -4.(41).  Similarly,  let  Det.  [^1^^]  denote  the  determinant  of 
^I^ij,  the  m^  power  of  A^.i).  Then  we  have  at  once  the  following 
theorems : — 

I.  If  the  orthogonal  substitution  A  isjoroper,  and  if  the  minora  of  order 

2k  of  the  determinant  Det.  [ilc+i)  ]  are  all  zero,  the  minors  of  order 
2A;— 1  are  aU  zero  also. 

n.  If  the  determinant  of  the  orthogonal  substitution  A  is  equal  <o  —  1, 
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and  the  minors  of  order  2Af+l  of  DeL  \_A^^i)  ]  are  M  terOy  the  minors 
of  order  2k  are  all  zero  aho. 

m.  If  the  determinant  of  the  orthogonal  whstituHon  A  is  equal  to 
+  1,  and  if  the  (2r)*»  minors  of  Bet.  [^jTi!*]  are  all  zero,  the  (2r +!)«» 
minors  are  all  zero  also, 

TV,  If  the  determinant  of  the  orthogonal  substitution  A  is  equal  to 

-1,  and  if  the  (2c-l)**  minors  of  Let.  [^^iV]  «*"«  ^  «««>»  ^^  i^)^ 
minors  are  aU  zero  also. 

Theorem  HI.  is  the  two-fold  generalization  of  Stieltjes'  theorem 
above  referred  to.     For  m  =  0,  we  have 


Det.  [.!(.„]  = 


«ii  +  l»     Oil*         •••  ^» 


«iiH 


a«s, 


...    «im+l 


and  the  theorem  is  that,  if  the  (2ic)^  minors  of  this  determinant  are 
all  zero,  the  (2c -fl)*^  minors  are  all  zero  also.  For  c  =  0,  this  is 
Stieltjes'  theorem.f 

Demjts'  theorem  gives  at  once  the  conditions  that  most  be  satis- 
fied bj  the  numbers  belonging  to  the  roots  =bl  of  the  characteristic 
equation  of  an  orthogonal  substitution.  Thus  let  + 1  be  a  root  of 
multiplicity  2?  of  the  characteristic  equation  of  the  orthogonal  sub- 
stitution A.     Then  the  nullity  of  the  transformation  A^^d  is  at  least 

one,^  and  the  nullity  of  A^^^,  &c.,  the  successive  powers  of  i4(+i),  in- 


♦  That  is,  the  minora  of  Det.  [-4*^5^]  of  order  n-2«. 

t  See  Netto,  Acta  Mathematiea,  Vol.  ix.,  p.  295. 

I  The  nullity  of  the  linear  tranBformation  defined  by  the  system  of  equations 

*r=  ariari  +  a^ic^-f  ...+ar»ir»    (r  -  1,  2,  ...  n) 
is  i?  if  all  the  {p—  1)^  minora  of  the  matrix 

•••  ■••  ••• 


ftnl  ftn2   • . .   &IMI 


are  zero,  but  not  all  the  j?^^  minora. 


**'2^i 


*  rf'     .m.' 
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creases  nntil  a  power  of  exponent  /i  is  attained  whose  nullity  is  eqnal 
to  p.  The  nullity  of  the  (n  + 1)^  and  of  higher  powers  of  i4(+i,  is 
then  also  p.    Let 

designate  respectively  the  nullities  of 

A  A^  A^"^       J**    ^ 

I  term  the  numhers  jp„  jp„  &c.,  the  numbers  belonging  to  the  root  + 1 
of  the  characteristic  equation  of  A,  For  any  linear  transformation 
A,  we  must  have 

Pi  ^  JPi-Pi  ^  .-.  >  jp^-p^-i  >  1  ;• 

and,  since  A  is  orthogonal,  it  follows  from  Deruyts'  theorem  that 
P\j  Pn  <fec-»  tto  numbers  with  odd  suffixes  belonging  to  the  root  + 1  of 
the  characteristic  equation  of  A,  are  all  even  or  all  odd  according  as 
p  =  jp^  is  even  or  odd. 

Similarly,  if  g'l,  g,,  ...  q^  are  the  numbers  belonging  to  the  root 
—  1  of  the  characteristic  equation  of  A, 

?i  ^  ?2-?i  ^  -  ^  3.— 9.-1  ^  1» 

and  qi,  g„  <Sx$.,  the  numbers  with  odd  suffixes,  (are  all  even  or  all  odd 
according  as  g  =  g^  is  even  or  odd.f 

These  theorems  may  be  proved  as  follows: — If  +1  is  a  root  of 
multiplicity  p,  and  —  1  a  root  of  multiplicity  q  of  the  characteristic 
equation  of  the  orthogonal  substitution  A,  an  orthogonal  substitu- 
tion E  can  always  be  found,  such  that 

A  =  EBE'\ 

where  5  is  an  orthogonal  substitution  in  n  variables  defined  by  the 


*  In  Volume  xxvi.  of  these  FroeeedingSy  page  368,  line  19,  the  conditions  for  the 
numbers  belonging  to  a  root  other  than  il,  should  read  iwi  >  iw,— inj  >  &c.,  as 
there  given. 

t  The  conditionB  given  above  are  the  only  conditions  for  the  numbem  belonging 
to  the  root  + 1  or  —  1. 
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three  orthogonal  substitutions 

X        =b^?X,       +bSZ,        +...+bS,^Z^  (r: 

Xp^r  •  ^  b^i  Xp+i    4"b^  -^^+2    + ...  4"t)r,  -^jp+ff  V 

•3s^*«*r  =  bri  Xj»*«+i+brt  Xp+^^.2+ ...  +br,M_p«,X»  (r  =  1,2, ...n— p— g), 


1,  2,  ...  p), 
1,  2,  ...  5), 


+ 1  being  a  root  of  multiplicity  p  of  the  characteristic  equation  of 
the  transformation  J?i  defined  by  tbe  first  p  equation,  —1  being  a 
root  of  multiplicity  q  of  the  characteristic  equation  of  the  transform- 
ation J?,  defined  by  the  second  set  of  equations  (g  in  number), 
while  the  roots  of  the  characteristic  equation  of  B„  the  transform- 
ation defined  by  the  third  system  of  equations,  are  the  roots  other  than 
=kl  of  the  characteristic  equation  of  A, 

Let  the  transformation  I^  be  defined  by  the  system  of  equations 

Xr  =  Xr        (r=l,  2,  ...p); 
let  J,  be  defined  by  the  equations 

X'p^r  =  Xp^r     (r  =  1,  2,  ...  q)  ; 
and  let  I  be  defined  by  the  equations 

Xr  =  Xr        (r  =  1,  2,  ...  n). 

Then  J^  is  the  identical  transformation  for  the  p-way  extension 
(Xj,  X,,  ...  Xp) ;  J,  is  the  identical  transformation  for  the  g-way 
extension  (X^^i,  Xp^2y  •••  Xp^^)  ;  and  lis  the  identical  transformation 
for  the  n-way  extension  (Xj,  X,,  ...  X^). 

Since  —1  is  not  a  root  of  the  characteristic  equation  of  the  linear 
transformation  JB,  in  p  variables,  the  determinant  of  I^-^Bi*  is  not 
zero  ;  and  so  we  may  put 

0,=  (I,-B,)(J.+J5,)-«. 


*  Following  Cayley,  I  regard  the  operations  of  addition  and  subtraotion  as 
capable  of  extension  to  linear  transformations ;  if  the  linear  transformations  A  and 
B  are  defined  respectively  by  the  two  systems  of  equations 

Z^  =  ariii  +  artJ3  +  ...+amXH    (r  =  1,  2,  ...  n), 

Xr  =  brlXi  +  braXj  +  .-.+brnXn     (r  =  1,  2,  ...  n), 

the  transformation  .^:i:^  is  defined  by  the  system  of  equations 

K  =  (ari±bri)Xi  +  (a,^±bra)X2  +  ...  +  (ar„±br„)Zn    (r  =  1,  2,  ...  n). 
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Whence,  denoting  by  0,  the  transverse  or  conjugate  of  On*  we  have 

c.  =  (i,+A)-'a.-B,) 

=  (i,+Br')-'«--Br') 

=  -(I,+B0-'(I,-B,)=-O„ 

that  is,  0|  is  skew  symmetric.     Moreover, 

(I.+  0,)(I,+B,)  =  2I,; 
therefore  the  determinant  of  Jj  +  Oj  is  not  zero ;  and,  conseqaentl j, 

-B,  =  (Il-ao(It+Ot)-^ 

Whence  we  obtain      Bj — J^  =  —  20,  (I^ + 0,) "  \ 

Since    the    determinant    of    ii  +  Oi   is    not    zero,    the  nullity  of 

(jBi— I,)*"'*'^  is  equal  to  the  nullity  of  Oj*"** ;  therefore,  if  the  minors 
of  order  r  of  the  determinant  of  {Bi—Ii)^*^  are  all  zero,  the  minors 

of  order  r  of  the  determinant  of  Of***^  are  all  zero,  and  conversely. 

But  0,  *  is  skew  symmetric,  being  an  odd  power  of  a  skew 
symmetric  linear  transformation.  Therefore,  by  Demyts'  theorem, 
if  the  minors  of  order  2k  of  the  determinant  of  (Bj— Ji)*^*^  are  all 
zero,  the  minors  of  order  2^—1  are  all  zero  also.  That  is,  if  the 
nullity  of  (JBi— Ii)*"***  is  as  great  as  p—2k+l,  it  is  as  great  as 
jp-2A;+2. 

Furthermore,  since  -h  1  is  not  a  root  of  the  characteristic  equation 
of  B„  nor  of  the  characteristic  equation  of  jB„  the  nullity  of 
(J5-I)S'"*i  is  equal  to  the  nullity  of  (J?i-Ii)*""^^     Again,  the  nulHty 

is  equal  to  the  nullity  of  (B— I)^"**^  Therefore,  if  the  nullity  of 
A^Cli)    is  as  great  as  2?— 2A;-f  1,  it  is  as  great  asjj— 2Aj+2. 


*  If  the  transf  onnation  C  is  defined  by  the  equations 

Zr-  CrlX,  +  Cr2^2+  — +  C'm-Xr      (»"  =  1,  2,  ...ft), 

the  transformation  C,  the  transverse  of  C,  is  defined  by  the  equations 

X  =  C'iril  +  C^ri5+...  +  (7nrXr      (»•  =  1,  2,  ...  w). 

We  hare  CC  =  CC,    (C^^)  =  (C)'K 
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Similarly,  since  + 1  is  not  a  root  of  the  characteristic  equation  of 

5„  we  may  put 

0,  =  (I,+J?.)(J.-5.)-'. 

Whence  we  derive,  as  before, 

g,  =  (J,-5,)-'(J,+B,) 

=  (I,-B.-*)-'(A+B.-') 

=  -(i,-:b,)-Hi.+:b,)  =  -o,. 

We  also  have  (1, 4-  0,)  (I,  -  B,)  =  21, ; 

consequently,  the  determinant  of  J,+C,  is  not  zero,  and  therefore  we 

have 

B,  =  -(I,-0.)(2,+a,)-'. 

Whence  we  obtain 

By  the  same  reasoning  as  that  employed  above,  since  the  determ- 
inant of  Ij-hO,  is  not  zero,  and  since  Oj"**  is  skew  symmetric,  it 
follows  from  Deruyts'  theorem  that,  if  the  nullity  of  (B,4-J,)*"'*'*  is 
as  great  as  g— 2A;  +  1,  it  is  as  great  as  9— 2Ae+2.  But,  since  —1  is 
not  a  root  of  the  characteristic  equation  of  either  Bi  or  B^  the 
nullity  of  (JB,  +  I,)""*'  is  equal  to  the  nulHty  of  (B+I)^^\  Again, 
the  nullity  of 

is  equal  to  the  nullity  of  (B+I)^"**^     Therefore,  if  the  nullity  of 
-^jTiV  ^®  ^  great  as  qr— 2A;4-1,  it  is  as  great  as  g— 2^+2. 

If  the  determinant  of  A  is  equal  to  + 1,  jp,  the  multiplicity  of  the 
root  +1  of  the  characteristic  equation  of  ^4,  is  even  or  odd  according 
as  n  is  even  or  odd.     Therefore,  if  A  is  a  proper  orthogonal  suhstitutiony 

and  if  n  is     tj  ,  the  nullity  of  -4'***  is  ^, . 

On  the  other  hand,  if  il  is  improper,  p  is  odd  if  n  is  even,  and  is 
even  if  n  is  odd.  Therefore  in  this  case,  if  n  is  , , ,  the  nullity  of 
'^jTiV  **  •  •  These  two  theorems  are  equivalent  respectively  to 
I.  and  II. 
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Further,  irrespective  of  the  value  of  n,  g  is  even  if  j4  is  proper,  and 
is  odd  if  il  is  improper.  Therefore,  if  A  is  P^^^P^  ^  the  nullity  of 
-^jTiV  **  f^^  •     This  theorem  is  equivalent  to  III.  and  IV. 

If  pi,  jp„  ...  p^  are  the  numbers  belonging  to  the  root  4- 1  of  multi- 
plicity p  of  the  characteristic  equation  of  A ,  then,  since  the  nullity  of 
-^(♦iV  ^  even  or  odd  according  as  j?  is  even  or  odd,  it  follows  that 
Pv  Pii  ^'f  ^l^e  numbers  with  odd  suffices,  are  all  even  if  2>  =  jp^  is 
even,  or  all  odd  if  p  is  odd. 

Similarly,  if  g,,  g,,  ...  q^  are  the  numbers  belonging  to  the  root 
—  1  of  multiplicity  q  of  the  characteristic  equation  of  A,  then,  since 

the  nullity  of  A^^t)  is  even  or  odd  according  as  g  is  even  or  odd,  it 
follows  that  gi,  9,,  &c.,  are  all  even  or  all  odd  according  as  g  =  9,  is 
even  or  odd. 

[Postscript,  December  26th,  1896. — Employing  the  notation  of  the 
preceding  paper,  Stieltjes*  theorem,  as  originally  enunciated,  is 

If  A  and  B  are  two  proper  orthogonal  substitutions,  the  determinant  of 
A-^B  vanishes  only  if  the  first  w,inors  of  this  determinant  all  vanish. 

The  theorem  was  given  by  Stieltjes  for  n  (the  number  of  variables) 
equal  to  two,  or  equal  to  three.  Stieltjes  stated  that  he  believed  the 
theorem  to  hold  for  n  =  4;  and  he  suggested  the  inquiry  whether 
it  held  for  any  value  of  n.* 

If  JB  is  the  identical  substitution,  this  theoi*em  becomes  the  theorem 
given  in  the  preceding  paper  as  Stieltjes'  theorem,  namely : 

If  A  is  a  proper  orthogonal  substitution,  the  determinant  of  A -hi 
(where  I  is  the  identical  substitution)  vanishes  only  if  the  first  minors  of 
this  determinant  all  vanish. 

This  theorem  is  formally  included  in  Stieltjes'  theorem,  and  is 
apparently  only  a  special  case  of  Stieltjes'  theorem.  But  the  latter 
also  follows  from  this  theorem.  For,  if  A  and  B  are  any  two  proper 
orthogonal  substitutions,  AB'^  (where  B~^  denotes  the  reciprocal  of 
B,  which,  since  B  is  orthogonal,  is  thus  the  transverse  or  conjugate 
of  B)  is  also  a  proper  orthogonal  substitution ;  and,  since  the  determ- 
inant of  £  is  not  zero,  the  nullity  of  .4  -f  -B  =  (AB^^  +  1)  B  is  equal 
to  the  nullity  of -4 J?"*  +  J.  By  the  preceding  theorem,  the  deter- 
minant of  AB'^-{-I  vanishes  only  if  the  first  minors  of  this 
determinant  all  vanish.     That  is,  if  the  nullity  of  AB-i  +  I  is  as 

*  Acta  Mathematicaf  Vol.  vi.,  p.  319. 
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great  as  1,  it  is  as  great  as  2.  Therefore,  if  the  nnllity  of  A-^B 
is  as  great  as  1,  it  is  as  great  as  2,  which  is  Stieltjes'  theorem. 

Since  the  content  of  both  theorems  is  the  same,  the  latter  may 
also  be  termed  Stieltjes'  theorem. 

I  have  recently  learned  that  the  most  interesting  case  of 
Theorem  HI.,  also  of  Theorem  FV.,  of  the  preceding  paper,  namely, 
for  m  =  1,  were  given  by  A.  Voss,  in  the  McUhematische  Annalen^ 
Vol.  XIII.,  p.  330.     For  m  =  1,  Theorems  HI.  and  IV.  are  : 

If  the  substitution 

X=  ariyi  +  a^y,+  .  .+o„,y«  (r  =  1,  2,  ...  n) 

is  orthogonal^  and  the  r**  miiuyrs  of 


a 


m 


a 


in 


rt«+l, 


are  all  zero,  hut  not  all  the  (r-fl)**  minorSj  r  is  an  odd  number  if  the 
substitution  is  proper,  and  is  even  if  the  substitution  is  improper, 

Voss  states  that  this  theorem  is  true  of  the  determinant 


Det.  [-4.^,;]  = 


^1  - 1»     <hv 


a 


SI) 


a„--l,     ... 


This  is  the  case  if  n  is  even,  but  not  otherwise.  Thus,  for  n  =  8,  if 
0,1  =4-1,  rt«  =  a88  =  — 1,  and  a„  =  0  for  r  z^  s,  the  substitution  is 
proper,  and  Det.  [-4(+i)]  vanishes,  but  not  its  first  minors.  The 
proper  statement,  for  n  either  odd  or  even,  of  the  theorem 
relating  to  the  Det.  [-4(^.1)  corresponding  to  Voss'  theorem,  just 
given,  regarding  the  Det.  [2(.,)],  is  obtained  from  Theorems  I.  and 
U.,  by  putting  m  =  1.  The  theorem  thus  obtained  may  be  shown 
to  follow  immediately  from  Voss'  investigations.  But  I  do  not 
know  that  it  has  anywhere  been  given. 

To  Voss  is  due,  I  believe,  the  first  complete  proof  of  Stieltjes' 
theorem.     Netto's  proof  does  not  extend  to  every  case. 

I    have  also  found  that  Theorems  I.,  II.,  III.,  and  TV.  may  be 

derived  from  theorems  relating  to  the  elementary  divisors  (p±l)*''  of 
the  characteristic  function  of  an  orthogonal  substitution,  given  by 
Frobenius  in  Crelle^s  Journal,  Vol.  lxxxiv. 

Let  p  be  a  variable  parameter  not  contained  in  the  coefficients  of 
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the  linear  snbstitation  A  ;  and  let  po  ^^  ^  ^^ot  of  multiplicity  I  of  the 
characteristic  equation  of  A,  viz., 

Det.  [A- pi]  =0, 

where  lis  the  identical  substitution.  Then  (po—py  is  a  divisor  of 
the  left-hand  member  of  this  equation,  the  characteristic  function 
of  A. 

The  minors  of  all  orders  of  this  determinant  are  polynomials  in  p, 
and  the  minors  of  order  n^r  may  all  contain  po"~P  if  i>r.  Let  l^  be 
the  highest  power  of  po~"P  contained  in  all  the  minors  of  order  n — r. 
If  l^  is  the  last  of  the  series  Z^,  Z,,  <&c.,  that  is  not  zero, 

Z  >Zi  >  Z,...  >  Z.  >0; 
and,  if      e  =  l—li,     e^  =  k—kj  •••  ^--ri  =  ^— i— ^->     «-  =  Ly 
then  e  ^  Ci  ^  e,  ^  •••  =  ^^  =  ^' 

(Po-P)'  =  (Po-P)'  (Po-P)''  (Po  -P)- ...  (Pto-P)'-. 

The  several  divisors  (po~"p)'>  (Po~p)'S  ^^  o^  (po""p)'  ^'•re  elementary 
divisors  (eZeTTten^ar  theiler)  of  the  characteristic  function  of  ii.  These 
divisors  all  vanish  for  p  =  p^.  Corresponding  to  each  root  of  the 
characteristic  equation  of  J.  is  a  system  of  elementary  divisors  that 
vanish  if  p  be  equAl  to  the  root  in  question. 

Let  now  m^,  m^^  ...  m^=z  I  be  the  numbers  belonging  to  the 
root  pQ.  Form  a  diagram  corresponding  to  po  by  arranging  I  dots  in 
rows  and  columns,  so  that  there  shall  be  ft  rows  respectively  of 

equidistant  dots,  and  so  that  the  first  dot  in  each  row  falls  in  the 
same  (left-hand)  column.  The  number  of  columns  will  then  be  m^, 
which  will  be  found  to  be  equal  to  (u  + 1 ;  and  the  number  of  dots  in 
the  successive  columns  (counting  from  the  left)  will  be  equal 
severally  and  respectively,  to  e,  Cj,  e„  ...  e.. 

For  an  orthogonal  substitution  Frobenius  has. shown  that  the 
elementary  divisors  (p  ±  1)**  occur  in  pairs  with  equal  exponent.  It 
will  be  found  that  this  is  equivalent  to  the  theorem  given  above, 
that  the  numbers  with  odd  subscripts  belong^g  to  the  root  =t  1  of 
the  characteiistic  equation  of  an  orthogonal  substitution  are  all  even 
or  all  odd  according  as  the  multiplicity  of  the  roots  ±  1  is  even  or 
odd.  From  this  theorem.  Theorems  I.,  II.,  III.,  and  IV.  may  be 
derived.] 


622  Mr.  H.  M.  Macdonald  on  [Jane  11^ 


Waves  in  Oanals  and  on  a  Sloping  Bank.  By  H,  M.  Macdokald. 
Read  June  llth^  1896.  Received  in  revised  form  December 
3rd,  1896. 

1.  In  his  treatise  on  Hydrodynamics  (1895),  Ch.  ix.,  Professor 
Lamb  has  alluded  to  a  former  paper  on  the  above  subject  in  the 
following  terms : — "  There  is  some  divergence  here,  and  elsewhere  in 
the  text,  from  the  views  maintained  by  Macdonald  in  the  paper  cited" 
(Footnote,  p.  435).  The  first  statement  in  my  paper  alluded  to, 
occurs  on  p.  109,  Vol.  xxv.  of  the  Proceedings^  where  it  is  stated  that 
a  long  wave  with  infinite  velocity  of  propagation  would  not  be 
generated ;  this  statement  was  due  to  the  idea  that  such  a  system 
required  to  be  set  up  all  along  its  length  simultaneously,  and  would 
need  an  infinity  of  energy  to  do  it.  There  is  nothing  in  this  state- 
ment which  conflicts  with  Professor  Lamb's  interpretation  of  the 
motion  (with  which  I  entirely  agree),  imagining  it  to  be  set  up.  The 
other  statement  alluded  to  occurs  on  p.  Ill,  where  it  is  stated  that 
straight-crested  waves  in  a  canal  of  triangular  cross  section  are  only 
possible  in  certain  cases. 

Professor  Lamb,  §  239,  assuming  the  existence  of  free  oscillations 
of  the  liquid  contained  between  two  transverse  partitions  in  a  canal, 
devluces  the  existence  of  straight-crested  waves  in  a  canal  of  unlimited 
length.  There  is  a  serious  objection  to  the  use  of  a  physical  as- 
sumption as  the  basis  of  such  a  proof,  that  it  assumes  that  the 
mathematical  theory  of  the  physical  phenomena  is  correct ;  in  the 
present  case  it  assumes  the  existence  of  an  irrotational  fluid  motion, 
and  that  the  boundary  conditions  are  those  satisfied  in  nature. 

What  is  really  proved  in  my  former  paper  is  that  the  cases  there 
mentioned  are  the  only  ones  in  which  the  velocity  potential  can  be 
expanded  in  a  Fourier  series  of  the  type 

2E,  cos  —  cos  (mx^nt), 
a 

where  r,  0,  x  are  cylindrical  coordinates  of  origin  in  the  lowest  line  of 
the  canal,  0  the  angle  between  the  vector  r  and  a  side  of  the  canal. 
What  was  assumed  in  the  final  statement  was  that  the  solution  of 
the  equation 
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subject  to 


^  =  0,    fl  =  0  or  a, 


can  always  be  expressed  in  the  form 

S^.cos 


swO 


This  assumption  is  usually  made,  but,  as  an  assumption,  it  is  not 
legitimate;  the  possibility  of  such  an  expansion  depends  on  the 
character  of  the  other  boundary  conditions.  The  only  case  where  the 
expansion  can  easily  be  shown  to  be  possible  is  when  the  region 
within  which  the  function  is  required  can  be  extended,  so  that  the 
boundary  conditions,  where  0  =  0  or  a,  are  of  the  same  character  for 
all  values  of  r.  In  this  case  it  is  evidently  true,  and  the  conditions 
here  stated  are  satisfied  in  all  the  problems  solved  by  such  expansions 
which  I  have  examined.  It  will  be  shown  below  that  these  conditions 
are  satisfied  for  symmetric  waves  both  along  and  across  canals  of 
uniform  isosceles  triangular  cross  section,  vertical  angles  ir/2  and  2^/3* 
and  for  asymmetric  waves  when  the  vertical  angle  is  t/2. 

2.  Taking  the  case  when  the  vertical  angle  is  t/2,  if  a  velocity 
potential  exists  in  the  region  AOB  satisfying  the  required  conditions, 


B 


/X 

/^K 

yo\ 

y^\ 

Fig.  1. 


then  functions  exist  in  the  spaces  BOAy  GOD,  BOO,  and  the  function 
can  be  continued  throughout  the  space  ABOD,  ^  being  zero  along 

AO  and  BD.     The  function  can  then  be  continued  throughout  all 
space  as  the  squares  can  be  repeated  so  as  to  fill  all  space,  and  further 
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^  =  0  all  along  the  line  COAO^  produced  to  infinity,  and  also  along 

BOB  produced  to  infinity.  Hence  the  velocity  potential,  both  for 
8ymmeti*ic  and  asymmetric  waves  along  or  across  this  canal,  can  be 
expressed  in  the  form  ^ 

Si^.cos  — . 
a 

When  the  vertical  angle  is  2t/3,  if  a  velocity  potential  exists  in  the 
space  AOB  (Fig.  2)  satisfying  the  required  conditions,  then  functions 
exist  in  the  spaces  AOGy  BOGy  and  the  function  can  be  continued 

throughout  the  space  ABO,  -^  being  zero  along  OA,  OB,  and  00, 

The  function  can  then  be  continued  throughout  all  space,  as  the  equi- 
lateral triangles  can  be  repeated  so  as  to  fill  all  spaces.     When  the 

wave  motion  is  symmetric,  j^  is  zero  along  OD,  OE,  and  00 ;  there- 

fore  ^-  vanishes  all  along  the  lines  OA  and  OB  produced  indefinitely. 
od 

Hence  the  velocity  potential  of  a  symmetric  wave  motion,  either  along 


or  across  a  canal  vertical  angle  2r/3,  can  be  expressed  in  the  formj 

-J  T,         srrO 
Sic,  cos  —  . 
a 

When  the  wave  motion  is  asymmetric,  the  condition  ^  zero  is  no  longer 
satisfied  all  along  OA  and  OB,  and  it  follows  from  the  analysis  of  the 
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previous  paper  that  the  velocity  potential  is  not  expi^essible  in  this 
form.  When  the  vertical  angle  is  x/3,  all  space  can  be  partitioned 
by  means  of  hexagons,  but  parts  of  the  fixed  boundaries  when  pi-o- 

duced  are  free  surfaces  in  other  partitions,  the  condition  ^  zero  all 

So 

along  them  is  satisfied  neither  for  symmetric  nor  asymmetric  waves, 
and  in  this  case  also  the  velocity  potential  cannot  be  expressed  in  t!io 
form 

i  it,  cos  —  . 
a 

3.  When,  in  the  results  obtained  for  the  wave  motion  in  these 
canals,  the  depth  of  the  canal  is  made  indefinitely  great,  velocity 
potentials  for  waves  standing  against  a  sloping  bank  or  along  it  ai^e 
obtained,  when  the  bank  makes  angles  r/4  or  ir/6  with  the  horizon. 
The  velocity  potential  in  these  cases  takes  the  form  of  a  sum  of  ex- 
ponentials, and  it  suggests  the  inquiry  for  what  angles  of  slope  is 
there  a  solution  of  this  form.  In  the  case  of  waves  standing  against 
a  sloping  bank,  a  solution  of  this  form  has  been  given  by  KirchhofP, 
Oesam.  Ahhund.,  Bd.  ii.,  p.  428,  when  the  angle  with  the  horizon  is 
of  the  form  (2m-|-l)ir/2n,  m  and  n  being  integers.  It  will  be  shown 
below  that  the  solution  in  the  form  of  a  sum  of  exponentials  makes 
the  velocity  finite  at  a  great  distance  fix)m  the  edge  only  when  the 
angle  of  slope  is  of  the  form  x/2».  Further,  it  is  shown  below  that 
there  is  a  solution  of  this  form  for  waves  parallel  to  the  bank  when 
the  angle  of  slope  is  of  the  form  ir/(4?t-|-2),  and  that  in  this  case  the 
velocity  is  finite  at  a  great  distance  from  the  edge.  In  all  these 
cases  where  the  condition  of  finite  velocity  at  a  great  distance  from 
the  edge  is  satisfied,  the  velocity  of  propagation  of  the  waves  is  that 
of  deep  sea  waves. 

4.  Taking  the  axis  of  x  along  the  interaection  of  the  free  surface 
and  the  bank,  that  of  y  horizontally  and  perpendicular  to  it,  and  that 
of  z  vertically  upwards,  the  velocity  potential  satisfies  the  equation 

dx*      dif      Cz^ 
throughout  the  fluid,  subject  to 

^  cos  a  -h  ?^  sin  a  =  0,  (2) 

dz  Vij 

VOL.  XXV n. — NO.  r>74.  2  s 


626 


Mr.  H.  M.  Macdonald  on 


[June  1 1, 


when  z  cos  a-\-y  sin  a  =  0,  a  being  the  angle  which  the  bank  makes 
with  the  horizon,  and 


OZ 


(3) 


when  if  =  0,  where  I  =  g/n*,  2ir/w  being  the  period  of  the  motion. 
Further,  the  velocity  at  a  great  distance  from  the  edge  mast  be  finite. 
ConsideHng  fii'st  the  case  of  waves  standing  against  the  bank,  ^ 
takes  the  form  /  (y,  z)  e***',  where  /may  be  written 

a 
ay 


f=\'^'{'^)-' 


""  (^a-J 


1 


/«> 


(4) 


for  the  above  expression  for /  satisfies  (1)  and  (3), /q  being  a  function 
of  y  only.  It  is  proposed  to  investigate  in  what  cases  /^  is  of  the 
fonn  2-4x6*".     When  /^  is  of  this  form  it  may  be  written 


/,  =  f 


,~unyt 


x(.t)dt. 


where  the  path  of  integration  is  any  closed  curve  enclosing  all  the 
poles  of  X  (0  which  are  simple.* 


Then      /=lj[(l+i)-— +(l--y 


_L      )    ^-4"»f|r-t2)« 


xOrf'. 


To  satisfy  (2)  change  to  polars ;  then  y-\-iz=^  re'*,  and  (2)  becomes 
This  is  equivalent  to 


=  2(/.-X).-'"'"'"'.[x(0(f-O]..v 


for  all  values  of  r,  where 


ml 


Therefore,  if  t^  is  a  pole  of  x(0»  ^o^"'*  ^^  o"®  ^^^  *^^^  ^o^'****  <'^- 


•  It  mny  be  shown  that  thin  form  of  yj,,  when  the  poles  of  x(0  *re  not  simple, 
does  not  load  to  a  solution  of  the  problem  in  any  of  the  cases  where  the  above  form 
fails. 
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Hence   /^e"*'**  =  fo»    whicli   requires   a=pir/q,   where  p  and   q   are 
integers.     Writing  y  =  e~***, 

XtC) 


then 


x(0  = 


v(*o+^)x.O«) 


('-'o)('-'.y)-(<-'oy*"')' 


(««y-X)  X.  Cov) 


—  I  \  '  *^^'  '} 


^,-'a-y)(l-/)-(l-y'-')     C'(y-i)(y-y*)..(y-y'-') 

therefore  X.('.)('o+^)  =  Xi('.y)('oy-^). 

Xi('.y)('.y+^  =  X.  ('.>')('./- A), 
x.('.y'-')('.y'"'+^)  =  x.(0(',-A) ; 

that  these  equations  may  be  consistent,  q  must  be  an  even  integer. 
Let  q  =  2k;  then 

that  is,      xi (^oyO  =  ■^-^7:-^Vr::s^     /f  *-i    xn       x>  (^<>) » 

therefore        Xi(0  =  ^  (^r~-^)(^y*-A).-  (^7*"'-^)^*, 


and 


/o(y)  =  ^j' 


That  the  velocity  may  be  finite  everywhere,  it  v^-ill  be  sufficient  to 
make/o(y)  finite  when  y  is  infinite  ;  that  this  may  be  so,  e"**^^  must 
be  finite  when  y  is  infinite  for  all  the  values  of  s  which  can  occur,  and 
these  ai*e  therefore  the  integei-s  given  by 

cos  I  ^  +  28a  )  <  0, 

which  requires 

k  ^  (2p+l)5  ^0,    Sk>  (2^  +  1)*'  <  2k,   (fee, 


where 


2o+I 

a  =:  -^ v. 


When  p  =z  0,  a  =  v/2ky  s  has  values  0, 1  to  k;  and 
must  have  (t-y^*^)(t-y^'^)...{t--y-'-^) 


2s2 
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for  a  factor ;  this  requires  that  X  =  1,  that  is,  mZ  =  1,  and  then 

When  p  has  any  other  value  than  zero,  the  condition  of  finite  velocity 
everywhere  cannot  be  satisfied,  as  is  easily  seen  from  the  form  of 
fo(y)y  ^^  being  necessary  that  X  should  be  real.  In  the  case  where 
a  =  ir/2fe,  /  is  given  by 

The  velocity  potential  can  also  be  expressed  in  the  form  of  a  series 
as  follows : — 


/=^' 


cos 


('d 


3y. 


9y^  ■      zl 


'y 


$  .  k 


2  e-i(-K*-i)-.(.-4-)*-*«.y/  cos  (*-l)  a  ...  COS  («-A:+l)  o. 


«  -  0 


There  are  two  cases,  according  as  k  is  an  odd  or  an  even  integer. 
(1)  A;odd  =  2A;'+l;   then 


f=G'i   cos  (8—1)  a  cos  («— 2)a  ...  cos  («— 2Af')a 

a  -0 

X  [e-'^^^'^^^-^^^'^cossacos  ]  r/i  («  sin  25a +  y  cos  25a) +  (*'—«) -^  | 

^^-«(,r.in2..*sco.i*.)  gjj^ g^  gijj  I  ^  (^ gin  25a  -y  cos  25a) -  (*'— 5)  -|- 1  1 . 
(2)  k  even  =  2k' ;   then 

f=Gi  cos(5-l)a...cos(5-2fc'+l)a 

0 

X  re-"*^»*"2.a-=c«i2*a)pQg^j^  ^jQg  j  w(z8in25a+ycos25a)H-A;'-5— i)-|-  > 

^g-«(v.m2..*zc«.2..,gij^^^g-j^  j  ^(^gin25a— ycos25a)  — (A;'— 5— J)-^  1 1 
-|-  -^e"'"*'(cos7nj:  +  sinwi5). 

Particular  cases — 

a  =  ?r/4,    /  =  JC  { e"*-  (cos  my —sin  my)  +  e" "•*'  (cos  m« + sin  mz)  ]  ; 

a  =  7r/6,    /=     CfL-'"*i»^^3>')sinm^^|""y 


-hV3e-'"*^^^'^-'^cosm?^^^- 

2 


e""  sin  my 


}■ 


1896-] 


Waves  in  CanaU  and  on  a  Sloping  BanJc, 


629 


In  all  these  cases  the  wave  motion  is  that  due  to  the  reflection  of 
deep  sea  waves  at  the  bank,  as  appears  from  the  relation  mZ  =  1. 

6.  For  waves  parallel  to  the  bank  the  velocity  potential  tp  may  be 

written  ^,      , 

/  (y,  z)  cos  (ifwr  -  nt)  ; 

then,  as  before,  putting 


/= 


cos 


'^""VS-"*' 


m'  + 


>y 


''        VI--J 


'/•(y). 


the  equations  (1)  and  (3)  are  satisfied,  and  it  is  proposed  to  investi- 
gate when  the  remaining  conditions  can  be  satisfied  by  the  assumption 

This  assumption  being  made,  /  is  g^ven  by 

/=5^  } cosh («« Bin ^.)+^^5ki;^'^^]e-'""*', 
C  ml  8in  if/,        ) 

where  the  constants  are  determined  by  the  conditions 

l^cosa+l^sina  =0, 

cz  Oy 

when    zcosa+y  sina  =  0    and  /o(y)   is    finite  when   y  is  infinite. 
Hence,  fix)m  the  first  of  these, 

2-4,      imsmil/,  sinh  (mz  sin  \p,)  +  —  cosh  (mz  sin  ^//,)  [  cos  a 

4-  \  cosh  (mz  sin  ilr,)  +  — — \^.  °^^  ^'    [mcosil/,  sin  a    e*'**"*^'  =  0, 
C  wising,        )  J 

when  iscosa  +  y  sina  =  0; 

that  is,  transforming  to  polars, 

2^  r(^^+  7-^^)sin(i^,  +  a)c""'«*^*«**' 
L\         Zsm^t/ 

for  all  positive  values  of  r.     Therefore 

^•♦1  =  «A«+2o     and     a  =  pir/q. 
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where  p  and  q  are  iutegei-s,  and 

I 

Af^lm-\-  —  cosec  i//^  j  =  -4,  (  m ■   cosec  i^i ) > 

AAm-k-       cosec  t//,  J  =  ^4,  (  m  —     cosec  i/r, j , 

<&rC.  =  <&c., 
^9-1  fw+  -    cosec  .//y.ij  =  ^0  (^ cosec  ^o)  * 

that  these  equations  may  be  consistent  q  must  be  an  even  integer. 
Let  2  =  2A; ;  then 

»  ,        ml  sin  \I/,_|  + 1  ^  , 

A,  cosec  ^,  =  — -  . — ;-'— r-  ^,-,  coscc  ^,.„ 

m/sin  i/r, — 1 

that  is, 

{ml  8in  ij/,  — I) {ml  sin  ^g-i  —  lj...  (7/wsini/ri— 1) 
whence,  2ka  being  an  odd  multiple  of  ir, 

A,  cosec  il/,  =  ("")'(^^^^  sin</r,,,  —  1)  (wiZ  sin  i/r,  «.2— 1)  • -^^  (mZsin  1/^^...,  — 1) 

(?/tZ  siui/^i  —  l  J  (?u/ sim/^,  —  1)  ...  (mZ  sin  ^4. 1  —  1) 

xAf^  cosec  l/r^. 

Now  that  /o  (2/)  may  be  finite  for  all  positive  values  of  t/,  cos  i/',  ^c  0 
for  all  values  of  s  which  can  occur  ;  taking  the  case 

a  =  7r/2k,     37r/2  >  \po-^  2.sa  ^  ir/2, 

let  i/,^  =  ,r/2  +  /?, 

where  /3  lies  between  0  and  2a  (this  includes  all  possibilities)  ;  then 

2k  ^  ^^28^  0, 


TT 


and  s  can  have  values  0  to  /c  —  1  if  /3  is  not  zero,  0  to  fc  if  /3  is  zero. 

Ag  by  the  above  can  only  vanish  for  k  —  l  values  of  if/g ;  therefore 

/c  + 1  values  of  s  must  occur,  and  hence  ft  is  zero  and  the  values  of  5 

from  0  to  A;  occur.     It  will  be  observed  that  each  exponential  now 

appears  twice  for 

sin  25a  =  sin  2  {k  —  s)  a, 

and  it  is  therefore  necessary  to  rewrite  the  expression  for  /^  {y) ; 
there  are  two  cases,  k  odd  and  k  even.     When  k  is  odd  =  2k'-j-lj 

A'  +  l 


1396.]  Waves  in  Canals  and  on  a  Sloping  Bank. 

and,  when  /.•  is  even  =  2A*', 

*• 
Then,  (I)  fc  odd, 

/  =  "S*'^.  fcosh  (m. cos  2,a)  +  sinh  (m.  co82^-|  ^.«,^^,^ 

where  A^^x  r?/iZ— sec  2  (*-|- 1)  a]  =  A,  (mZ+sec  2«ci). 

Writing/  in  the  form 

/=i2    ^,    ^«.ixco.J...MUia*.)(i^.  .__!__] 
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J_g-»"[2cai2*«*ir«ln2»«)  /l_  ■*• \    1 

\        mZcos2«a/J^ 


it  appears  that  the  velocity  will  be  finite  for  all  valaes  of  y  and  z 
which  occur,  if  ml  =  1,  for  then 

and  the  other  constants  ^,  np  to  A^^xt  a«nd  farther  the  coefficient 

1 


of 


^"*"mZcos2(2A;'4-l)a 
g«.[zeo*2(jA'^i)--yrin2(U'*i),i  yanishes. 


The  other  constants  are  given  by  the  relation 

rco82(«-l)a  +  lircos2(5-2)a  +  ll...rco82(A;'-l)a  +  ll 

Asec2«a  =  ^ -^ — ^  -^-^ ^ — - — ^^— J= z^ 

(cos  25a-l)  [cos  2  (s-l)  a-l]  ...  [cos  2  (A;'  +  2)  a-l] 

Xil*.+i8ec2  (^+l)a, 


that  is, 


J,sec2j;a  = 


hence 


__[cos2(5  +  l)a-l][co82(«  +  2)a-l]...co8[2(«+2fc')a-l]. 

^  [TO8  2(A;'+2)a^][cos2(ik'+3)a-l]~ 

...  [cos2(3A;'+l)a-.l] 

x(-)-*'-M*,,sec2(fc'+l)a; 


-4,c=  (  — )*Pcos2«asin*(«-hl)asin*  («H-2)a  ...  8in*(*-h2A:')a, 
for  valaes  of  s  from  /c'  +  l  to  2il(;'H-l,  and  is  zero  for  other  valaes. 
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It  follows  that 

f=B     X     (-)'8in»(*+l)a8in»(*  +  2)a...8m«(^  +  2A;')<i 

X  [cosli  (mz  cos  25a)  cos  25a  +  siiih  {mz  cos  25a)  }  e"'"*'*^^-. 
The  velocity  of  propagation  of  the  waves  is  g^ven  by 

7«  =  g/m, 
that  is,  V^  =  g\/2ir, 

where  X  is  the  wave-length,  and  the  velocity  potential  by 

•  -24^+1 

ip  =  B     2     (~)'8in«(54-l)a8in'(5  +  2)a...sin2(s-|-2A;')a 

X  {cos'5ae-"'(''**°=''-="*^-'-sin*5ae-'"^»'**"^**=^''**>}cos  (vix-nt), 

where  a  =  ir/(4A;'-h2). 

When  k  is  even  =  2A;', 

/=^*,e-»"'(l+   *) 

+  '2'.l.  «^ cosh  (mz cos 2.«)  +  ^^I^^'^' '"'^-^ja)  )  ^.„,^^, 
A'-i       C  ml  cos  2d'a        j 

but  the  constants  cannot  be  detei'mined  to  satisfy  the  conditions  that 
the  velocity  is  everywhere  finite,  and  that  the  motion  is  the  same  at 
a  great  distance  from  the  bank,  as  in  the  case  of  deep  sea  waves.  It 
should  be  observed  that  Sir  George  Stokes'  solution  is  included  in  the 
general  form. 

If  a  is  of  the  form    \^,  ■  tt,  where  p  is  other  than  zero,  the  condi- 

tions  cannot  be  satisfied,  and  it  follows  that  the  only  cases  where  the 
velocity  potential  can  be  expressed  as  a  sum  of  exponentials,  the 
velocity  being  sensible  at  a  distance  fix)m  the  edge,  is  when  the  angle 
of  the  bank  is  of  the  form  v/(4fe-h2),  and  that  then  the  velocity  of 
propagation  of  the  waves  is  that  of  deep  sea  waves. 
Particular  cases  : — 

(1)  a  =  —  ,     ^  =  Cc"*'  cos  (rnx—ni)  ; 

(2)  a  =  -^-,     0  =  0  (c'"=-|-e-'"i'''^3+=^-3e-"'*'»'^'-=^]  cos  {mx-nf)  ; 
and  so  on. 
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VOL.  XXVI. 

Page  144.  The  results,  in  this  paper,  stated  for  surfaces  of  revolution  should  be 
deleted,  as  the  differential  equations  there  given  are  obeyed,  not  by  H  and  E^  as 
stated,  but  by  dHjdp  and  dEjdp. 

VOL.  XXVII. 

Page  103,  table,  last  line  but  one,  column  of  i«,/or  **  32,'*  read  **  16." 
„    104,  result  (117),/or  »*  n*,**  read  "  16»^*' 
„    105,  table,  last  line, /or  **<?«,*'  read''2»^: 
„    109,  table,/or  **  5,576,681,**  read  "  5,576,881.' 
„     117,  line  5  up, /or  "  556,313,"  read  "  556,513.' 

„     118,  line  of  155,377,  column  of  ^^, /or  »*8.9.23,"  read  **8.9.13.' 
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Page  119,  column  oip,for  **  1,654,713,"  read  **  1,654,913." 

122,    table.     Remove  the  whole  line  oi  p  =  23,057    to  left-hand  side  of 

table,  with  the  correction  *'  *  -  16,"  instead  of  "  266." 
166,  line  2,  equation  (490),  read 

(l  +  a)9(l+«  +  2a«-2a3)  „ 


»» 


»» 


»» 


>» 
»> 

»» 

♦» 
»» 

»> 
»» 

»» 

>» 
>» 
>» 


44 


(l-a/(l-a-a=')a 


168,  equation  (619),  read 


..  ^  _  ^_  y(«)  +  2y(15)  ^  ^  ^  ^  2^;^85i 

6  16 


»» 


178,  equation  (598),  read 


(( 


-^'  +  3^=  +  6y+13-3-v/(2." 


427,  line  4,  r<f<K?  "+^." 

A 

429,  equation  (186),  read 


it 


*3»    <^4»    <^6»    *4»  0, " 

1 


»» 


475,  equation  (480),  read  ^*  c^  =  - 

<?(6  +  |») 

487,  3rd  line  from  bottom, /or  **  (2,2)  "  read  **  (2,3)." 

488,  line  19,  after  **the  cells  on  (i?,^),"  ingert  **  (/;,  j  being  prime  to  each 
other)." 

489,  Hne  23, /or  **  10th  "  read  "  5th." 

490,  2nd  line,/w  *'/>"  read  "^." 

494,  line  6,  aftei'  "line  (2,3),"  insert  **  2,  3  being  factors  of  6,  (2,3),  (3,2)  will 
be  called /flkr/or  paths.** 

494,  bottom  row  of  Diagram  K,  read  **  A^"  for  **  A,"  in  last  cell  but  one. 

495,  line  i,for  **  each  appears,"  read  *'  each  pair  appears." 

496,  line  10,  after  **  two  rows  of  12  ceUs,"  insei't  *'  the  symbols  in." 

505,  last  line,  for  "  0,24,"  &c.,  read  "  0,30,  the  0,0  cell  of  the  upper  square" ; 
and  add: — ''  When  n  =  24,  the  cells  along  2,3  and  3,2  measured  from  0,0 
are  different  from  those  of  2,3  and  3,2  traced  inward  from  the  cell  0,24  ; 
but  those  of  4,3  and  3,4  from  0,0  and  those  traced  inward  from  0,24  are 
identical.  When  n  =  18,  the  cells  3,2  and  2,3  from  0,0  are  identical  with 
those  of  3,4  and  4,3  traced  inward  from  0,18  ;  and  the  cells  of  2,3  and  3,2 
are  identical  with  those  of  4,3  and  3,4  traced  inward  from  0,18." 

590,  equation  (268),  transpose  "  cos"^  "  and  **  sin"'." 

601,  equation  (308),  transpose  **cos-i"  and  **sin-»." 


£xplanatiotis. 

Page  496,  line  16,  instead  o/  "II  indicates,"  as  far  as  "  K,  ^nd  the  diagt>nalfl 
of  L,"  sttbstitute  "  In  the  line  of  sq.(l,2)x,  2A  denotes  A,  Aj,  A^,  ...  A^  ;  II  under  the 
paths  2,1,  5,1  indicates  recurring  groups  of  the  same  two  different  A's  ;  III  under 
the  paths  3,2,  1,0,  1,4  indicates  recurring  groups  of  the  same  three  different  A*8. 
These  are  seen  in  Diagram  K;  and  similarly  for  the  symbols  on  the  line  of 
sq.(3,l)6.— ru/<f  Diagram  L." 
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